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Ⓔ

Empirical Evaluation of Hierarchical Ground-Motion

Models: Score Uncertainty and Model Weighting

by Sum Mak, Robert Alan Clements, and Danijel Schorlemmer

Abstract Using a score to generalize the model performance into one numeric
value has been one of the most popular approaches to empirically evaluate ground-
motion models (GMMs). This approach has an advantage of simplifying model com-
parison. We study the effects of data correlation and score variability on the evaluation
of GMMs. Most modern GMMs are hierarchical, in which ground motions from the
same earthquake are modeled as correlated. We demonstrate, with examples, that in-
correct results could occur if such hierarchical GMMs are evaluated by a score that
does not duly address the data correlation. We propose to use the multivariate log-
arithmic score, a natural extension of the widely used univariate logarithmic score
(referred to as LLH in the seismological literature), to correctly score hierarchical
GMMs. The score variability affects the interpretation of model ranking. We demon-
strate that the cluster bootstrap is a better bootstrap strategy, compared with other
strategies proposed in the literature, to study the score variability. The bootstrap allows
computing two useful quantities: the distinctness index that indicates if two models
are truly different given the score variability and the frequency weight, a data-driven
weighting scheme that represents the frequentist’s interpretation of the weight of a
logic-tree branch. The frequency weight has a direct link to the current practice of
using multiple GMMs in a probabilistic seismic hazard assessment.

Electronic Supplement: Python script to compute the multivariate logarithmic
score for a hierarchical lognormal ground-motion model.

Introduction

Empirical evaluation of ground-motion models (GMMs;
synonyms include ground-motion prediction equations
[GMPEs] and attenuation relationships) has been attracting
increasing attention (Table 1; for evaluating intensity predic-
tion equations, see Mak et al., 2015). Such an evaluation
assesses the relative performance among multiple models
by comparing the model predictions with the corresponding
observations. This is necessary for properly selecting the
suitable GMM(s) to be included in a seismic-hazard assess-
ment, for demonstrating the superiority of a newly proposed
model, or, ideally, for understanding how a model can be
improved. An empirical evaluation could also aid experts in
assigning weights to multiple suitable models when using a
logic tree (e.g., Reiter, 1991, pp. 220–222) in a probabilistic
seismic-hazard assessment (PSHA).

Among proposed evaluation methods, that of using a
score to generalize the model performance into one numeric
value has an advantage of simplifying comparisons among
models. Scores have been widely used in forecast evaluation

(e.g., Armstrong, 2001, for economic forecast; Bröcker,
2012, section 7.3 for weather forecast).

The purpose of this article is to explore two unresolved
issues on scoring GMMs, namely the treatments of data
correlation and score variability. We point out potential prob-
lems when these two issues are not properly considered and
suggest solutions. This article is arranged as follows:

1. In the Logarithmic Scoring Rule section, we review, in the
broad context of the literature in scoring probabilistic fore-
casts, the score introduced by Scherbaum et al. (2009,
often referred to as LLH in the literature of GMM evalu-
ation), the most popular score for GMM evaluation so far
(see Table 1). We discuss its foundation and properties.

2. In the Scoring Hierarchical Models section, we first
briefly review the use of hierarchical (similar terms in-
clude multilevel, nested, and mixed-effects) GMMs,
which model ground motions from the same earthquake
as correlated (often through an event term in a mixed-
effects model). Such a correlation structure has been

949

Bulletin of the Seismological Society of America, Vol. 107, No. 2, pp. 949–965, April 2017, doi: 10.1785/0120160232

http://www.bssaonline.org/lookup/suppl/doi:10.1785/0120160232/-/DC1


considered to be an indispensable component of a
good GMM (e.g., Bommer et al., 2010, p. 791, point 7).
The scoring of hierarchical GMMs has not been fully
explored in the literature. We here demonstrate, using
examples, some potential problems of scoring GMMs
without due respect to the correlation structure and sug-
gest remedies. The multivariate logarithmic score is intro-
duced here as a suitable score for hierarchical GMMs.

3. In the Score Variability and Bootstrap section, we discuss
the variability (or uncertainty) of scores. Early studies
sometimes took models with different scores as truly dif-
ferent and proceeded to interpret the meaning of such a
difference. We acknowledge that a score is fundamentally
a random variable. We explore the use of bootstrap re-
sampling on hierarchical data and demonstrate how to
take the variability of a score into consideration to assess
whether two models are truly different. We provide here
practical examples, using the Next Generation Attenua-
tion (NGA) dataset, to show that the result of an empirical
evaluation of GMMs taking full account of data correla-

tion can be different from a conventional one without
considering the data correlation.

4. In the Frequency Weight: A Data-Driven Weighting
Scheme section, we first review existing data-driven
weighting schemes of GMMs. We then present a weight-
ing scheme that is a natural result of studying the score
variability. Compared with existing schemes, the pro-
posed weight has a mathematical meaning more relevant
to the use of the logic tree in PSHA.

This article is followed by a discussion on a few cautions and
limitations of scoring GMMs and ends with a summary.

The Logarithmic Scoring Rule

The history of scoring GMMs began only after Scher-
baum et al. (2009) introduced the score LLH to the seismo-
logical community:

EQ-TARGET;temp:intralink-;df1;313;96LLH�ℓ; q� � − log2 ℓ�q�; �1�

Table 1
Empirical Evaluation Studies of Ground-Motion Models (GMM) and the Methods They Used

Evaluation Method

Study Region RA LH* LLH†,‡ Others

Bindi et al. (2006) Umbra-Marche, Italy ∘ ∘
Drouet et al. (2007) Pyrences, Spain ∘
Hintersberger et al. (2007) Central Europe ∘
Stafford et al. (2008) Euro-Mediterranean ∘
Delavaud et al. (2009) California ∘
Douglas and Mohais (2009) French Antilles ∘
Scasserra et al. (2009) Italy ∘ ANOVA
Nishimura (2010) Japan ∘
Shoja-Taheri et al. (2010) Iran ∘
Kaklamanos and Baise (2011) California ∘ NS‡

Uchiyama and Midorikawa (2011) Japan ∘
Arango et al. (2012) South and Central America ∘
Beauval et al. (2012) Southern and Eastern France ∘
Delavaud et al. (2012) Global ∘ DSI‡

Massa et al. (2012) Italy ∘
Mousavi et al. (2012) Iran ∘ ∘
Vilanova et al. (2012) Southwestern Iberia ∘
Edwards and Douglas (2013) Cooper Basin, Australia ∘ EDR‡

Vacareanu et al. (2013) Eastern Romania ∘ ∘ ∘ DSI‡

Mousavi et al. (2014) Iran ∘ ∘ ∘ NS‡, DSI‡

Ogweno and Cramer (2014) Central and Eastern United States ∘ ∘ EDR‡

Zafarani and Mousavi (2014) Ahar-Varzaghan, Iran ∘ ∘
Allen and Brillon (2015) Haida Gwaii, Canada ∘ ∘
Drouet and Cotton (2015) French Alps ∘ ∘ ∘
Haendel et al. (2015) Northern Chile ∘
Roselli et al. (2016) Italy BIC‡

Van Houtte (2016) New Zealand ∘ ∘
Some cited studies may have used methods not mentioned here. RA, residual analysis; ANOVA, analysis of

variance; NS, Nash–Sutcliffe efficiency coefficient (see Scherbaum et al., 2004); DSI, data support index
(Delavaud et al., 2012; see equation 11); EDR, Euclidean distance-based ranking (Kale and Akkar, 2013); BIC,
Bayesian information criteria.
*The Scherbaum et al. (2004) goodness of fit.
†The Scherbaum et al. (2009) likelihood-based score (equation 2).
‡This is a score.
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in which q is an observed ground motion and ℓ�·� is the like-
lihood function for the prediction model. When there are N
pairs of observation and prediction, the score becomes the
average LLH, which is equivalent to the logarithmic likeli-
hood (hence the name LLH) of the model, given the inde-
pendent observations, divided by the sample size:

EQ-TARGET;temp:intralink-;df2;55;661LLH�ℓ; q1; q2;…; qN� � −
1

N

XN
i

log2 ℓ�qi�: �2�

The information-theoretic meaning of the score can be
stated in multiple ways: it is the cross entropy (or relative
entropy) between the prediction and the observation; it rep-
resents the amount of information deficit of the prediction
with respect to the observation; it describes how more uncer-
tain the prediction is compared with the observation.

The same score has been widely used for weather fore-
cast evaluation. Roulston and Smith (2002) named it the
ignorance score, vividly describing its meaning under infor-
mation theory: a larger score means that the modeler is more
ignorant of the data-generating mechanism. This score, re-
gardless of its name, is the implementation of the logarithmic
scoring rule (e.g., Lindley, 1991, p. 163) on evaluating a fore-
cast of a continuous quantity. The logarithmic score is the
logarithm of the predicted probability (or likelihood) for
the observed event to occur, multiplied by −1 to make it neg-
atively oriented (i.e., a penalty score, so that a better model
has a smaller score). For predictions of a continuous variable,
the density function replaces the probability. The earliest use
of the logarithmic score dates back at least to Good (1952,
section 8, for evaluating binary predictions).

The logarithmic score (and therefore the LLH) is a
proper score (Winkler and Murphy, 1968, pp. 754–755),
meaning that the expected value of the score will not signal
a model to be better than the actual data-generating mecha-
nism (Bröcker and Smith, 2007, section 4). An improper
score encourages hedging: modelers may deliberately make
an incorrect forecast to score better (i.e., to make the forecast
appear better than it is). Although this logic seems straight-
forward, improper scores were occasionally used (see e.g.,
Mak et al., 2014a).

The logarithmic score is local, meaning that its value
depends only on the forecasted probability for the event that
eventually materialized. This can be seen from equation (1)
that the score depends on the likelihood only at q; likelihoods
of all other outcomes, regardless of how close they are to the
actual outcome, do not affect the score. Bernardo (1979,
theorem 2) proved that all local proper scores are affine trans-
formations of the logarithmic score (see also Benedetti,
2010, section 3, for a less technical proof). Locality has a
special meaning in gambling because all bets other than that
hit are lost; only the predicted probability for the event that is
eventually observed matters. Gambling strategy is closely re-
lated to the logarithmic score (Roulston and Smith, 2002,
section 4). The local score is arguably the only score that
strictly complies with the scientific method: it assesses a

model with only the observed and not the unobserved (Ben-
edetti, 2010, section 2). Nevertheless, nonlocal proper scores
(e.g., Hersbach, 2000) have also been widely used in forecast
evaluation.

For an observed (natural logarithmic) ground motion qi,
a conventional lognormal GMM predicts the ground motion
as N �pi; σ2t �, a normal distribution with mean pi, and stan-
dard deviation σt. The LLH score for N observations, follow-
ing equation (2), is represented as

EQ-TARGET;temp:intralink-;df3;313;625

LLH�N �pi; σt�; qi�

� 1

N

XN
i�1

− log2

�
1

σt
������
2π

p exp
�
−
�qi − pi�2

2σ2t

��

� 1

N

XN
i�1

1

ln 2

�
ln�σt

������
2π

p
� � �qi − pi�2

2σ2t

�

� 1

ln 2

�
1

N

XN
i�1

ln�σt
������
2π

p
� � 1

2σ2tN

XN
i�1

�qi − pi�2
�

� log2�σt
������
2π

p
� � MSE

2σ2t �ln 2�
; �3�

in which MSE is the mean square error between the predicted
means and observed ground motions (both in logarithmic
scale). A similar but more rigorous analysis on the ignorance
score (also known as the LLH) was given by Roulston and
Smith (2002, their equations 9–11). Equation (3) shows that
for conventional GMMs, the LLH score is a function of
MSE. The first term is the smallest possible score, achieved
if the predicted means pi are identical to the observed values
qi. Beauval et al. (2012) used a Monte Carlo simulation to
estimate the range of LLH values for good models. The
analysis given in equation (3) is an analytic alternative.

Kale and Akkar (2013, p. 1071) considered the LLH
score “may favor GMPEs with larger standard deviations
as they can predict outlier observations with higher probabil-
ities.” Their statement is analytically described by equa-
tion (3): a larger predicted standard deviation (σt) reduces the
second term. Because the larger predicted standard deviation
also increases the first term, the LLH score does not uncondi-
tionally favor GMMs with larger standard deviations. Be-
cause errors are squared, outliers have large effects on the
score. This is, however, not a property of the score itself but
of the lognormal model. For example, the LLH score for a
log-Laplacian GMM will be a function of mean absolute
error, in which outliers are weighted less than in the MSE.
It is the modeler, instead of the model evaluator, who decides
how outliers should be treated. Even without bias and out-
liers, MSE could still be large, due to the intrinsic random-
ness of ground motions. Simple calculus shows that the LLH
score achieves the minimum when σ2t � MSE. Therefore, if
the error is normally distributed as assumed by the model, the
best score occurs when the predicted standard deviation is
identical to the sample standard deviation (regardless of large
or small). This again shows the score is proper.

Empirical Evaluation of Hierarchical GMMs 951



Scoring Hierarchical Models

Ground-Motion Observations as Hierarchical Data

Ground motions from the same earthquake have been
considered as correlated. Consequently, many modern GMMs
predict the (natural logarithmic) ground motion yij from earth-
quake i at site j as

EQ-TARGET;temp:intralink-;df4;55;647yij � pij � ηi � ϵij �4�

(e.g., Abrahamson and Youngs, 1992, their equation 2), in
which pij is the predicted mean (natural logarithmic) ground
motion (which is a function of various predictor variables such
as earthquake magnitude and source-site distance), ηi is the
event term, and ϵij is the leftover residual. GMM modelers
often consider ηi ∼N �0; σ2b� and ϵij ∼N �0; σ2w�. σb is called
the between-event (or interevent) sigma and σw the within-
event (or intraevent) sigma. See Youngs et al. (1995, their
fig. 4) or Strasser et al. (2009, their fig. 3) for a graphical ex-
pression of this data hierarchy. This is the simplest but widely
used form of hierarchical structure for ground-motion model-
ing. More complicated hierarchical structures, such as that
with an additional station term to account for the correlation
of records from the same station (e.g., Kuehn and Scherbaum,
2015), may become more popular.

Another source of data correlation is the vicinity of
recording sites. The degree of correlation is inversely propor-
tional to the distance between the recording sites. Goda and
Hong (2008, their fig. 1) showed that two peak ground
accelerations (PGAs) recorded more than 10 km apart in
California are largely uncorrelated (correlation coefficient
<0:1). This source of correlation is often not explicitly mod-
eled in a GMM. It is therefore acceptable to evaluate GMMs
without specifically considering this correlation.

Ground-Motion Predictions as a Multivariate Vector

To correctly score a hierarchical GMM, ground motions
predicted by the GMM for multiple earthquakes should be
taken as a single multivariate random variable, instead of
multiple independent random scalars. Because the event
terms and leftover residuals of a GMM (see equation 4) are
often modeled as uncorrelated normal random variables, the
corresponding mixed-effects model neatly describes the
ground-motion prediction as a multivariate normal random
vector (e.g., Jiang, 2007, pp. 6–7). Following equation (4),
the Ni (natural logarithmic) ground motions predicted for
earthquake i are
EQ-TARGET;temp:intralink-;df5;55;167

yi
Ni×1

� pi
Ni×1

� Z
Ni×a

iαi
a×1

� ϵi
Ni×1

ϵi ∼N �0;Ri
Ni×Ni

�

αi ∼N �0;Gi
a×a
�; �5�

in which pi is the predicted mean (natural logarithmic)
ground motions for the earthquake, αi is the random effects,

Zi is a known matrix describing the linear relation of ran-
dom effects, and Ri and Gi are the covariance matrices of
the leftover residuals and the random effects, respectively.
The dimensions for the vectors and matrices are indicated
below the corresponding symbol. For the simplest form of
the mixed-effects model as described by equation (4), a
equals one, Zi is a vector of ones, and Ri and Gi are
diagonal matrices with σ2w and σ2b on the diagonal, respec-
tively. Consequently, the N ground motions predicted forM
earthquakes are

EQ-TARGET;temp:intralink-;df6;313;613

y
N×1

� N �p
N×1

; V
N×N

�

N �
XM
i

Ni

V
N×N

� R
N×N

� Z
N×M

G
M×M

Z′

R � diag�R;…;RM�; similarly for G and Z

�6�

(Jiang, 2007, his equation 1.4), in which diag�·� denotes a
block diagonal matrix, and Z′ is the transpose of Z. Two
examples for computing the covariance matrix V are given
in Appendix A.

Equations (5) and (6) are capable of describing GMMs
with situation-dependent between-event and within-event
sigmas. A special form appeared in the literature (e.g., Joy-
ner and Boore, 1993, their equations 9–11) that requires
constant between-event and within-event sigmas and so
cannot be applied to some GMMs when the between-event
sigma is allowed to vary (e.g., the implementation by Ar-
royo et al., 2014, p. 1866, on the model of McVerry et al.,
2006); the between-event sigma is often modeled as mag-
nitude dependent (Youngs et al., 1995). Recently, Stafford
(2015) pointed out the more general form (his equation 9,
equivalent to equations 5 and 6 here) that would solve some
difficulties encountered in model fitting when the specific
form of Abrahamson and Youngs (1992, equivalent to equa-
tion 4 here) is used.

Multivariate Logarithmic Score

The LLH score (Scherbaum et al., 2009) is currently the
most popular score for GMM evaluation (Table 1). The cur-
rent practice of computing the LLH score is to take ℓ (see
equation 2) as the density function of N �pi; σ2t �, in which

σt �
�����������������
σ2b � σ2w

p
is the total sigma of the model. Scherbaum

et al. (2009, p. 3239) was aware of the effect of the event
term on the LLH score and suggested a remedy:

Because of the interevent variability component in the
ground-motion model, it is not to be expected that
the median of the ground-motion observations and
the model median would match. In certain instances,
it may therefore be justified to subtract the difference
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between these medians from the observations before the
likelihoods are calculated.

By first removing the event terms, the observations be-
come independent, and the use of equation (2) is valid. If the
event terms can be accurately calculated, it is of course valid
to separately evaluate the between-event sigma and the
GMM with the event term removed. In fact, this approach
has been used by quite a few workers (Bindi et al., 2006;
Scasserra et al., 2009; Bradley, 2010; Shoja-Taheri et al.,
2010; Uchiyama and Midorikawa, 2011; Vacareanu et al.,
2013; Azarbakht et al., 2014; Van Houtte, 2016). There are
two complications for this approach. First, event terms are
fundamentally unobservable and can be meaningfully com-
puted only during the modeling process (see Appendix B).
Second, by removing the event terms, the score will then lose
its ability to describe the overall performance of the model.
One major merit of scoring GMMs for model evaluation is
the convenience of using single numeric value of the score
for model comparison. It is desirable to have a score that rep-
resents the overall performance of a hierarchical GMM.

Based on the multivariate form of lognormal GMM
(equation 6), the multivariate logarithmic score can be di-
rectly computed:

EQ-TARGET;temp:intralink-;df7;55;449

ℓℓ�p;V; q�
� �N log�2π� � log jVj � �q − p�′V−1�q − p��=2; �7�

in which p and q are the vectors of the predicted mean and
observed (natural logarithmic) ground motions, respectively,
and jVj and V−1 are the determinant and the inverse of the
covariance matrix V, respectively. Equation (7) is the negative
logarithmic likelihood of the multivariate lognormal model.
Seismologists could consider this score as the implementation
of the LLH score (equation 1) on hierarchical GMMs. Inter-
estingly, this score applies not only to evaluating the forecast
based on the multivariate normal distribution, but also to that
of a large number of other multivariate distributions with finite
second moments (Gneiting and Raftery, 2007, section 4.4).
Another reason for equation (7), instead of equation (2), to
be the correct logarithmic score for a GMM in the form of
equation (4) is that equation (2) (without dividing by the sam-
ple size; natural instead of binary logarithm) is a special case
of equation (7) for substitutingVd intoV, whenVd is identical
to V, except that all off-diagonal elements are set to zero; this
is a misformulation of the covariance matrix.

We provide a python implementation of equation (7) to
compute the multivariate logarithmic score in the Ⓔ elec-
tronic supplement to this article.

Effects of Data Hierarchy on GMM Evaluation

Abrahamson and Wooddell (2010) pointed out that,
when evaluating a GMM, the assumption of independence
for the test data when such correlation has been included in
the GMM would lead to incorrect results, although their ap-

proach for evaluating GMMs was very different from the
scoring approach discussed in this article. Existing studies
for scoring GMMs (see Table 1) did not explicitly include the
hierarchical structure of the model (equation 4) into the score
implemented. To illustrate this problem, we provide four ex-
amples of possible incorrect results when such hierarchical
structure is excluded in the evaluation of GMMs.

Example 1: Inflated Score Variability This example
demonstrates that ignoring data hierarchy leads to a more un-
stable score. We use the data structure as expressed by equa-
tion (4) and a model that perfectly describes the probability
distribution of data. Without loss of generality, we set pij ≡ 0

and focus on the residuals only. Suppose there are four earth-
quakes, with event terms ηi, i∈ f1; 2; 3; 4g, sampling uni-
formly the distribution N �0; σb�. Within an earthquake, the
Ni records sample uniformly the distribution N �ηi; σw�. The
residual j for event i is therefore

EQ-TARGET;temp:intralink-;df8;313;293

rij � Qw�yj� � ηi with yj �
2j − 1

2Ni
; j∈ f1; 2;…; Nig

ηi � Qb�xi� with xi �
2i − 1

8
; �8�

in whichQz�·� is the quantile function forN �0; σz�. The pur-
pose of xi and yi is to sample uniformly the distribution
N �0; σx�, based on the inverse probability integral transform
(e.g., DeGroot and Schervish, 2012, corollary 3.8.1).

Consider two cases: (1) Ni � f20; 5; 5; 20g and
(2) Ni � f5; 20; 20; 5g. These two cases are identical, except
that the two earthquakes with event terms farther (respec-
tively, nearer) from zero produce more records for case 1 (re-
spectively, case 2). A graphical expression of the residual
distributions is given in Figure 1. The number of records an
earthquake produces is completely unrelated to the predictive
power of a GMM; it purely depends on how many acceler-
ometers are installed near an earthquake, which is an envi-

Figure 1. Residuals used in example 1 in the Effects of Data
Hierarchy on GMM Evaluation section. The residuals follow
N �ηi; σw�, in which ηi is the event term, i∈ f1; 2; 3; 4g. The color
version of this figure is available only in the electronic edition.

Empirical Evaluation of Hierarchical GMMs 953



ronmental setting. In this example, we used realistic numbers
of σb � 0:35 and σw � 0:5 (i.e., σt � 0:61).

Because the two cases are highly similar, it is reasonable
to expect that the two sets of data should result in similar
scores. The logarithmic scores computed for the two datasets
are shown in Table 2. When the data hierarchy is ignored
using a univariate logarithmic score, the score varies a lot
over the two environmental settings, undesirably inflating
the instability of the score.

Example 2: Favoring a Biased Model This example
demonstrates that a score ignoring data hierarchy incorrectly
favors a biased model. Similar to the setting in example 1, the
residuals for four earthquakes are generated according to
equation (8). In this example, Ni � f10; 10; 10; 50g, mean-
ing that one event with an unfortunately large event term pro-
duces the most records. The logarithmic scores computed for
two models are shown in Table 3. Both models use the cor-
rect uncertainty (i.e., σb � 0:35 and σw � 0:5). The first
model is unbiased (i.e., pij ≡ 0), whereas the second one
is biased toward the event that produced the most records
(i.e., pij ≡ k > 0; here k � σb=2). When the data hierarchy
is ignored, the score favors the biased model, a wrong result.

The degree of data unbalance may be somewhat over-
stretched in example 2 to highlight its effect. Unbalanced
data, however, are quite ubiquitous. For example, although
the NGA flatfile (2008 version) includes ground-motion re-
cords from more than 160 earthquakes, 15% of the records
come from one earthquake (the 1999 Chi-Chi, Taiwan, earth-
quake). It is of course possible to apply expert judgment to
manually select a balanced dataset. It is, however, still desir-
able to have a score directly applicable to hierarchical and
unbalanced data.

Example 3: Insensitive to Sigma Partition This exam-
ple demonstrates that a score ignoring data hierarchy could
not identify models that incorrectly partition the total sigma
into between-event and within-event sigmas. Using the
setting of case 1 of example 1, two additional wrong models
are created: one model has a between-event sigma inflated
(respectively, deflated) by 20%, whereas the within-event
is deflated (respectively, inflated) accordingly to keep the
total sigma unchanged. The multivariate logarithmic score,
taking data hierarchy into account, correctly attributes
larger scores to the wrong models (Table 4). On the other

hand, the univariate logarithmic score does not distinguish
the three models.

The scores computed for the above three examples
(Table 4) also show one common feature: under the same
dataset, the multivariate logarithmic score (equation 7),
which fully represents a hierarchical model, is always
smaller (i.e., better) than the corresponding univariate log-
arithmic score (equation 2), which discards the hierarchical
structure of the model. This feature, on the one hand, is
straightforward because a hierarchical data-generating
mechanism must be more correctly described by a hierar-
chical model. On the other hand, this feature points out an
important fact that, when using a score that does not include
the hierarchical structure of the model, the model evaluator
has not used all information provided by the modeler to
evaluate the model; this is unfair to the modeler.

Finally, we discuss the effect of data hierarchy on a
popular graphical method on GMM evaluation proposed
by Scherbaum et al. (2004, Goodness-of-Fit Measures
section, A New Goodness-of-Fit Measure subsection; often
referred to as the LH method in the literature of GMM evalu-
ation; see Table 1 for its popularity). The LH method is iden-
tical to the probability integral transform (Rosenblatt, 1952;
DeGroot and Schervish, 2012, theorem 3.8.3), a common
diagnostic tool (e.g., Dawid, 1984, section 5.3). The founda-
tion for the LH method is that a random variable of a certain
distribution will become uniformly distributed after being
mapped by its own distribution function. Although the prob-
ability integral transform works for multivariate models for
evaluating hierarchical GMM, the hierarchical observation

Table 2
Logarithmic Scores Computed for Example 1 in the Effects of

Data Hierarchy on GMM Evaluation Section

Data Hierarchy Case 1 Case 2

Ignored* 45.3 39.3
Included† 38.8 38.5

Smaller score means better model.
*Univariate (equation 2 without division by sample size; natural instead of

binary logarithm).
†Multivariate (equation 7).

Table 3
Logarithmic Scores Computed for Example 2 in the Effects of

Data Hierarchy on GMM Evaluation Section

Data Hierarchy Correct Model Biased Model

Ignored* 72.6 68.3
Included† 61.2 61.5

Smaller score means better model.
*Univariate (equation 2 without division by sample size; natural instead of

binary logarithm).
†Multivariate (equation 7).

Table 4
Logarithmic Scores Computed for Example 3 in the Effects of

Data Hierarchy on GMM Evaluation Section

Data Hierarchy Correct Model Inflated σb* Deflated σb*

Ignored† 45.3 45.3 45.3
Included‡ 38.8 39.6 39.1

Smaller score means better model.
*Between-event sigma inflated (deflated) by 20%, keeping the total sigma

unchanged.
†Univariate (equation 2 without division by sample size; natural instead of

binary logarithm).
‡Multivariate (equation 7).
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(e.g., equation 4) is a single vector; there will not be a set of
independent and identically distributed random vectors to
satisfy the requirement of the transform.

The use of the LH method in published studies (Table 1)
did not explicitly consider the hierarchical structure of the
model and the observation. We demonstrate here a potential
outcome.

Example 4: The LH Method and Unbalanced Data
For a set of unbalanced data like the one used in example 2,
the probability integral transform histogram (i.e., the LH
method), based on the distribution function of a univariate
normal distribution, will not be uniform even if the predicted
mean and standard deviation are correctly specified (Fig. 2a;
in this case, pij ≡ 0 and σt � 0:61). A well-recorded earth-
quake with an unfortunately large event term will ruin the
result. The method works better for a balanced dataset (i.e.,
each earthquake produced the same number of observations;
for Fig. 2b, Ni � f20; 20; 20; 20g).

Score Variability and Bootstrap

Ground-motion generation is modeled as a random
process. A score computed from a set of ground-motion data
is, therefore, a random variable. Even if the underlying data-
generating mechanism is unchanged, a score fluctuates if dif-
ferent datasets are used. To compare models by their scores,
it is natural to ask whether two models of different scores
(say, 159 and 161) are really different. It is neither the ab-
solute difference (161 − 159 � 2) nor the difference ratio
(2=159 � 1:26%) that tells if the models are different. It
is the combination of the score difference and the intrinsic
randomness of the score that decides if the two models are
truly different. Jolliffe (2007, p. 637) pointed out that “the
value of a verification measure on its own is of little use; it
also needs some quantification of the uncertainty associated
with the observed value.” If a model truly scores better
than another, such a relative performance should persist

over datasets of the same random property, although the
score fluctuates.

It is impractical to keep waiting for new data to assess
the variability of model performance because well-recorded
earthquakes of moderate sizes often occur only once per sev-
eral years even in an active tectonic region. Resampling
(Efron and Tibshirani, 1993), which exploits the data vari-
ability within a fixed dataset, has been widely used to study
the variability of a random variable. The simplest form of
resampling, the naive resampling, samples with replacement
the original dataset to generate new datasets of the same size
(or without replacement, if the size of the resampled dataset
is smaller than the original one). Some GMM evaluation
studies (Mousavi et al., 2012; Edwards and Douglas, 2013;
Azarbakht et al., 2014; Mousavi et al., 2014; Van Houtte,
2016) used the dispersion of the scores computed from re-
sampled datasets to represent of the variability of the score.

We first discuss two complications of resampling related
to scoring GMMs. The first is about the resampling on hier-
archical data (in the Bootstrap on Hierarchical Data section).
The second is about the interpretation of scores computed on
different datasets (in the Scores Based on Distinct Datasets
Are Not Comparable section). We then demonstrate how the
score variability can be assessed using the distinctness index
(DI; in the Distinctness Index section).

Bootstrap on Hierarchical Data

A naive resampling does not consider the data hierarchy.
There have been studies on bootstrap strategies on hierarchi-
cal data. For the hierarchical structure as described by equa-
tion (4), Davison and Hinkley (1997, pp. 100–102) described
three viable bootstrap strategies. For in-sample bootstrap, in
which the same set of data is used for both model fitting and
bootstrap, Field and Welsh (2007) analyzed the performance
of various multilevel bootstrap strategies. GMM evaluation is
often an out-of-sample analysis (i.e., the model is fitted on
one dataset and evaluated using another dataset), and we are
not aware of any out-of-sample analyses of multilevel boot-
strap strategies. We here describe a strategy called cluster
bootstrap (terminology from Field andWelsh, 2007; Davison
and Hinkley, 1997, called it strategy 1), which is easy to im-
plement for GMM evaluation. In Appendix C and Appendix
D, we give a further discussion on other proposed strategies
in the literature and explain why they are not as desirable as
the cluster bootstrap.

The cluster bootstrap samples with replacement the first
level of a multilevel dataset (i.e., selects an earthquake) and
then takes all data from the sampled event, thus preserving
the data hierarchy. The number of earthquakes sampled is
identical to the number of earthquakes in the original dataset.
When the data within a cluster are also permuted, Field and
Welsh (2007) called it randomized cluster bootstrap. Data
permutation does not affect scoring so we focus on the clus-
ter bootstrap. The implicit assumption of this bootstrap is that
an earthquake of the same characteristics (leading to the

(a) (b)

Figure 2. Probability integral transform (i.e., the LH method)
histograms for example 4 in the Effects of Data Hierarchy on GMM
Evaluation section. The model is correctly specified, and so the
histogram should show a uniform distribution if the data are inde-
pendent. The color version of this figure is available only in the
electronic edition.
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same event term) could occur again, each time recorded
by the identical environment. This strategy is the most
conservative among proposed strategies (see Appendix C)
because it allows the fewest variations. For meaningful use,
the number of clusters (i.e., earthquakes) cannot be too
small. For out-of-sample evaluation of forecasts using hier-
archical data, this is the only kind of bootstrap we could
find in the literature (e.g., Candille et al., 2007, section 2c).
It is conceptually similar to the moving blocks bootstrap
(Efron and Tibshirani, 1993, section 8.6), widely used for
time-series analysis.

Scores Based on Distinct Datasets Are Not
Comparable

Because of simplicity, it appears attractive to assess the
score variability by inspecting the dispersion of the scores
computed from resampled datasets. Such a measure of score
variability, however, implicitly assumes that the involved
scores are independent. In fact, the two sets of resampled
scores for two models are closely correlated because each
pair of resampled scores is computed from the same re-
sampled dataset. A fallacy may appear if the variability of
a score is assessed by simply measuring how the numeric
value of the score changes among resampled datasets, illus-
trated by the following example:

Example 5: False Impression of Score Variability
Suppose the scores of two models are computed based on
10 sets of data (Table 5). Model A performs better than
model B (assume that a smaller score is better) under all
cases, but a simplistic comparison between the two models
using the sample mean and standard deviation of the scores
provides a false impression of score variability, which may
mislead one to believe that the performance of the models are
too uncertain to tell if model A is clearly better than model B.

Some workers tried to divide the score by the sample
size, hoping to make scores based on datasets of different
sizes comparable. Such a normalization does not address the

concern raised here. In addition, this normalization assumes
that each record carries the same amount of information,
which is not true for ground-motion data. Two ground-
motion records from two earthquakes, in fact, do not contain
the same amount of information as two from one earthquake:
the former case contains information about the variability be-
tween earthquakes, whereas the latter case contains informa-
tion about the variability within an earthquake.

Distinctness Index

Although the dispersion of scores among resampled da-
tasets does not correctly provide the information on score
variability, relative rankings of models among the resampled
datasets provide useful information. To assess if models i and
j are distinct, one could count how often, among the Nbs

bootstrap samples, model i scores better than model j. The
result is a DI:

EQ-TARGET;temp:intralink-;df9;313;523

dij �
1

Nbs

XNbs

k

~1�s�k�i ; s�k�j �

~1�x; y� �

8><
>:
1 when x < y

−1 when x > y

0 when x � y

; �9�

in which s�k�i is the score (assume a smaller score for a better
model) for model i for the bootstrap sample k and ~1�·� is a modi-
fied indicator function. The DI has the following properties:

1. dij > 0 if model i more often scores better than model j.
The extreme case is dij � 1 if model i always scores
better than model j.

2. dij < 0 if model i more often scores worse than model j.
The extreme case is dij � −1 if model i always scores
worse than model j.

3. dij � 0 if model i scores better than model j in half
occasions, and worse for the remaining half. This is an
extreme case in which two models are completely indis-
tinguishable, due to the variability of the score. It is also
possible to obtain dij � 0 if two models score exactly
the same.

4. dij � −dji.

The DI can be computed from any scores and resam-
pling methods of choice, not only from the logarithmic score
and the cluster bootstrap used in this article. For multiple
models, a set of DIs can be computed, one for each model
pair, forming a distinctness table. Example 6 shows the dis-
tinctness table of four NGA GMMs.

Example 6: Distinctness Table Figure 3 shows the dis-
tinctness table for four NGA GMMs (Abrahamson and
Silva, 2008; Boore and Atkinson, 2008; Campbell and
Bozorgnia, 2008; Chiou and Youngs, 2008; these GMMs
are hereafter referred to as models AS, BA, CB, and CY,
respectively), based on the PGA observations of the NGA-
West2 flatfile (see Data and Resources). Only records from

Table 5
Hypothetical Scores for Example 5 in the Scores Based on

Distinct Datasets Are Not Comparable Section

Dataset

Score for Model

A B

1 1.0 2.0
2 1.0 2.0
3 1.0 2.0
4 1.0 2.0
5 1.0 2.0
6 3.0 3.1
7 3.0 3.1
8 3.0 3.1
9 3.0 3.1

10 3.0 3.1
Mean 2.0 2.55

Standard deviation 1.05 0.58
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prospective mainshocks (i.e., EQID >175 and class 1) of
moment magnitudes ≥5 and rupture distances ≤40 km
were used. Records with incomplete metadata so that the
GMMs cannot be implemented were also discarded. The
filtered dataset consisted of 365 records from 13 earth-
quakes with moment magnitudes up to 7.2. The DIs were
computed based on 1000 samples of cluster bootstrap and
the multivariate logarithmic score. A simple way to identify
the best model is to locate the row of all positive (or the
column of all negative) DIs. In this case, model CY is the
best model. Most DIs are far from zero, meaning that most
models are clearly different from other models as far as the
available data can tell. Models BA and CB are the least dis-
similar because their DI is the closest to zero.

We acknowledge that the definition of peak motions
used by the NGA GMMs is GMrotI50 (Boore et al., 2006),
whereas that used in the NGA-West 2 flatfile is rotD50
(Boore, 2010). We assumed the difference in definitions
did not affect the results. We acknowledge that the four
NGA models evaluated here have been superseded by their
newer versions in 2014. The 2008 versions are used here
because prospective observations are available for them but
not for the newer version, and only evaluations based on
prospective observations can tell the predictive power of
models.

The following two examples show that the result of a
GMM evaluation using the DI (equation 9) and the multivari-

ate logarithmic score (equation 7), which incorporate data
correlation and score variability, can be different from that
using scores and bootstrap strategies that do not consider
data correlation.

Example 7: Effects of Data Correlation on Score
Variability The logarithmic score and bootstrap have often
been implemented without considering the data correlation.
In that case, each ground-motion record is considered as
independent; only the total sigma of the GMM is involved;
and the bootstrap is done by sampling with replacement
the whole dataset (i.e., a naive bootstrap). In addition, the
dispersion of resampled scores were used to represent the
score variability (Mousavi et al., 2012; Edwards and Doug-
las, 2013; Azarbakht et al., 2014; Mousavi et al., 2014; Van
Houtte, 2016). Such a use of logarithmic score and bootstrap
(Fig. 4) may lead one to believe that model pairs of CY and
AS, AS and BA, and BA and CB are comparable in perfor-
mance, because the intervals of mean ± one standard error
for each pair overlapped with each other. Models AS and BA
appeared to be the most similar.

A different conclusion, however, will be drawn on the
same dataset when the data correlation is given due respect
using the multivariate logarithmic score and cluster boot-
strap, and the DI is used to represent the score variability
(Fig. 3): models BA and CB are the most similar, whereas
all other model pairs are fairly different because their DIs are
close to 1 or −1.

Example 8: Ranking Models In example 6 and Fig-
ure 3, the four models can be ranked as CY, AS, CB, and
BA, for which CY is the best model. Model CY has positive
DIs with respect to all other models, meaning that CY is usu-
ally better than other models. Similarly, model AS has pos-
itive DIs with respect to CB and BA but a negative DI with
respective to CY, meaning that AS is usually better than CB
and BA but not CY. Finally, model BA is usually worse than
all other models. This ranking based on the DIs takes into
account the score variability. A ranking based on the logarith-
mic score computed by the whole dataset (i.e., the last column
in Fig. 3) does not consider score variability, although the re-
sulting ranks are the same in this case.

Figure 3. Distinctness table for Next Generation Attenuation
(NGA) models (see example 6 in the Distinctness Index section).
The distinctness index (DI) of each pairwise comparison is given
in the intersecting box of a model pair. The multivariate logarithmic
score (LogS) follows equation (7), computed using the whole data-
set (i.e., no bootstrap). The color version of this figure is available
only in the electronic edition.

Figure 4. Univariate logarithmic scores for example 7 in the
Distinctness Index section. Cross denotes the mean of 300 bootstrap
samples. Interval denotes the mean ± one standard error. The uni-
variate logarithmic score follows equation (2), using natural instead
of binary logarithm.
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The ranking result based on the univariate logarithmic
score and the naive bootstrap (Fig. 4) is different. The ranks
for models CB and BA are swapped compared with the rank-
ing based on the DI.

Example 9: Unrankable Models This example demon-
strates that it is not always possible to unambiguously rank
multiple models. Table 6 shows a hypothetical example of
scores for three models and 10 bootstrap samples. The
corresponding distinctness table (Fig. 5) shows that although
model A is often better than model B and model B is often
better than model C, model A is not often better than model C.
Therefore, no model can be ranked as the best. Such an un-
rankable situation is expected to occur more often as the num-
ber of models increases.

Frequency Weight: A Data-Driven Weighting
Scheme

A score provides a data-driven basis for ranking GMMs,
as well as assigning weights for GMMs in a logic tree of a
PSHA. The first data-driven weighting scheme was suggested
by Scherbaum et al. (2009, their equation 14):

EQ-TARGET;temp:intralink-;df10;55;279wLLHi �
2−LLHiP
j
2−LLHj

: �10�

See equation (2) for LLHi. Delavaud et al. (2012, their equa-
tion 4) further extended this to a score called data support in-
dex (DSI):

EQ-TARGET;temp:intralink-;df11;55;191DSIi � 100
wLLHi − 1=Nm

1=Nm
; �11�

in which Nm is the total number of evaluated models. They
attributed it a meaning as the empirical support for assigning
a weight to model i higher than a noninformative weight
(i.e., 1=Nm).

In fact, a form slightly different from equation (10) has
a well-founded meaning and widespread use in Bayesian
inference:

EQ-TARGET;temp:intralink-;df12;313;464wbi �
ℓiP
j
ℓj
; �12�

in which ℓi is the likelihood of model i given the observa-
tions. This is simply the posterior weight from a one-step
Bayesian updating assuming noninformative (i.e., uniform)
prior weights; weights here are taken as probabilities. Equa-
tion (12) is different from equation (10) in that the likelihood
ℓ in equation (12) is replaced in equation (10) by the Nth root
of the likelihood (N being the sample size); such an additional
step disconnects equation (10) from the Bayesian meaning.
A similar analysis was provided by Roselli et al. (2016,
pp. 721–722). It may be a concern that because GMMs are
not mutually exclusive, the simple and well-founded Bayesian
approach of equation (12) for model selection is not applicable
(e.g., Scherbaum et al., 2009, p. 3235).

We here propose a weighting scheme that is a natural
extension of the bootstrap process for assessing the variability
of a score (see the Bootstrap on Hierarchical Data section).
Musson (2012) considered the weight of a logic-tree branch
as the probability for the branch to be better than other
branches; Scherbaum and Kuehn (2011, p. 1238) phrased it
slightly differently, that the weight is the degree-of-belief that
the branch should be used. The weighting scheme we propose
agrees well with this widely adopted interpretation of the
weight of a logic-tree branch and can be understood as the im-
plementation of the weight from a frequentist’s point of view.
We therefore call it the frequency weight:

EQ-TARGET;temp:intralink-;df13;313;133wi �
1

Nbs

XNbs

k

1
�
s�k�i � min

j
fs�k�j g

�
; �13�

in which 1�·� is the usual indicator function that takes the
value of 1 when the bracketed statement is true, and zero

Table 6
Hypothetical Scores for Example 9 in the Distinctness

Index Section

Score for Model

Sample A B C

1 10 20 30
2 10 20 30
3 10 20 30
4 10 20 30
5 20 30 10
6 20 30 10
7 20 30 10
8 30 10 20
9 30 10 20
10 30 10 20

Figure 5. Distinctness table for example 9 in the Distinctness
Index section. The DI of each pairwise comparison is given in the
intersecting box of a model pair. The color version of this figure is
available only in the electronic edition.
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otherwise. See equation (9) for the definitions of other nota-
tions. Note the similarity between equations (9) and (13).

The frequency weight is the relative frequency for a
model to score the best, which essentially means the prob-
ability of the model to best describe the data; a model that
best describes the data is naturally the model that should be
used. A model selection method used by Burnham and
Anderson (2002, section 2.13) is the in-sample version of the
frequency weight. The frequency weight can be computed
from any scores and resampling methods of choice, not only
from the logarithmic score and the cluster bootstrap used in
this article. The frequency weights of the models used in
example 6 are given in the following example.

Example 10: Frequency Weight Using the same data
and models as in example 6, Figure 6 shows the frequency
weights for various choices of Nbs. The weights were stable
for Nbs ≥ 50, and so more bootstrap sampling is not neces-
sary. Model CY scored the best (see Fig. 3) and was assigned
the highest weight. Such a weight close to one means that the
available data provide little empirical support to use models
other than CY.

The weights of the models under different weighting
schemes (equations 10, 12, and 13) are shown in Table 7. As
pointed out by Arroyo et al. (2014, p. 1861), the weighting
scheme based on the LLH (equation 10) tends to assign sim-
ilar weights to the candidates even if one is known to be better
than the others. The weighting scheme based on the Bayesian
inference (equation 12; multivariate likelihoods were used), as
well as the frequency weight proposed in the current study
(equation 13; together with the multivariate logarithmic score
and the cluster bootstrap), however, appeared to assign a high
weight to the best model. The Bayesian weights for all models
other than CY were zero, whereas the frequency weight of the
model AS was nonzero, although small. We attribute this dif-
ference to the score variability taken into account by the fre-
quency weight but not the Bayesian weight: the frequency
weight can incorporate the uncommon cases that model AS
scores the best. We acknowledge that the available data can
seldom cover all concerns of a PSHA modeler. Therefore, by
expert judgment, it is unusual to use only one GMM, regard-
less of the empirical evidence available.

Cautions for Scoring GMMs

We discussed two issues about scoring GMMs: (1) the
treatment of data correlation and (2) the score variability.
Under certain conditions, these issues may not severely af-
fect the evaluation result. If the test data consist of a large
number of earthquakes, each providing an equally small
number of records (ideally only one record), then the data
correlation may not affect the result much. If one GMM out-
performs the others a lot, then the score variability may not
affect the result much. In addition, if the GMM under evalu-
ation fits well the test data, it is acceptable to decompose the
misfits into event terms and leftover residuals, as discussed in
Appendix B, and evaluate them separately.

The widely used logarithmic score can easily incorpo-
rate the correlation structure of the model, making it a desir-
able score. Because most modern GMMs model ground
motions as correlated, such a correlation structure should be
honored during the evaluation in order to be fair to the mod-
eler. Nevertheless, the techniques we proposed to assess the
score variability, namely the cluster bootstrap, the DI, and the
frequency weight, work for any scores of choice.

Figure 6. Frequency weights for NGA models (see example 10
in the Frequency Weight: A Data-Driven Weighting Scheme sec-
tion) against Nbs. The color version of this figure is available only
in the electronic edition.

Table 7
Weights Computed Using Different Weighting Schemes in Example 10 in the

Frequency Weight: A Data-Driven Weighting Scheme Section

Model LLH Weight* Bayesian Weight† Frequency Weight‡

Abrahamson and Silva (2008) 0.26 0.00 0.05
Boore and Atkinson (2008) 0.25 0.00 0.00
Campbell and Bozorgnia (2008) 0.22 0.00 0.00
Chiou and Youngs (2008) 0.27 1.00 0.94

*Equation (10).
†Equation (12); likelihoods are multivariate (values given in the last column of Fig. 3).
‡Equation (13); Nbs � 300.
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The logarithmic score does not include a judgment of
utility. For example, it is possible for a model that consis-
tently overestimates the ground motion to score the same as
another model that consistently underestimates. The use of
the two seemingly equivalent models, however, may lead to
different consequences of a PSHA project. Although scoring
is an objective tool for model selection, choosing an appro-
priate score inevitably involves subjectivity in deciding what
appropriate means.

The choice of the test data demands the evaluator to
think in the context of the designated use of the GMMs under
evaluation. For example, a model may clearly score better
than other models, except for ground motions recorded at
very soft sites. If the number of such records is small in the
test data, they may not affect much the overall score. One
may worry, however, if such an evaluation result is meaning-
ful for a site-specific PSHA project on a very soft site.

The amount of test data is also critical to the usefulness
of the model evaluation. Similar to the concept of statistical
power in conventional hypothesis testing (e.g., Mak et al.,
2014b), a small dataset is less likely to reveal the difference
between two models. A small dataset may also inadequately
represent the between-event variability, making a bootstrap
resampling less meaningful. Whether the size of a dataset is
sufficient is a judgment of the evaluator.

When the logarithmic score is the only measure of
model performance, and the NGA-West2 dataset (after fil-
tered by prospectiveness, earthquake class, magnitude, and
distance) is the only source of information for model perfor-
mance, the Chiou and Young (2008) model is better than
other NGA models under almost all situations extractable
from the fixed dataset through the cluster bootstrap. This re-
sult, however, does not provide information on how much
better the best model is in an engineering sense. An analog
is that, suppose multiple trains, running in parallel, are iden-
tical (in terms of punctuality, reliability, comfort, etc.) except
that the ticket for one of them is always 10 cents cheaper than
others, then there is no logical reason to take any trains other
than the cheapest one, although the value of 10 cents may not
be too high for some people.

One may argue that given the epistemic uncertainty, a
PSHA should not use only a single GMM. We emphasize
that the empirical evaluation of GMMs relies on a predesig-
nated metric of model performance and a fixed dataset that is
assumed to provide all information for model performance,
whereas the epistemic uncertainty is fundamentally about
unmeasurable (or, at least, unmeasured) “unknown unknowns.”
The merit of scoring GMMs is that it separates the data-driven
portion of model selection from the expert judgment. This is
beneficial to transparently communicating uncertainties be-
tween modelers and users of a PSHA model.

Summary

• Modern GMMs are often hierarchical. To evaluate such
models using a score, it is necessary for the score to duly

incorporate the model hierarchy. This is both to fully
utilize the information provided by the model under evalu-
ation and to avoid potential fallacies due to the ignorance
of data correlation (examples 1–4). We propose using the
multivariate logarithmic score to represent the performance
of hierarchical GMMs.

• Because the ground-motion observation is a random reali-
zation of the underlying data-generating mechanism, a
score computed based on the observation is also a random
variable. To compare the performance of two models by
their scores, it is necessary to consider the variability of
the score, instead of simply taking different values of
the score to be truly different. Incorrect use of resampling
to assess the score variability could lead to fallacy (exam-
ple 5). We propose to use the distinctness index, together
with the cluster bootstrap and the multivariate logarithmic
score, to represent the difference between two models (ex-
ample 6). Such a method of model comparison correctly
extracts the information of score variability from a re-
sampled dataset and could give a result different than that
found by conventional methods used in the literature (ex-
amples 7–8). The distinctness index applies to any scores
and resampling methods of choice.

• We propose to use the frequency weight (example 10) as a
data-driven weighting scheme of GMMs. The frequency
weight has a clear meaning as the frequentist’s interpreta-
tion of the weight of a logic-tree branch and is therefore
more directly linked to the practice of PSHA, compared
with existing weighting schemes. The frequency weight
applies to any scores and resampling methods of choice.

• Multiple models are not always unambiguously rankable
(example 9).

Data and Resources

The Next Generation Attenuation-West (NGA-West2)
flatfile we used in example 6 was downloaded from peer.
berkeley.edu/ngawest2/databases (last accessed May 2016).
The predicted ground motions of the four NGA ground-
motion models were computed using the Openquake Hazard
Library (v.0.20; github.com/gem/oq-hazardlib, last accessed
May 2016).
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Appendix A

Computing the Covariance Matrix of the Multivariate
Normal Distribution

Computing the multivariate logarithmic score (equa-
tion 7) requires first computing the covariance matrix V
(equation 6). Two examples are given here. For simplicity,
the synthetic data for both examples contain only two events,
and they produced two and three records, respectively.

Example A1 This example addresses the situation in

which the between-event sigma (σ�i�b for event i) is constant
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within an event. The within-event sigma (σ�ij�w for event i
and record j) could be different for each record, due to the
effect of the site amplification. Boore and Atkinson (2008)
and Campbell and Bozorgnia (2008) are examples of
ground-motion models (GMMs) with this structure.

Suppose fσ�1�b ;σ�2�b g�f0:3;0:32g and fσ�11�w ;σ�12�w ;σ�21�w ;

σ�22�w ;σ�23�w g�f0:42;0:43;0:44;0:45;0:47g. By equation (6):

EQ-TARGET;temp:intralink-;dfa1;55;645

R �

0:422 0 0 0 0

0 0:432 0 0 0

0 0 0:442 0 0

0 0 0 0:452 0

0 0 0 0 0:472

0
BBBBBB@

1
CCCCCCA

Z′ � 1 1 0 0 0

0 0 1 1 1

 !

G � 0:32 0

0 0:322

 !

V � R� ZGZ′

�

0:2664 0:09 0 0 0

0:09 0:2749 0 0 0

0 0 0:296 0:1024 0:1024

0 0 0:1024 0:3049 0:1024

0 0 0:1024 0:1024 0:3233

0
BBBBBB@

1
CCCCCCA
:

�A1�

Example A2 This example addresses the situation
when both the within-event sigma and the between-event
sigma for each record are different. Abrahamson and Silva
(2008) and Chiou and Youngs (2008) are examples of
GMMs with this structure. The major reason for records
of the same event to have different between-event sigmas
is that the uncertainty of the nonlinear site amplification
propagates to the between-event sigma (Al Atik and Abra-
hamson, 2010).

The treatment in example A1 requires explicitly speci-
fying the matrix Z, which has the advantage of clearly spell-
ing out the hierarchical structure of the model (equation 5).
In practice, however, GMM predictions often provide only
the sigma values (e.g., when the prediction is computed by
published computer codes). Therefore, we provide here an

example of calculation that requires only σ�ij�w and σ�ij�b but
not explicitly Z. The treatment in this example applied also
to the case of constant sigmas within an event.

Suppose fσ�11�b ;σ�12�b ;σ�21�b ;σ�22�b ;σ�23�b g�f0:3;0:31;0:32;
0:32;0:33g and fσ�11�w ;σ�12�w ;σ�21�w ;σ�22�w ;σ�23�w g�f0:45;0:46;
0:47;0:47;0:48g:

EQ-TARGET;temp:intralink-;dfa2;313;733

R �

0:452 0 0 0 0

0 0:462 0 0 0

0 0 0:472 0 0

0 0 0 0:472 0

0 0 0 0 0:482

0
BBBBBB@

1
CCCCCCA

Z′

g �
0:3 0:31 0 0 0

0 0 0:32 0:32 0:33

 !

V � R� ZgZ′

g

�

0:2925 0:093 0 0 0

0:093 0:3077 0 0 0

0 0 0:3233 0:1024 0:1056

0 0 0:1024 0:3233 0:1056

0 0 0:1056 0:1056 0:3393

0
BBBBBB@

1
CCCCCCA
:

�A2�

These two examples demonstrate that V is often sparse,
because records from different events are often modeled as
uncorrelated. If the data size is large, the computation will be
more efficiently handled by numerical methods designed for
sparse matrices. The python implementation of equation (7),
provided in the Ⓔ electronic supplement to this article, uses
sparse matrix operations.

Appendix B

Estimating Event Terms

The event term of an earthquake (i.e., ηi in equation 4) is
needed for various purposes, such as using residual analysis
to evaluate GMMs, a popular method (see Table 1). The
event term (and the corresponding leftover residuals) is not
directly observed and has to be estimated based on a pre-
scribed model. In the literature of GMM evaluation, we
found two ways to estimate an event term.

Expected Random Effects The event term ηi for earth-
quake i (with Ni records) was taken as

EQ-TARGET;temp:intralink-;dfb1;313;239ηi �
σ2b

σ2b � σ2w=Ni

�
1

Ni

XNi

j

�yij − pij�
�

�B1�

(Abrahamson and Youngs, 1992, their equation 10; imple-
mented by, e.g., Bindi et al., 2006; Bradley, 2010; Azarbakht
et al., 2014; Van Houtte, 2016). See equation (4) for the
definitions of the notations. This equation comes from the
expected value of random effects given the observations and
the model parameters (Jiang, 2007, pp. 74–75). The general
case is:

EQ-TARGET;temp:intralink-;dfb2;313;102η � GZ′V−1�y − p�; �B2�
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where η is a vector of event terms. See equations (5) and (6)
for the definitions of other notations. This estimation is the
best linear unbiased predictor for random effects when the
model is fitted to the data (Skrondal and Rabe-Hesketh, 2009,
section 4.2). For constant σb and σw, it becomes equation B1.
The fundamental assumption for this estimation of event terms
is that the model is calibrated (or fitted) to the data so that
residuals purely consist of random errors but not systematic
bias. For out-of-sample analysis (i.e., evaluation using a data-
set other than the one for the model development), the GMM
under evaluation almost always does not fit, and so this esti-
mation loses its rigorous meaning.

Mean Residual The event term for an earthquake was
taken as the mean residual (e.g., Scasserra et al., 2009;
Shoja-Taheri et al., 2010, their equations 1–4; Uchiyama and
Midorikawa, 2011, their equations 1–2; Vacareanu et al.,
2013), probably by assuming that the zero-mean leftover re-
siduals will cancel out each other through the summation.
This estimation is actually identical to equation (B1) for large
Ni. Similar to the expected random effects, the implicit
assumption for this estimation is that the model fits the data.

For an out-of-sample analysis, the model may not fit the
data. The residual is therefore a combination of the event term,
the leftover residual, and the model bias. An example of the
model bias is a wrong attenuation rate. This happens, for
example, when a GMM designed for a warm-crust region
(e.g., California) is applied to a cold-crust region (e.g., eastern
United States). The components of the residual cannot be
accurately separated unless the bias is precisely known.
Attempting to estimate the event term will allocate part of the
model bias to the event term and the remaining to the leftover
residual; such separation depends on the features of the bias,
which is in general unknown. Some of the residual analyses
conducted for GMM evaluations (see Table 1) involved esti-
mating event terms. The estimation was not strictly valid un-
less the evaluated model has been fitted to the test data; their
results should therefore be interpreted with care.

Appendix C

Further Strategies for Bootstrap on Hierarchical Data

Two additional strategies for bootstrap on hierarchical
data have been proposed in the literature. The terminology
used here follows Field and Welsh (2007).

Two-Stage Bootstrap Davison and Hinkley (1997)
called this “strategy 2.” This is identical to the cluster boot-
strap (see the Bootstrap on Hierarchical Data section) except
that after sampling with replacement the first level, the sec-
ond level is also sampled with replacement. For in-sample
analysis, both Davison and Hinkley (1997, p. 101) and Field
and Welsh (2007, Section 3.4) found this method inferior to
the cluster bootstrap because it demands a larger amount of
data to achieve consistency. For out-of-sample bootstrap, in
the ideal case that the new data are probabilistically identical

to the data that the model has been fitted to, the result of their
analyses carries over, and so the two-stage bootstrap is not as
good as the cluster bootstrap.

Random-Effect Bootstrap Davison and Hinkley
(1997) described but did not name this strategy. For a hier-
archical structure as described by equation (4), this strategy
separately resamples random effects and leftover residuals,
using the following three-step procedure:

1. form an empirical distribution for the event terms ηi and
an empirical distribution for the leftover residuals ϵij;

2. resample the event terms and leftover residuals using the
two empirical distribution functions;

3. combine the sampled event terms and residuals according
to equation (4) to form a set of resampled data.

Step 1 requires estimating the event terms. Because of the
complications of this estimation (see Appendix B), we con-
sider this the random-effect bootstrap less desirable than the
cluster bootstrap.

The simulation study in Appendix D also shows that the
cluster bootstrap is a better choice than the two-stage boot-
strap and the naive bootstrap.

Appendix D

A Simulation Study on Bootstrap Strategies on
Hierarchical Data

Bootstrap utilizes the intrinsic variability of a fixed data-
set to assess the true variability of the sample space. A good
bootstrap strategy should reproduce, as close as possible, the
true variability of the sample space. We here present a sim-
ulation study of the performance of the cluster bootstrap, the
two-stage bootstrap, and the naive bootstrap. The former two
are described in the Bootstrap on Hierarchical Data section
and Appendix C, respectively. The naive bootstrap simply
samples with replacement a given dataset to produce a re-
sampled dataset of the same size, without special treatment
of the hierarchical structure. The multivariate logarithmic
score can be computed by bookkeeping which resampled
records are from the same earthquake.

If the data-generating mechanism is known, a parametric
simulation (Davison and Hinkley, 1997, chapter 2.2) can re-
place the nonparametric bootstrap to generate sample data-
sets for the computation of the frequency weight. If the event
terms and the leftover residuals of a given dataset are known,
and we know that they are both normally distributed, then we
can use the given event terms and leftover residuals to fit two
normal models, and then perform a parametric simulation
using the two fitted models to generate further event terms
and leftover residuals. A sample dataset is then formed by
combining the generated event terms and leftover residuals
according to equation (4).

As explained in Appendix B, the event terms and the
leftover residuals are not observed in real-world data. We
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therefore in practice can only use a bootstrap, instead of a
parametric simulation, to generate sample datasets for the
computation of the frequency weight. A good bootstrap strat-
egy should result in a frequency weight similar to that pro-
duced by the parametric simulation. We investigated which
of the three bootstrap strategies can better fulfill this task.

Four hierarchical models, in the form of equation (4), are
given in Table D1. We calculated their frequency weights
based on a mildly unbalanced synthetic dataset (with both
the event terms and leftover residuals known) that consisted

of 15 earthquakes, each having i� 4 recordings, in which
i � 1; 2;…; 15 is the earthquake index. Each bootstrap or
parametric simulation used 300 bootstrap samples. The proc-
ess was repeated for 300 synthetic datasets, generated using
pij � 0, σb � 0:3, and σw � 0:5. The result (Fig. D1) shows
that the cluster bootstrap was the most similar to the para-
metric simulation. The naive bootstrap, which did not honor
data correlation, was the least similar to the parametric sim-
ulation. This study supports our assertion that the cluster
bootstrap is a better bootstrap strategy for the purpose of
our study.
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Table D1
Models Used in Appendix D

Model pij σb σw

A 0.15 0.3 0.5
B 0.15 0.35 0.6
C −0.15 0.25 0.45
D −0.15 0.4 0.65

See equation (4) for the hierarchical structure.

Figure D1. Frequency weights for model A (see Table D1 and Appendix D), computed from three bootstrap strategies and the parametric
simulation. The mean square error (MSE) was calculated from the 1:1 line. The color version of this figure is available only in the electronic edition.
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