
 
 
Originally published as: 
 
 
 
 
 
Zus, F., Grzeschik, M., Bauer, H. S., Wulfmeyer, V., Dick, G., Bender, M. (2008): 
Development and optimization of the IPM MM5 GPS slant path 4DVAR system. - 
Meteorologische Zeitschrift, 17, 6, 867-885  
 
 
DOI: 10.1127/0941-2948/2008/0339 

http://www.gfz-potsdam.de/index.html


Meteorologische Zeitschrift, Vol. 17, No. 6, 867-885 (December 2008) Article
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Abstract
This article describes the development of tools for routine 4-dimensional variational data assimilation of
Global Positioning System Slant Total Delay (STD) data in the framework of the MM5 system at the Institute
of Physics and Meteorology of the University of Hohenheim. The Slant Total Delay forward operator is
introduced which allows model validation and the assimilation in the Message-Passing Interface environment.
An experiment is conducted which highlights the importance of accurate model physics in the variational
assimilation system. We demonstrate that the model minus observation statistics of STD data crucially
depends on the convection scheme and the implementation of horizontal diffusion. A set of modifications
to the existing non linear, tangent linear and adjoint model is presented. These include an improvement of
the horizontal diffusion scheme and the implementation of the Grell cumulus convective scheme in order
to eliminate the observed systematic tendency in the model minus observation statistics of the STD data
and precipitation in mountainous terrain. A first assimilation experiment with the improved MM5 variational
assimilation system shows promising results.

Zusammenfassung
Dieser Artikel beschreibt die Entwicklung von Tools zur 4-dimensionalen variationellen Assimilation von
Global Positioning System Slant Total Delay (STD) Daten mit dem MM5 System am Institut für Physik
und Meteorologie der Univerität Hohenheim. Der Vorwärtsoperator wird vorgestellt, der Validationsstu-
dien und die Assimilation in die Message-Passing Interface Umgebung des MM5 erlaubt. Wir demon-
strieren, dass die Modell-minus-Beobachtung-Statistik der STD Daten entscheidend von dem verwende-
ten Konvektionsschema und der Implementierung der horizontalen Diffusion abhängt. Ein Satz von Modi-
fikationen zum existierenden nicht-linearen, tangent-linearen und adjungierten Modell wird präsentiert. Ein
verbessertes Schema der horizontalen Diffusion und die Implementierung des Konvektionsschemas von Grell
sind notwendig, um die systematische Tendenz in der Modell-minus-Beobachtung-Statistik der STD Daten
und des Niederschlags in komplexen Gelände zu vermeiden. Ein erstes Assimilationsexperiment zeigt vielver-
sprechende Ergebnisse.

1 Introduction
During the last few years, considerable progress has
been achieved in numerical weather prediction (NWP)
of mesoscale gamma atmospheric phenomena. This
progress is largely due to a better understanding of
small-scale processes, a rapid growth in computer
power, permitting a significant increase in model res-
olution, as well as the availability and assimilation of
observations. Recent results in nowcasting and short-
range weather forecasting demonstrate that variational
data assimilation in combination with high-resolution
modeling is a promising approach for improving the
quality of Quantitative Precipitation Forecasting (QPF)
on the mesoscale (ZOU et al., 1995; XIAO et al., 2005;
WULFMEYER et al., 2006; SAITO et al., 2006).

Here we focus on the assimilation system that has
excellent potential to exploit the maximum information
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content of various observing systems with high tem-
poral resolution: four-dimensional variational assimila-
tion (4DVAR). This can be explained by the fact that
the 4DVAR takes into account the dynamics of the at-
mosphere as well as the background and observation
errors in a consistent manner. Notably, the 4DVAR is
equivalent to a full rank extended Kalman Filter (EKF)
over the data assimilation window. For a discussion
of pros and cons of various assimilation schemes see
e.g. BOUTTIER and COURTIER (1999); KALNAY et al.
(2007); GUSTAFSSON (2007).

The availability of precise and continuous observa-
tions related to water vapor is crucial. Although ground-
based techniques such as radiosondes, water-vapor ra-
diometers or lidar systems (BEHRENDT et al., 2002;
WULFMEYER et al., 2003) are sensitive to the water va-
por content in the atmosphere, they are currently not
available in dense networks with high temporal reso-
lution. Radiosondes for example are launched typically
only twice a day and they are sparse over wide areas.
Due to their low cost and high rate, GPS (Global Posi-
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tioning System) receivers can be assembled into dense
networks with high temporal resolution.

The radio signals used by GPS are changed in a char-
acteristic way when they pass through the Earth’s at-
mosphere. The tropospheric delays which are caused
by the signal refraction in the electrically neutral (or
non-ionised) atmosphere can be considered as meteo-
rological observations containing signatures of the at-
mospheric humidity field. They are the basis for the
concept known as GPS meteorology (BEVIS et al.,
1992; WICKERT and GENDT, 2006). One distinct ad-
vantage of GPS ground based measurements compared
to other satellite observations is that it provides data in
all weather conditions, i.e. the measurements are not af-
fected by clouds. As water vapor is often under-observed
both in time and space during active weather, this ca-
pability of the GPS data is expected to improve the
skill of short range predictions of medium to heavy
rainfall systems. The high temporal resolution of GPS
ground-based measurements can be used for model val-
idation and data assimilation (CUCURULL et al., 2000;
POLI et al., 2007) or detailed studies of the structure in
water-vapor fields (HAAN et al., 2002). To date, most
of the ground-based GPS data assimilation studies have
been conducted using the Zenith Total Delay (ZTD) or
Integrated Water Vapor (IWV) estimates (VEDEL and
HUANG, 2004; VEDEL and SATTLER, 2006). It is found
that data assimilation of ZTD data has a weak but posi-
tive impact on the NWP forecasts of humidity and pre-
cipitation.

HA et al. (2003) performed a series of observing sys-
tem simulation experiments to assess the impact of slant
wet delays on the short-range prediction of a squall
line. Slant wet delay data from a hypothetical network
of ground-based GPS receivers were assimilated using
the MM5 4DVAR system. It was demonstrated that the
assimilation of slant wet delays results in significant
changes in moisture, temperature and wind fields. These
changes led to a stronger surface cold front and stronger
convective instability ahead of the front. Consequently,
the assimilation of slant wet delay produced a consider-
ably improved six hour forecast of a squall line, in terms
of rainfall prediction and mesoscale frontal structure. In
order to assess the additional value of slant wet delay
assimilation (as compared with zenith wet delay), a par-
allel experiment in which precipitable water was assim-
ilated was performed. The assimilation of slant wet de-
lays was superior in recovering water vapor information
between receiver sites and in short-range precipitation
forecast, both in terms of rainfall distribution and inten-
sity, and retrieved more accurately the temperature and
moisture structure in the convectively unstable region.

Recently, JÄRVINEN et al. (2007) analyzed the data
assimilation of hypothetical and real STD (Slant Total
Delay) observations in the framework of the HIRLAM
(High-Resolution Limited Area Modeling) 3DVAR (3-
dimensional variational assimilation) system. The ex-

periments with hypothetical data showed that their as-
similation results in reasonable specific humidity analy-
sis increments. Since one of the main benefits of STD
observations is their ability to capture fine-scaled asym-
metric humidity structures present in the atmosphere
(ERESMAA et al., 2007), the assimilation system was
able to reproduce the asymmetric information content
in the hypothetical observations. Real STD observa-
tions were assimilated for an arbitrary single case and
the resulting specific humidity analysis increments were
found to have a similar structure to those obtained with
a comparable radiosonde or ZTD observing network.

While the results presented so far indicate that the
measurements from ground-based GPS networks are
highly valuable for short range prediction of precipi-
tation, it is important to recognize that the assimila-
tion of observations related to water vapor in a convec-
tive and/or pre-convective environement is highly chal-
lenging. One major difficulty is the accuracy of model
physics. In particular, the convection parameterization
used in the data assimilation can be regarded as an issue.
The problem associated with the convection parameter-
ization scheme is twofold: It is a crude representation of
convection and these schemes contain numerous discon-
tinuities which can increase linearization errors leading
to adverse effects in 4DVAR (ZUPANSKI, 1993). Beside
model physics, deficiencies in model numerics can be
substantial (ZÄNGL, 2004b,c).

Prior to any data assimilation efforts, systematic
model errors must be identified, quantified and removed.
However, it is very difficult to separate the contribu-
tion of errors due to initial fields and model para-
meterizations. A close inspection of a long time se-
ries of the model minus observation statistics is one
strategy to identify model errors. Corresponding re-
search is the subject of several ongoing projects of
the World Weather Research Program (WWRP) such
as the Research and Developement Project Convec-
tive and Orographically-induced Precipitation Study
(COPS). This study will provide a comprehensive set
of observations for testing hypotheses on the improve-
ment of QPF in regions with complex terrain including
various data assimilation studies (WULFMEYER et al.,
2008). For further information on WWRP activities the
reader is referred to www.uni-hohenheim.de/cops/ and
www.wmo.ch/pages/prog/arep/indexen.html.

Improvements of forecasts can only be expected if
progress is made in three areas simultaneously: Han-
dling of problems related to model numerics such as
treatment of the governing equations in complex ter-
rain, the improvement of parameterization schemes, and
the optimization of initial conditions. In this study, we
address these issues by taking advantage of the high
temporal resolution STD data. In a first step, we study
the performance of model numerics and model physics
without any assimilation effort by statistical comparison
with STD data. In particular, we focus on the implemen-

http://www.uni-hohenheim.de/cops/andwww.wmo.ch/pages/prog/arep/indexen.html
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tation of horizontal diffusion in complex terrain and the
convection parameterization. In a second step, we study
the impact of the STD data with the improved physics
and numerics within a 4DVAR framework.

This article is organized as follows: In section 2, the
MM5 4DVAR system is introduced. The STD forward
operator used for both model validation and assimila-
tion is described. In section 3, problems encountered in
model physics are discussed and a set of modifications to
the existing MM5 4DVAR system is presented. In sec-
tion 4, a real world application of the improved STD
4DVAR system in a single case experiment is analyzed.
A summary and the main conclusions are given in Sec-
tion 5.

2 Technical introduction

2.1 The MM5 Model

An overview of the MM5 is given in GRELL et al.
(1995). The MM5 tangent linear and adjoint modelling
system are described in ZOU et al. (1997). A detailed
introduction to the MM5 4DVAR system used in this
study can be found in RUGGIERO et al. (2001). The
4DVAR system is based on MM5 version 3 (MM5v3).
The parallelization was implemented so that the same
source architecture for the serial and parallel versions
of the code was maintained. RUGGIERO et al. (2002)
described the successful development and testing of
the MM5v3-based tangent-linear model. Its coding im-
plementation followed the same design as the forecast
model. NEHRKORN et al. (2002) succesfully developed
and tested the MM5v3-based adjoint model.

The adjoint model contains the same set of physics
parameterizations that are in the serial MM5 version 1
(MM5v1) based 4DVAR system. This includes the KUO
(1974) convective parameterization, a moist stable pre-
cipitation scheme, a simple radiative cooling scheme
and a bulk planetary boundary layer (PBL) parameter-
ization. To allow the use of a greater number of vertical
levels than is practical with the single-level bulk PBL
scheme, the user is given the option to run the MRF
(Medium Range Forcast) PBL scheme of HONG and
PAN (1996).

2.2 The 4DVAR system

The 4DVAR algorithm allows observations to be assim-
ilated in their raw form at any given point in time and
space (BOUTTIER and COURTIER, 1999). The model
solution is required to fit the observations in a least-
square sense. The minimum of the following cost func-
tion J , measuring the difference between the model so-
lution and observations, is determined

J [x0] = (x0 − xb)
T

B−1 (x0 − xb)

+
m∑

n=0

(H[xn] − yn)T
R−1 (H[xn] − yn)

(2.1)

where x0 denotes the analysis vector, xb is the back-
ground vector and yn denotes the observation vector
at time n. The model forecast vector xn at time n is
predicted by the (non-linear) forecast model M , i.e.
xn = M...M [x0]. H represents the observation oper-
ator which transforms model variables into observation
space, and R denotes the observational error covariance
matrix. The analysis vector of the MM5 4DVAR system
used in this study consists of the following model con-
trol variables: the horizontal wind components, the tem-
perature, the water-vapor mixing ratio, the pressure per-
turbation and the vertical velocity. Cloud water, cloud
ice, surface variables, and the variables at lateral bound-
aries are not included.

The MM5 4DVAR system only constructs diago-
nal background error covariance matrices B. This ap-
proximation has proven to work well with most stud-
ies conducted with the system (ZOU et al., 1995; HA
et al., 2003; WULFMEYER et al., 2006; GRZESCHIK
et al., 2008). This can be explained by the ability of
the 4DVAR to self-generate physically consistent struc-
ture functions during model integration (FISHER, 2001).
For each control variable, the diagonal elements of B
were specified by constructing the differences between
a short-range forecast of 15 minutes and the initial val-
ues at each grid point. At each vertical level, the maxi-
mum value of the difference is found and assigned to all
grid points on that level. This creates a vertical profile
of forecast errors valid at all geographical locations of
the model. The forecast errors are then squared to pro-
duce the diagonal elements of the background error co-
variance matrix B. There is also an option in the MM5
4DVAR system to prescribe the background error vari-
ances from the tables published by PARRISH and DER-
BER (1992). Theses tables contain the observational er-
rors used for the radio-sounding assimilation in the Na-
tional Centers for Environmental Prediction spectral sta-
tistical interpolation global analyses system at the time
of the publication. We experimented with both options
and have not found any significant differences yet, since
the order of magnitude of the background errors vari-
ances were similiar.

Since MM5 is a regional model, it requires an initial
condition as well as lateral boundary conditions. To pro-
duce lateral boundary conditions, gridded data is needed
to cover the entire time period the model is integrated
over. For our experiments, the ECMWF (European Cen-
tre for Medium range Weather Forecasting) operational
analysis was interpolated to the horizontal and vertical
resolution used in MM5.

2.3 The STD forward operator and the
assimilation system

2.3.1 The STD forward operator

The introduction of a new observation type into the
MM5 4DVAR system requires the development of the
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observation operator, the adjoint operator and the esti-
mation of the observation error statistics. An STD is an
integrated measurement and can be determined with the
following equation:

STD =

∫
S

R

(
k1

P

T
+ k2

e

T 2

)
ds (2.2)

Here P represents the pressure, T the temperature, and
e the water-vapor pressure. The constants are given by
k1 = 77.6 K/hPa and k2 = 3.73 × 105K2/ hPa
(WARE et al., 1997; WICKERT and GENDT, 2006).
The first term of the integral is known as the slant
dry delay SHD and the second part as the slant wet
delay SWD. The integration is carried out along the
slant path s from the ground based GPS receiver R
to the satellite S in question. With an elevation angle
at the GPS receiver above 20 degrees, the bending of
the ray path through the Earth’s atmosphere can be ne-
glected and the STD can therefore be evaluated along
a straight line. For a discussion of the accuracy of the
line-of-sight assumption the reader is referred to ERES-
MAA and JÄRVINEN (2004). The GPS coordinates are
provided with respect to the IGb2000 reference frame
www.ngs.noaa.gov/CORS/Coords.html. The ellipsoidal
heights of the GPS receivers are converted to the geoidal
heights on top of the determination of the signal path in
model grid point space. For details on the undulation, the
reader is referred to http://earth-info.nga.mil/GandG/. In
the signal path determination, the geoid is treated as a
sphere with a mean radius of RE = 6370 km accord-
ing to the MM5. The Gauss-Lobatto quadrature formula
(see e.g. ABRAMOWITZ and STEGUN, 1972) is used to
evaluate the integral numerically in model grid point
space. The observation operator consists of three com-
ponents:

In a first step, the geographical location (longitude,
latitude, and height above sea level) of the supporting
points and the weighted line elements are determined
along the signal path from the GPS receiver to the model
top. In the second step, pressure, temperature, and water-
vapor mixing ratio at the quadrature points are recon-
structed. Since in a terrain following sigma coordinate
system grid points of the same level do not have the same
height, in order to avoid systematic errors, we use a 12-
point comprehensive tri-directional interpolation of the
model variables at adjacent model grid points. The re-
construction of variables at quadrature points consists
of a vertical interpolation followed by a horizontal in-
terpolation using low order piecewise Lagrange polyno-
mials. Close to the ground, the vertical interpolation of
water vapor mixing ratio and temperature is limited to
the height of the underlying model topography. If more
grid points are involved in the interpolation scheme, in-
formation spreading in the assimilation is enhanced, but
higher-order polynomials can introduce extreme values.
In the third step, at each supporting point, the integrand
is calculated and the summation is carried out.

S

R
γ

T

M
RE

Figure 1: Sketch of the geometry for computing the contribution
to the STD above the model top: The GPS receiver is marked with
R. The enclosing angle of the direction vector pointing from the
model top point T (with height H) to the satellite S and the direction
vector pointing from the model top point to the center of gravity M
is marked with γ. The signal path above the model top is defined by
s and h denotes the integration variable. The radius of the Earth is
RE . The relevant distances are MT = H + RE , MS = h + RE

and TS = s.

The number of supporting points m in the numeri-
cal integration is increased until a predefined accuracy
δ is reached: |STDm − STDm+1| < δ. In the follow-
ing simulations, the number of supporting points is fixed
and chosen to be 42, which led to sub-millimeter accu-
racy over the entire elevation range, i.e. δ < 1 mm. In
the zenith case, this error converts to about 1/6 mm in
IVW which is sufficiently small as compared to an ob-
servation error of about 1 mm in the IVW (DICK et al.,
2001). With an average height of the lowest model half
sigma level of 63 m, 36 terrain following model layers,
and a model top located at 100 hPa, the weights of the
endpoints of the quadrature rule are about 8 m at an ele-
vation angle of 90 degree and about 13 m at an elevation
angle of 20 degree.

The STD above the finite model top is dealt with sepa-
rately. The local variability of pressure, temperature, and
gravity with geographical latitude and longitude above
the model top is neglected. Figure 1 provides a sketch of
the geometry of the calculation. We transform the inte-
gration variable from the slant path s to the height above
sea level h. The law of cosine leads to

s(h) = (H + RE)cos(γ) (2.3)

+
√

(h + RE)2 − (H + RE)2sin(γ)2

http://www.ngs.noaa.gov/CORS/Coords.html
http://earth-info.nga.mil/GandG/
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where H denotes the height above sea level of the model
top point and γ denotes the enclosing angle of the di-
rection vector pointing from the model top point to the
satellite and the direction vector pointing from the model
top point to the center of gravity. The derivative of the
signal path element with respect to height s′ is therefore
given by

s′(h) =

[
1 −

(H + RE)2

(h + RE)2
sin(γ)2

]−0.5

(2.4)

The contribution of the slant total delay above the
model top is now determined with aid of the hydrostatic
equation and the extended first mean value theorem of
integral calculation:

TOP = k1RL

∫
H

∞

s′(h)

g(h)
P ′(h)dh (2.5)

= k1RL

s′(ξ)

g(ξ)
Pt

The gas constant of dry air is RL = 278.05 J
kg−1K−1 and Pt denotes the pressure predicted by the
model at the model top point. The decrease of the grav-
ity with respect to height is g(h) = gθ R2

E
/(h + RE)2

where gθ denotes the gravitational acceleration at the lat-
itude θ of the model top point according to the 1967
Geodetic Reference System Formula. Since the deriv-
ative of the pressure with respect to the height P ′ is not
predicted by the model, the height above the geoid ξ,
for which Equation 2.5 holds, cannot be determined ex-
actly. An accurate approximation can be made by the
substitution of the height above the geoid, which results
from the assumption of the STANDARD ATMOSPHERE
(1976) above the model top. In the zenith case, this
formulation is equivalent and turns out to be as accu-
rate as the well known formulation of SAASTAMOINEN
(1972). To provide an error of the forward model we es-
timate the error introduced above and below the model
top separately. In the zenith case Equation 2.5 reads
as TOP = k1 RL Pt/g(ξ) and the error associated to
the mean gravity computed above the model top can be
readily neglected, see e.g. (BOSSER et al., 2007; EL-
GERED et al., 1991). Since the numerical integration be-
low the model top has sub-millimeter accuracy, we esti-
mate the overall error of the forward model in the zenith
case to be of the order of 1 mm. In the slant case, the
numerical integration below the model top and the as-
sumptions made above the model top (spherical symme-
try of the atmosphere) suggest that the error of the for-
ward model is roughly inversely proportional to the sine
of the elevation angle at the GPS receiver.

Although interpolation/extrapolation of model grid
point variables to the receiver location is performed, a
GPS receiver may not be represented by the model if lo-
cated far below the model topography. In the following,
the simulations are limited to GPS receivers, which are
located at an adequate distance to the model topography:

the magnitude of the difference between a bilinear inter-
polation of adjacent topographic model heights and the
GPS receiver height does not exceed a threshold of 50
m.

To speed up computation, the current NWP systems
are usually implemented on parallel computers such that
each processor handles only a geographical sub-area. In
the MM5 4DVAR version used in this study this is car-
ried out using parallelization techniques. In principle, it
involves using spatial domain decomposition where the
horizontal analysis domain is partitioned into smaller
subdomains or patches. A separate processor can then
be dedicated to the computation for a specific subdo-
main. During the execution of the 4DVAR code, each
patch requires only the boundary information from its
neighbouring patches. Communication between various
patches is accomplished with the use of the standard
MPI environment. At low elevation angles, the signal
from the GPS receiver to the satellite can intersect two
or more subdomains. Some additional logic is required
in the routines when compared to the single processor
version: In the forward model integration, the contri-
butions to the STD determined by the processor IDs
in question are gathered to compute the total STD and
the corresponding normalized departure. In the back-
ward model integration, the update of the adjoint vari-
ables is restricted to the processor IDs in question. Af-
ter appropriate tests, the forward model and the adjoint
model were implemented into the MPI environment of
the 4DVAR system, so that speedy assimilation of STD
data became routinely possible. With a horizontal do-
main size of 64 × 70 grid points and 30 processors the
speed up factor is about 10 compared to a single CPU.

2.3.2 Quality control and the estimate of the
observation error

In the 4DVAR experiments, some medium filtering of
the STD data based on the relative departure of the
slant wet delay is applied in order to reject question-
able data and to avoid problems in the minimization due
to large differences between the model prediction and
the measurements. If we assume that the slant dry de-
lay is well reproduced by the model, a good estimate
of the relative departure of the slant wet delay is given
by r = δSTD/SWD where δSTD denotes the STD
model minus observation departure and SWD denotes
the slant wet delay predicted by the model. In the first
forward model integration of the 4DVAR, we reject all
data for which |r| > 0.2. As can be seen in the fol-
lowing simulations, this threshold is located at the tail
of the Gaussian distribution of the relative departure
of the slant wet delay (see Figure 4) and thus will re-
move potential outliers in the assimilation. This data is
also not considered in the following forward and back-
ward model integrations and is therefore permanently
black listed during minimization. We did not perform
any cross check for spatial and temporal consistency of
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the STD data since to date we are not aware of any ex-
isting rigorous strategy to do so.

Several studies were undertaken to determine the error
of STD data by means of intercomparison with indepen-
dent observations like water vapor radiometers. How-
ever, it remains difficult to estimate the real error of the
STD data. An initial comparison of GPS stations in Ger-
many with the high-resolution local model of the Ger-
man Weather Service (DWD) over more than 200 days
gives a standard deviation of about 1 mm in the IVW
(DICK et al., 2001) which would convert to a standard
deviation of about 6 mm in the ZTD. Note that the de-
termination of both the IVW and the ZTD data from the
raw measurement contains numerous assumptions. Fur-
ther studies using different methods are required. In the
absence of more accurate estimates and on the basis of
the error of ZTD data provided by GFZ Potsdam, we
assume the overall error of a STD to be of the order of
a few millimeters (about 1 to 6 mm) times the inverse
of the sine of the elevation angle at the GPS receiver.
In the following assimilation experiment, we used a uni-
form observation error of σ(ε) = 3/sin(ε) mm where ε
denotes the elevation angle at the GPS receiver. For sim-
plicity and due to insufficient knowledge of error corre-
lation in the Precise Point Position (PPP) algorithm, we
disregard correlation of the STD data. Therefore the ob-
servational error matrix which enters the cost function is
strictly diagonal.

3 Analysis of the MM5 4DVAR model
physics

The underlying hypothesis of 4DVAR is that the model
is perfect. The model physics used in a 4DVAR system
must be as sophisticated as possible in order to preclude
any negative effects. The strategy is to a) identify and
b) to remove model errors prior to any data assimila-
tion effort by statistical comparisons of simulated and
observed STD data. After the sensitivity study we per-
form an assimilation experiment with improved physics.

To date we have not been e able to identify two serious
deficiencies in the model physics of the MM5 4DVAR
system, which become obvious in more or less complex
terrain, namely the deep convection scheme and the im-
plementation of the horizontal diffusion. These deficien-
cies could be identified by screening the model minus
observation departure of the high temporal resolution
STD data.

To demonstrate the capabilities of the STD data for
validation purposes, we carried out model forecasts ini-
tialized by an ECMWF analysis valid at 00 UTC on
August 14, 2007. The model configuration is summa-
rized in Table 1 (Simulation 1 and 2). The horizontal
resolution was 18 km and we use 36 terrain following
sigma layers. The model top was located at 100 hPa.
For the simulations, the model physics available in the
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Figure 2: GPS network green and GPS network red providing STD
data on August 14, 2007.

MM5 4DVAR was used: the MRF PBL scheme, a sim-
ple radiative cooling scheme, a moist stable precipitation
scheme and the Kuo cumulus scheme. The two simula-
tions differ by the horizontal diffusion scheme. The sim-
plified physics does not allow a long-range forecast. We
limited the model integration to six hours. No spin-up
run to remove high frequency waves which may result
from the resolution jump from the ECMWF analysis
to the MM5 model grid configuration was performed.
The resolution jump from the ECMWF analysis to the
MM5 model grid configuration is rather small (25 to 18
km) and therefore the spin-up measured (in terms of the
mean surface pressure tendency) should be limited but
we cannot preclude a possible spin-up effect caused by
hydrometeors which are all reset to the initial state.

An overview of the geographical location of the ob-
serving GPS network (network red) used in this exper-
iment is given in Figure 2. We evaluated the STD data
from 33 GPS receivers distributed over Germany down
to an elevation angle of 20 degree with a temporal reso-
lution of 15 minutes.

3.1 Horizontal diffusion

In the MM5 4DVAR, two types of horizontal diffusion
are used to control non-linear instability: second-order
diffusion is used for the row and column of the grid
points next to the lateral boundaries, while the more
scale-selective fourth-order diffusion is used in the in-
terior of the domain (GRELL et al., 1995). In analytical
form, the fourth-order diffusion F reads:

F = −Kh

(
∂4α

∂x4
+

∂4α

∂y4

)
(3.1)

where α is any prognostic variable and Kh denotes the
diffusion coefficient. The horizontal diffusion operator
is applied on constant sigma surfaces, i.e. the discretiza-
tion is applied in computational space and not, as the
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Figure 3: STD model minus observation departure as a function of the time (top) and as a function of the elevation angle (bottom) for
sigma diffusion (left) and the modified horizontal diffusion (right). The red line indicates the rms and the cyan line the bias. The green line
indicates null bias.

Table 1: Table summarizing the configuration used in the sensitvity study and in the assimilation experiments (August 14, 2007). The
simulations (1 and 2) are initialized by the ECMWF analysis valid at 00 UTC. The forecast is either initialized by the ECMWF analysis
valid at 00 UTC (reference run) or by the initial state generated by the assimilation experiments.

Configuration Simulation 1 Simulation 2 Forecast Assimilation Assimilation B
Horizontal Resolution 18 km 18 km 18 km 18 km 18 km
Boundary Layer MRF MRF MRF MRF MRF
Radiation scheme simple simple simple simple simple
Cloud Physics simple simple simple simple simple
Horizontal Diffusion sigma modified modified modified sigma
Convection scheme Kuo Kuo Grell Grell Kuo
GPS data network red red red + green red red
GPS data frequency 15 min 15 min 15 min 30 min 30 min
Assimilation window – – – 0–3 UTC 0–3 UTC
Forecast window 0–6 UTC 0–6 UTC 0–6 UTC – –

equation above would indicate, in cartesian coordinates.
Thus serious errors over mountainous terrain, particu-
lary for atmospheric variables having a strong vertical
gradient, like water vapor and temperature, are intro-
duced.

There are currently two options in the MM5 4DVAR
for calculating the horizontal diffusion. In the first op-

tion, actual temperature is used for computing the diffu-
sion along sigma levels. Second, the perturbation tem-
perature, namely the difference between the actual tem-
perature and a given reference temperature, is used for
computing the diffusion along sigma levels. This first
option tries to equalize the temperature differences on
the terrain following model surfaces, and therefore tends
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Figure 4: Frequency histogram of the relative departure of the slant wet delay. Sigma diffusion (left) vers. modified horizontal diffusion
(right). The different panels show the different time intervals of the model integration. The overall statistics (0–6 UTC on August 14, 2007)
is shown in the upper most panel.

to cool valleys and to heat mountains. The second op-
tion tries to establish a vertical temperature gradient
within valleys leading to warmer valleys as compared
to the first option. The second option effectively sup-
presses the erroneous temperature tendency introduced
by the first option. However, both options have defi-
ciencies (ZÄNGL, 2004a): Above mountainous terrain, a
strange and noisy pattern appears in the temperature that
is reminiscent of breaking gravity waves. This can be ex-
plained by the fact that diffusion along sigma surfaces
induces horizontal temperature gradients over moun-
tainous topography. As a result, pressure gradients oc-
cur and gravity waves are excited. Since gravity waves
are acceptable solutions of a 4DVAR system, the mini-
mization may try to fit the observations to these waves
reducing the overall performance of 4DVAR. In both op-
tions, diffusion is computed along sigma levels for water
vapor. Therefore, in both options, a spurious moisture
tendency exists.

To prevent spurious temperature or moisture tenden-
cies, diffusion should be computed truly horizontally as
suggested by ZÄNGL (2002). At high elevations, this is
easily done by simply interpolating between vertical co-
ordinate surfaces. At lower model levels, truly horizon-

tal computation may be impossible without intersecting
the ground. Solutions are either to switch back to dif-
fusion along sigma surfaces, using one-sided truly hor-
izontal diffusion or to apply the full coordinate trans-
formation to the horizontal diffusion operator. From an
analytical point of view, the latter method is superior to
vertical interpolation but it is computationally very ex-
pensive. So far we implemented the first option. Note
that in narrow valleys, this option may retain some er-
rors. The vertical interpolation is performed linearly
with height for the temperature and an exponential in-
terpolation is used for the water-vapor mixing ratio. The
interpolation/extrapolation is limited to the height of the
underlying model topography to avoid extreme values
in complex terrain. This modified horizontal diffusion
scheme and its adjoint were implemented in the MM5
4DVAR system. A brief description of the non-linear
model (NLM), the tangent linear model (TLM), and the
adjoint model (ADJ) is given in the Appendix.

Two model simulations were performed. The first
simulation used horizontal diffusion for temperature and
water vapor along terrain-following sigma-coordinates
(sigma diffusion) and the second simulation applied
the previously described modified horizontal diffusion
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Figure 5: 15 minutes accumulated precipitation [mm] for different model physics compared qualitatively with the reflectivity of the radar
composite of DWD at 00:30 UTC (left panel) and at 01:0 0UTC (right panel) on August 14, 2007. Sigma diffusion (upper panel), modified
horizontal diffusion (middle panel) and radar image (lower panel).

scheme. In Figure 3, the model minus observation de-
partures are shown as a function of the time and the el-
evation angle. Right from the beginning, the model sim-
ulation using sigma diffusion produces a systematic off-
set in time. This is not the case for the model simulation

using modified horizontal diffusion. The difference be-
tween the two simulations is clearly visible in the model-
minus-observation departures as a function of the eleva-
tion angle. The simulation with modified horizontal dif-
fusion has nearly no systematic offset at high elevation



876 F. Zus et al.: Development and optimization of the IPM MM5 GPS slant path 4DVAR system Meteorol. Z., 17, 2008

0 1 2 3 4 5 6

−0.1

−0.05

0

0.05

0.1

S
T

D
 M

O
D

E
L

 −
 O

B
S

E
R

V
A

T
IO

N
 [

m
] 

TIME SINCE START OF MODEL [h]

14−08−2007 00−06 UTC NO ASSIMILATION

0 1 2 3 4 5 6

−0.1

−0.05

0

0.05

0.1

S
T

D
 M

O
D

E
L

 −
 O

B
S

E
R

V
A

T
IO

N
 [

m
] 

TIME SINCE START OF MODEL [h]

14−08−2007 00−06 UTC ASSIMILATION

20 30 40 50 60 70 80 90

−0.1

−0.05

0

0.05

0.1

S
T

D
 M

O
D

E
L

 −
 O

B
S

E
R

V
A

T
IO

N
 [

m
] 

ELEVATION ANGLE [°]

14−08−2007 00−06 UTC NO ASSIMILATION

20 30 40 50 60 70 80 90

−0.1

−0.05

0

0.05

0.1

S
T

D
 M

O
D

E
L

 −
 O

B
S

E
R

V
A

T
IO

N
 [

m
] 

ELEVATION ANGLE [°]

14−08−2007 00−06 UTC ASSIMILATION

Figure 6: GPS network red: STD model minus observation departure as a function of time (top) and as a function of the elevation angle
(bottom). No assimilation (left) vers. assimilation (right). The red line indicates the rmse and the cyan line the bias. The green line indicates
null bias.

angles and a slighty positive bias at low elevation angles.
In contrary, the simulation using sigma diffusion shows
a significant negative bias at all elevation angles.

In Figure 4, a frequency histogram containing the
number of STD data as a function of the relative de-
parture of the slant wet delay is shown. The system-
atic model error introduced by sigma diffusion becomes
obvious: The distribution of model minus observation
departure is far from being a Gaussian distribution. In-
stantly, a shoulder separation can be observed with the
simulation using sigma diffusion. Note that not at each
GPS receiver a systematic error in the STD model data
is produced. Comparison of STD data evaluated at GPS
receivers located in mountainous terrain shows a sys-
tematic tendency. In fact, there is no difference between
sigma diffusion and the modified horizontal diffusion in
flat terrain.

3.2 Deep convection

Another issue in the application of MM5 4DVAR in
mountainous terrain is related to the use of the Kuo
convective scheme. It is known that the Kuo cumulus

scheme tends to produce much convective rainfall and
less resolved-scale precipitation (see e.g. GRELL et al.,
1995). In addition, the convective rainfall is enhanced
when horizontal diffusion is calculated along terrain-
following sigma-coordinates. This can be explained by
the fact that sigma diffusion transports moist (warm)
air in the upper atmosphere triggering and/or enhancing
convection. Thus, a precipitation forecast in mountain-
ous terrain using the Kuo convection scheme in conjunc-
tion with sigma diffusion is doubly penalized. Figure 5
shows the 15 minutes accumulated precipitation with
sigma/modified horizontal diffusion compared qualita-
tively to the radar composite of the DWD (Deutscher
Wetterdienst). Right from the beginning of the model
simulation, sigma diffusion strongly overpredicts the
precipitation in mountainous terrain, namly in the Black
Forest, the Vosges mountains, and the Alpine region.
Precipitation instantly occurs in the model simulation
using sigma diffusion in conjunction with the Kuo cu-
mulus convective scheme. This is obviously not the case
for the model simulation using the modified horizon-
tal diffusion. The precipitation in mountainous terrain
is strongly suppressed. Note that the tendency present in
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Figure 7: The different panels show the different time intervals of the model integration. The overall statistics (0–6 UTC on August 14,
2007) is shown in the upper most panel.

the model-minus-observation statistics of the STD data
is strongly correlated with the over prediction of precip-
itation.

To bypass the tendency introduced by the Kuo cu-
mulus scheme, we implemented the more sophisticated
Grell cumulus scheme (GRELL, 1993) and its adjoint
into the the MM5 4DVAR system. The forward and ad-
joint model of the Grell cumulus scheme already ex-
isted in an advanced version of the serial 4DVAR based
on MM5 version 2 (ZOU et al., 1997), so that only mi-
nor changes were neccessary to include it in the parallel
4DVAR based on MM5v3. A first assimilation experi-
ment is presented in the following section.

3.3 Assimilation experiment

The model configuration used in this assimilation study
is given in Table 1. In the assimilation experiment, we
used both updates to the MM5 4DVAR system, namely
the Grell cumulus scheme and the modified horizontal
diffusion scheme. The result of the assimilation experi-
ment B is discussed briefly at the end of this section.

The assimilation frequency was 30 minutes and each
STD of the used GPS receivers enters the assimilation
system. The assimilation window was 3 hours. For val-
idation purpose, we set up two networks, network red
and network green. An overview of the geographical

location is presented in Figure 2. Both networks con-
sist of around 30 GPS receivers distributed over Europe,
simultaneously tracking several satellites with different
azimuth and elevation angels. The membership of a spe-
cific GPS receiver to one of the networks is more or less
randomly chosen, except for the upwind stations in the
westernmost part that were included in the red network.
The network red provides STD data for the assimilation.
In contrast, the network green is the observing network,
meaning that STD data provided by this network is not
assimilated. Since it is of interest whether independent
upper air measurements support the results gained by
the STD data assimilation, radiosondes are used for in-
tercomparison. The chosen day for this experiment is
the same as in the previous case. Meteosat satellite data
shows that the area of interest (south Germany) was af-
fected by clouds, a situation where we expect to benefit
from the assimilation of GPS STD data.

The following questions regarding STD 4DVAR are
adressed: 1) Does the STD 4DVAR algorithm work
properly? 2) Is there a detectable and significant impact
of the STD data in the assimilation window as well as
after the assimilation window? 3) Is there any indication
that the humidity field is better represented with assimi-
lation than without assimilation? Is the improvement in
the humidity field significant? 4) Is it possible to easily
validate the results with independent upper air measure-



878 F. Zus et al.: Development and optimization of the IPM MM5 GPS slant path 4DVAR system Meteorol. Z., 17, 2008

Figure 8: Difference between assimilation and no assimilation in water-vapor mixing ratio [g/kg] (left) and temperature [K] (right) in 850
hPa at 1 UTC (upper panel) and 3 UTC (lower panel) valid on August 14, 2007.

ments? 5) Can we expect that the STD 4DVAR has a
positive impact on QPF?

In connection with question 1, it is important to note
that the 4DVAR works properly from a technical point of
view. The modified TLM and ADJ routines are tested for
correctness using the standart comparison of the TLM
and finite difference-derived NLM gradients to check
correctness of the TLM and the definition of the adjoint
to check for consistency of the TLM and the ADJ. For
details on the nature of those tests see ZOU et al. (1997).
The minimization (convergence) of the cost function in
4DVAR worked properly.

To answer the second question, we took a look at the
statistics of the red network, which is illustrated in Fig-
ure 6. The small bias appearing in the control run is re-
duced to zero and the rmse is significantly reduced in
the assimilation window as well as after the assimila-
tion window. However the impact seems to fade away
quickly. This is due to the fact that air masses are ad-
vected above GPS receivers with the ambient wind di-
rection from the west. Note that the frequency of assim-
ilation is 30 minutes only but 15 minutes data are evalu-
ated. A frequency histogram of the relative departure of
the slant wet delays is shown in Figure 7. It is obvious
that the assimilation of STD data has a detectable and

significant impact in the assimilation window as well as
after the assimilation window. The difference in the wa-
ter vapor field in 850 hPa between assimilation and no
assimilation reaches values up to 1 g/kg, the difference
in the temperature reaches 1 K and in the wind field
1 m/s. Figure 8 shows the difference between the sim-
ulation with and without assimilation in the water vapor
field and the temperature.

To answer the third question, we take a look at the
green network. Figure 9 indicates that the humidity con-
tent is better represented with assimilation. The rmse is
reduced during the six hours of the model integration. If
we take a look at Figure 10 showing the frequency his-
togram of the relative departure of the slant wet delay of
the green network, a tendency pointing to the right di-
rection is obvious. Figure 10 indicates that the STD data
of the green network support the results gained by the
assimilation of the STD data of the red network. At this
point, the following important conclusion can be drawn:
If we in trust the accuracy of model physics as well as
in the accuracy of the observations, the assimilation im-
proves the representation of the humidity content.

For intercomparison with independent upper air field
measurements, we evaluated all radiosondes from cen-
tral Europe between 0 UTC and 6 UTC which were
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Figure 9: GPS network green: STD model minus observation departure as a function of time (top) and as a function of the elevation angle
(bottom). No assimilation (left) vers. assimilation (right). The red line indicates the rmse and the cyan line the bias. The green line indicates
null bias.

available from the ECMWF MARS archive. Numerous
radiosondes are as far away from the impact region as
some of the GPS receivers in the green network. For
those radiosondes we do not observe any difference be-
tween the assimilation and the control run. Most of the
radiosondes are launched at 0 UTC and some at 6 UTC.
Regarding those profiles where we see an impact, we
observe that the structure, which is present in the ra-
diosonde measurement but not in the control run, is
partly generated by the assimilation. However, there are
radiosondes and/or specific locations where the water
vapor content seems to be better represented in the con-
trol run compared to the assimilation run. An example
of a radiosonde launched in the region of interest (south-
west Germany) is given in Figure 11. At this radiosonde
location, the assimilation enhanced the water-vapor con-
tent in the lower troposphere. The simulation with as-
similation is in better agreement with the radiosonde
compared to the simulation without assimilation except
at one height level in the lower troposphere. But at this
location we observe another interesting feature: A small
kink in the water vapor profile is introduced by the as-
similation, which is also present in the radiosonde mea-

surement, but not in the simulation without assimilation.
We attribute this to the ability of the 4DVAR to self-
generate physically consistent structure functions during
model integration, provided that the model physics is ac-
curate enough and the background errors are reasonable.
In any case, due to the sparse character of water-vapor
observations, it is difficult to draw a significant conclu-
sion regarding the validation with independent upper air
field measurements, at least for a short-range forecast.

To gain some insight into the precipitation predicted
by the simulations with and without assimilation of STD
data, Figure 12 shows the 15 minutes accumulated pre-
cipitation qualitatively compared to the radar composite
of the DWD. We observe that both simulations do not
show any precipitation in the Black Forest, in the Vosges
mountains, or in the Alpine region. The situation is very
different from the previous simulations using the Kuo
cumulus convection scheme. The simulation with assim-
ilation predicts the initiation of convection very close to
the region where it was observed. Similar to the radar
image, the convective system moves with the ambient
flow from southwest to northeast before it vanishes in
the simulation. A close inspection in the area of interest
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Figure 10: GPS network green: Frequency histogram of the relative departure of the slant wet delay. The different panels show the different
time intervals of the model integration. The overall statistics (0–6 UTC on August 14, 2007) is shown in the upper most panel.
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Figure 11: Radiosonde profile close to Stuttgart, Germany at 1 UTC
on August 14, 2007 (WMO ID 10739). The red line indicates the ra-
diosonde measurement, the blue line indicates the model prediction
without assimilation and the black line indicates the model predic-
tion with assimilation of the STD data.

indicates that the local enhancement of water vapor in
the lower troposphere of the order of 1 g/kg (see Fig. 8)
due to the assimilation of the GPS data is the primary

source that permits to simulate the observed convective
system.

Finally we study the result of the assimilation ex-
periment B. The following question shall be answered:
What is the impact on the model-minus-observation sta-
tistics, if the Kuo cumulus scheme in conjunction with
sigma diffusion is used in 4DVAR and a model forecast
with more sophisticated physics, i.e. the Grell cumulus
scheme in conjunction with the modified horizontal dif-
fusion scheme, is performed? The result of this simu-
lation is illustrated in Figure 13. Although the rmse is
reduced, a significant bias is introduced. The analysis
gained by 4DVAR using simplified physics is not opti-
mal. The 4DVAR compensates the lack of water vapor
arising due to the erroneous moisture and temperature
tendency introduced by the poor model physics (see left
panel of Figure 4). Since this erroneous tendency is ab-
sent using more sophisticated physics, in the free model
forecast a positive bias of the order of magnitude shown
in the left image of Figure 4 appears. The initial state
generated by the 4DVAR with simplified physics leads
to an erroneous result.

4 Conclusion
This article describes the development of tools for rou-
tine data assimilation of real STD observations with the
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Figure 12: 15 min accumulated precipitation [mm] with and without assimilation compared qualitatively with the reflectivity of the radar
composite of DWD at 01:30 UTC (left panel) and at 04:00 UTC (right panel) on August 14, 2007. No assimilation (upper panel), assimilation
(middle panel) and radar image (lower panel).

MM5 modeling system. The STD forward operator was
introduced, which allowed model validation and the as-
similation of STD data in the MPI environment of the
MM5 4DVAR system.

A model experiment was conducted, which demon-
strates the necessity of accurate model physics in the
variational assimilation system. The convection scheme
and the implementation of horizontal diffusion turn out
to be key components regarding the assimilation of high-
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Figure 13: GPS network red: Frequency histogram of the relative departure of the slant wet delay. The different panels show the different
time intervals of the model integration. The overall statistics (0–6 UTC on August 14, 2007) is shown in the upper most panel. The
assimilation is performed using the Kuo cumulus scheme in conjunction with sigma diffusion. The model forecast is performed using
the Grell cumulus scheme and the modified horizontal diffusion.

resolution observations related to water vapor such as
STD data. It is important to note that the particular day
chosen for this experiment is not an exceptional day.
Rather, this particular day was chosen in order to high-
light the erroneous behaviour in mountainous terrain
of the former model physics incorporated in the MM5
4DVAR.

A set of modifications to the existing MM5 4DVAR
system was introduced. For the temperature and the
water-vapor mixing ratio a vertical interpolation is ap-
plied to compute a truly horizontal diffusion at those
grid points where such a calculation is possible. Close
to the ground, the horizontal diffusion is computed
along the coordinate surfaces. The improved scheme for
computing diffusion was validated using high-temporal
resolution STD data. Furthermore, the Grell cumulus
scheme was implemented in the forward model as well
as in the adjoint part of the 4DVAR system in order to
eliminate the observed tendency (overprediction of pre-
cipitation) introduced by the Kuo cumulus convective
scheme. Although we cannot preclude any other remain-
ing deficiencies in model physics, we believe this was
the most important systematic model error.

Regarding the use of ground-based GPS data for
model evaluation, the following conclusion can be
drawn: A spurious tendency present in the model minus
observation statistics of the STD data is strongly related
to the misplacement and/or the enhancement/suppression
of precipitation.

Finally an assimilation experiment with the improved
MM5 4DVAR system was presented. The results are
promising and show that:

1) the 4DVAR of STD data is highly effective in re-
ducing the model minus observation departure, 2) the
impact is area wide, reasonable and significant, 3) STD
data of an independent network of GPS receivers con-
firm the results gained by 4DVAR, 4) in a convective
active region, radiosonde measurements confirm the re-
sults gained by 4DVAR, 5) a qualitative comparison with
radar data shows that the 4DVAR of STD data improves
the simulation of an observed convective system and 6)
the use of simplified physics in the MM5 4DVAR (the
Kuo cumulus scheme in conjunction with sigma diffu-
sion) leads to an erroneous analysis.

Since the forward model in this study does not take
into account the ray bending at low elevation angles, the
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STD data used for validation and assimilation are re-
stricted to elevation angles above 20 degree at the GPS
receiver. In the future, we plan to account for the bend-
ing so that we can take full advantage of the STD data
at low elevation angles. Recently a 3D-raytracing algo-
rithm based on the idea of PETROV (2008) was devel-
oped. The tangent linear and adjoint code sucessfully
passed first tests. The results indicate that the assimi-
lation of STD data down to about 7 degrees is feasible.
Therefore the sensitive region will be increased consid-
erably.

The tuning of background/observation errors as well
as the development of a more sophisticated data se-
lection algorithm are subject to future research. Com-
prehensive studies on a statistical significant basis are
in preparation in connection with the WWRP projects
COPS (WULFMEYER et al., 2008) and MAP D-PHASE
(ROTACH et al., submitted).

Appendix

A brief description of the modified horizontal diffusion
scheme (NLM, TLM and ADJ) is given. We focus on the
approximation of the fourth partial derivative of water
vapor in the MM5 terrain following coordinate system.
The approximation of the fourth partial derivative of
temperature is treated in a similar manner except that the
reconstruction of model variables is linear. For readers
which are not familiar with adjoint code construction see
ZOU et al. (1997).

Let I, J and K denote the grid point indices of a point
in model space (with coordinates y, x and z) at which the
fourth partial derivative of water vapor Ω with respect to
the y direction is computed. The second-order accurate
discretization of the fourth partial derivative is altered to
be:

ΩIJK = (0.1)[
1 · QI+2JA(QI+2JA/QI+2JA−1)

LA

−4 · QI+1JB(QI+1JB/QI+1JB−1)
LB

−4 · QI−1JC(QI−1JC/QI−1JC−1)
LC

+1 · QI−2JD(QI−2JD/QI−2JD−1)
LD

+6 · QIJK ] /∆y4

where Q denotes the gridded water-vapor field and ∆y
denotes the grid increment in y direction. The relevant

reconstruction coefficients are computed as follows:

CA = max(HIJK , SI+2J − βI+2J) (0.2)
CB = max(HIJK , SI+1J − βI+1J)

CC = max(HIJK , SI−1J − βI−1J)

CD = max(HIJK , SI−2J − βI−2J)

LA = (CA − HI+2JA)/(HI+2JA − HI+2JA−1)

LB = (CB − HI+1JB)/(HI+1JB − HI+1JB−1)

LC = (CC − HI−1JC)/(HI−1JC − HI−1JC−1)

LD = (CD − HI−2JD)/(HI−2JD − HI−2JD−1)

where H stores grid point heights and S stores the
heights of the underlying model topography. The inte-
gers A, B, C and D denote the grid point indices in the
z direction of adjacent grid points. The threshold β ≥ 0
limits the reconstruction below the model topography. If
LA = LB = LC = LD = 0 and A = B = C = D =
K the expression for sigma diffusion is recovered, i.e.
there is no difference between sigma diffusion and the
modified horizontal diffusion scheme in flat terrain. To
date, we do not allow the reconstruction of variables be-
low the model topography (β = 0) since it is not clear to
what extend the extrapolation can be regarded as repre-
sentative. A dependency of β on the local gradient seems
to be resonable. The tuning of β is the subject of future
research. The computation of the TLM section from the
NLM section leads to:

δΩIJK = (0.3)[
1 · (LA + 1)δQI+2JA(QI+2JA/QI+2JA−1)

LA

−4 · (LB + 1)δQI+1JB(QI+1JB/QI+1JB−1)
LB

−4 · (LC + 1)δQI−1JC(QI−1JC/QI−1JC−1)
LC

+1 · (LD + 1)δQI−2JD(QI−2JD/QI−2JD−1)
LD

−1 · LAδQI+2JA−1(QI+2JA/QI+2JA−1)
LA+1

+4 · LBδQI+1JB−1(QI+1JB/QI+1JB−1)
LB+1

+4 · LCδQI−1JC−1(QI−1JC/QI−1JC−1)
LC+1

−1 · LDδQI−2JD−1(QI−2JD/QI−2JD−1)
LD+1

+6 · δQIJK ] /∆y4

where δQ denotes the gridded water vapor increments
and the increment of the fourth partial derivative of wa-
ter vapor with respect to the y direction is denoted as δΩ.
Note that the reconstruction coefficients are passive vari-
ables since grid point heights are constants (the 4DVAR
is based on the non-hydrostatic version of the MM5) and
the threshold β is not related to any active variable. If δQ̂

and δΩ̂ denote the adjoint variables, the corresponding
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ADJ model section reads as:

δQ̂I+2JA = δQ̂I+2JA + 1 · (LA + 1)/∆y4 (0.4)

·(QI+2JA/QI+2JA−1)
LAδΩ̂IJK

δQ̂I+1JB = δQ̂I+1JB − 4 · (LB + 1)/∆y4

·(QI+1JB/QI+1JB−1)
LBδΩ̂IJK

δQ̂I−1JC = δQ̂I−1JC − 4 · (LC + 1)/∆y4

·(QI−1JC/QI−1JC−1)
LCδΩ̂IJK

δQ̂I−2JD = δQ̂I−2JD + 1 · (LD + 1)/∆y4

·(QI−2JD/QI−2JD−1)
LDδΩ̂IJK

δQ̂I+2JA−1 = δQ̂I+2JA−1 − 1 · LA/∆y4

·(QI+2JA/QI+2JA−1)
LA+1δΩ̂IJK

δQ̂I+1JB−1 = δQ̂I+1JB−1 + 4 · LB/∆y4

·(QI+1JB/QI+1JB−1)
LB+1δΩ̂IJK

δQ̂I−1JC−1 = δQ̂I−1JC−1 + 4 · LC/∆y4

·(QI−1JC/QI−1JC−1)
LC+1δΩ̂IJK

δQ̂I−2JD−1 = δQ̂I−2JD−1 − 1 · LD/∆y4

·(QI−2JD/QI−2JD−1)
LD+1δΩ̂IJK

δQ̂IJK = δQ̂IJK + 6 · /∆y4δΩ̂IJK

δΩ̂IJK = 0

The same procedure is applied in the x direction.
Once the fourth partial derivative of water vapor with
respect to y and x is computed, the update of the water
vapor tendency due to horizontal diffusion is straightfor-
ward. Note however, that the diffusion coefficient Kh in
Equation 3.1 must be treated as an active variable since
it is a function of the local deformation of the wind field
(see GRELL et al., 1995 for further details on Kh).
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