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S U M M A R Y
The design of an array configuration is an important task in array seismology during ex-
periment planning. Often the array response function (ARF), which depends on the relative
position of array stations and frequency content of the incoming signals, is used as the array
design criterion. In practice, additional constraints and parameters have to be taken into ac-
count, for example, land ownership, site-specific noise levels or characteristics of the seismic
sources under investigation. In this study, a flexible array design framework is introduced that
implements a customizable scenario modelling and optimization scheme by making use of
synthetic seismograms. Using synthetic seismograms to evaluate array performance makes it
possible to consider additional constraints. We suggest to use synthetic array beamforming as
an array design criterion instead of the ARF. The objective function of the optimization scheme
is defined according to the monitoring goals, and may consist of a number of subfunctions.
The array design framework is exemplified by designing a seven-station small-scale array to
monitor earthquake swarm activity in Northwest Bohemia/Vogtland in central Europe. Two
subfunctions are introduced to verify the accuracy of horizontal slowness estimation; one
to suppress aliasing effects due to possible secondary lobes of synthetic array beamforming
calculated in horizontal slowness space and the other to reduce the event’s mislocation caused
by miscalculation of the horizontal slowness vector. Subsequently, a weighting technique is
applied to combine the subfunctions into one single scalar objective function to use in the
optimization process.
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1 I N T RO D U C T I O N

A seismic array consists of a number of sensors deployed in a special
geometry with common precise timing, acquisition parameters and
instrument type. Arrays have a variety of applications, particularly
when the signal enhancement is a prerequisite to detect seismic
events, and in situations where installing and maintaining sparse
networks around the source is impractical. Study and monitoring
of nuclear and chemical explosions (Baumgardt & Der 1998; Kim
et al. 1998), volcanic and non-volcanic tremors (Saccorotti & Del
Pezzo 2000; La Rocca et al. 2008; Ghosh et al. 2009), earthquake
swarms (Hiemer et al. 2012) and real-time monitoring and early
warning systems of active faults (Meng et al. 2014) are examples
of array applications.

A remarkable utility of an array is to estimate the horizontal
slowness vector of the incoming wave, which yields to phase iden-
tification and further seismological findings, such as event loca-
tion and rupture front tracking (Krüger & Ohrnberger 2005; Ishii
2011). The accuracy of the array processing results relies on the

coherency of the signal across the array. Coherency distortion may
result from factors such as strong near surface heterogeneity, atten-
uation, strong local noise sources and radiation pattern of seismic
waves. Near surface heterogeneities cause violation of the plane
wave approximation that increases uncertainties of the estimated
horizontal slownesses.

There are other sorts of uncertainties and aliasing in slowness
vector estimation that are related to the array geometry. To eliminate
them, some considerations in array configuration are commonly
applied. For instances, each apparent wavelength of the signal under
the study, λapp, should be sampled in at least two discrete sampling
locations so that the minimum interstation distance should be at
least λapp/2. In addition, to increase the resolution for the small
wavenumbers, array aperture should be comparable with the highest
apparent wavelength of the incoming signals.

Array geometry design has been systematically studied for seis-
mic surface wave studies based on the array response function
(ARF) characteristics (Wathelet et al. 2008; Marano et al. 2014).
Kennett et al. (2015) suggested the use of spiral-arm shaped arrays,
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Figure 1. (a) Illustration of the Pareto curve for a 2-D objective function space. All points between p′ and p̂ define the Pareto curve, the line F is a tangent to the
curve at an arbitrary point and the region C is the feasible objective space. (b) Geometrical representation of the scalarization approach used to approximately
define F as a weighted sum of the individual objective functions f1 and f2. Points p1 and p2 on the assumed Pareto curve are approximated by optimization of
the single objective functions f1 and f2, respectively, and are used to define the weighting factor. The point P indicates a touching point on the Pareto curve that
can be reached using the scalar objective function defined by the line F.

which allows deployment of relatively large aperture arrays with a
limited number of stations to achieve a sharp central peak in the
ARF and consequently a high slowness resolution. Haubrich (1968)
investigated a special class of linear and planar arrays involving uni-
form patterns of stations, proposed a design method based on the
co-array’s properties and showed how the beam pattern can be op-
timized for a given number of sensors. However, idealized array
configurations are difficult to realize in practice, especially on small
scales, due to geographical and geological limitations.

The ARF depends on the relative position of array stations and
the frequency content of the interesting signals, and for a specific
frequency ω, it is defined as

∣∣∣∣
1

N
�N

j=1e2π iω(S−S0).r j

∣∣∣∣
2

, (1)

where S = (Sx , Sy) is the horizontal slowness vector, S0 is the
correct horizontal slowness vector of the incoming waves, r j =
(δx j , δy j ) is the horizontal location vector of the jth station relative
to the array reference point and N is the number of stations (Rost
& Thomas 2002; Schweitzer et al. 2012). In practice, the ARF is
evaluated for a monochromatic wave with a fixed frequency, for
exapmle, 1 Hz. Assuming the power spectral density (PSD) of the
analysed waves is normalized to 1, then the ARF is considered to be
equivalent of the total energy recorded by the array (Rost & Thomas
2002).

In many applications, information about deployment site and the
experiment, such as site-specific noise level, properties of the target
events, land-use classes (Büttner et al. 2004) and other constraints
on the logistics are available. Such information needs to be inte-
grated quantitatively to be used in the array geometry design and
not just collected and qualitatively compared. For instance, to ensure
high signal coherence and measure loss of signal across the array
stations, it is advantageous to take focal properties of the target
events and the site-specific noise level into consideration. How-
ever, considering such information is not standard, a quantitative
integration method is required.

In this study, a flexible array design framework is introduced
in order to perform an automatic search for an optimized array
geometry considering additional information and constraints. This
framework operates by modelling realistic conditions and scenarios

and making use of synthetic seismograms to evaluate array beam-
forming as the design criteria instead of using the ARF (eq. 1).
While the ARF is unique for a given array geometry regardless
of seismological background and deployment site conditions, array
synthetic beamforming is customizable for individual experiments.
It is not straightforward to include station elevation differences in
the ARF, but this can be achieved effortlessly using synthetic array
beamforming. Although evaluating the ARF to design an array pro-
vides an effective criterion independent of further information such
as velocity model and source properties, nevertheless, benefitting
the realistic synthetic signals beamforming allows us to consider
such a complementary information, which in some cases are vital
to take into account, for example, loss of signal across array sta-
tions because of radiation pattern, existence of coherent noise and
altitude deferences of array stations cannot be simply included in
the ARF. In addition, the plane wave approximation is an implicit
assumption while computing the ARF, whereas the time correction
due to the deviation from the plane wave approximation at short
source–receiver distances is easy to handle using realistic synthetic
seismograms. Furthermore, the approach also allows to consider
the joined effect of the newly created array and pre-existing net-
work stations or arrays. One or more objective functions are defined
depending on the purpose of the survey and specific boundary con-
straints. For instance, objective functions can ensure the precise
slowness vector estimation of the earthquakes for a site-specific
signal-to-noise ratio (SNR).

To describe the framework in detail, and to show how it works,
we customized it with specified realistic constraints. The problem
is to design a seven-station small-scale array to monitor earthquake
swarm activity in the region of Northwest Bohemia/Vogtland. Ac-
cording to the survey goal, which is to obtain precise event locations
derived by array method, two objective functions are defined. Then
the weighting sum method is used to combine them in one scalar
function. Both functions are used to control the accuracy of the hori-
zontal slowness vectors of P- and S-phases estimated using the time
domain beamforming of (noisy) seismograms from the hypothetic
events in the target source region. One objective is to minimize the
array beam power in a specified slowness range. The other one is to
minimize the possible miscalculation of the main peak in horizontal
slowness space. Details of the objective functions and the weighting
technique are described in Section 2.
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Figure 2. Optimization algorithm flowchart: the initial ‘Model population, M’ is created by drawing models from a given distribution, based on geometrical
settings, the desired number of stations (nstation) and the number of initial models (nstart). niteration is the number of iterations to create new models and to update
M and the objective function population. nselect is the number of selected models from M with lowest value of the objective function used as ‘Guiding models’
to generate ‘New candidate models’ by random perturbations. nnew is the number of new models to be accepted in the neighbourhood of each of the nselect

guiding models, ntry is the number of tries to find nnew accepted models to be added as ‘New models’ to M. After the last iteration, ‘Final model’ is the model
in M yielding the lowest value in the objective function.

2 T H E O R E T I C A L A P P ROA C H

We define a model as a specific geometrical configuration of the
array for a given number of stations and specified deployment site,
under optional boundary conditions as pre-existing stations. The
model space covers all possible combinations of station positions.
The aim is to find the best geometry, that is, a point in model space,
at the minimum of a well-defined scalar objective function.

A key point of our approach is to solve the problem with the help
of synthetic, full waveform seismograms. Although this is computa-
tionally demanding, it has the big advantage of flexibility when con-
sidering realistic source and site configurations and different types
of noise. Additionally, user-specific processing schemes can be eas-
ily implemented and tested. We overcome the technical challenge
of quickly calculating seismograms for many station-source config-
urations by means of pre-calculated Green’s function databases and
efficient storage and accessing tools (Heimann 2017).

To generate synthetic seismograms in the context of our scenario
testing procedure, several pieces of information are needed: (1) a

seismic source model including magnitude range, seismogenic zone
and source mechanisms; (2) propagation velocity and attenuation
model (if it is available), ideally with error bounds; (3) site spe-
cific characteristics such as noise level and amplification factors.
Given a specific model has been generated during one iteration of
the optimization process, the corresponding synthetic seismograms
are recalculated for a given ensemble of seismic sources, and the
scalar value of the objective function is calculated considering the
complete ensemble of sources.

The random models are in principle drawn from a uniform dis-
tribution of virtual station points within the given boundaries of the
deployment site. However, in order to consider constraints for the
selection of sites, we work with 2-D probability density functions
for selecting new models during each iteration. The probability
density function may consider surface geology, boundaries of cities
or countries, land use, accessibility as well as the natural and man-
made sources of noise. For example, to avoid noisy station locations,
land-use classes defined by the EU-project CORINE (Büttner et al.
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Figure 3. (a) Test area, which is an intraplate swarm region, pink circles are epicentres of earthquakes that occurred during 2013, the black triangle represents
a temporary small aperture array, the Vogtland array, which operated from 2011 August 29 to 2011 November 2. The rectangle shows the Nový Kostel swarm
zone, which we used as the target area. Two predominant focal mechanisms are shown. The inlay depicts the velocity model used to generate synthetic
seismograms. (b) Geometry of the Vogtland array. (c) Array response function in slowness space.

2004) and open GIS data can be used to define such a 2-D prob-
ability density function. In the following subsections, we describe
the selection of objective functions and the implemented search
algorithm.

2.1 Objective functions and their scaling

As an example of application, we want to design a small aperture
array for a given number of stations to detect, absolutely locate and
map the migration pattern of clustered, weak events of earthquake
swarms or aftershock activity. Therefore, the aim is to ensure a high
resolution of the horizontal slowness vectors estimation of P- and
S-phases for individual events occurring within a confined source
volume with given, predominant mechanism and magnitudes. In

this example, we define two objective functions using time domain
beamforming of P- and S-phases in the (noisy) seismograms from
hypothetic events in the target source region to verify the accuracy of
horizontal slowness estimation, without using the idealized concept
of ARFs. We measure the total amount of relative power of array
beam in slowness space, for a given source and array geometry
that ideally should contain a concentrated main peak and no other
localized secondary peak. The array beam trace is calculated as the
sum of all recorded, time shifted traces:

B(t) = 1

n
�n

j=1 Y j (t + dTj ) with dTj = Sxδx j + Syδy j . (2)

where Yj is the normalized trace recorded at the station j and n is
the number of stations. Assuming the plane wave approximation is
valid, the time shift, dTj, for the station j, depends on the horizontal
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Table 1. Input parameters used in the scenario modelling for swarm monitoring in Northwest Bohemia/Vogtland.

Parameter Value

Velocity model 1-D model based on Málek et al. (2004)
Noise level (PSD) Calculated from recorded noise samples
Focal mechanisms (1) Oblique-normal; strike: 160◦ ± 5◦; dip: 75◦ ± 5◦; rake:−30◦ ±

10◦
(2) Oblique-thrust; strike: 357◦ ± 5◦; dip: 83◦ ± 5◦; rake: 37◦ ± 5◦

Fault plane Nový Kostel fault geometry; strike: 169◦, dip: 80◦
Hypocentral distribution Fault plane ± 0.1 km
Sampling rate originally 100 sps, upsampled to 400
Magnitude Mw : 1
Frequency band 2–8 Hz
Slowness range ±0.3 s km−1 for both P- and S-phase
Number of slowness grids 200
Number of simulated events 100
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Figure 4. Simulated noise signal amplitude by assuming a cluster of point
sources and explosion sources at the surface of the deployment site.

slowness components of the incoming wave front, Sx and Sy, and
the relative distance to the array reference point, δxj and δyj. We
assumed that there is not any overlap of phases in the processing time
window, so that using the normalized traces eliminates the effect
of radiation pattern on amplitudes. A common strategy to find the
correct value of time shifts is described in, for example, Schweitzer
et al. (2012) and Rost & Thomas (2002). B(t) is calculated for an
appropriate time window of P- and S-phases.

The first objective function, f1, is defined by assuming that the
average relative beam power of the P- and S-phases in the slowness
space is minimal. For P-phase that is calculated by

f p = 1

nx ny
�

ny
k �

nx
l A2

Sxl ,Syk
, (3)

where nx and ny are the number of grid points in the pre-defined
slowness ranges Sx and Sy, index p of fp indicates the P-phase and
A2 is the value of beam power, which is normalized to the global
maximum of all tested gridpoints, so it is called relative beam power.
In the same way, the average relative beam power for the S-phase
is written as fs, and finally both phases are combined in a single
formula:

fb =
√

f p
2 + fs

2. (4)

fb is calculated using synthetic waveforms of a given specific source
from the ensemble of target sources and can also be calculated
from the whole ensemble to include a realistic model of seismicity,
leading to f1 defined by

f1 = 1

n
�n fb, (5)

where n is the number of events. A larger value of f1, indicates
higher value of average beam power in the slowness space for the
whole set of earthquakes, which can happen either because of high
or numerous side lobes or a wide main lobe in the slowness map, for
a number of individual earthquakes, both of which are undesirable.

The second objective function, f2, is defined to minimize the pos-
sible miscalculation of the horizontal slowness vector, that is, the
main peak in the horizontal slowness space. Such a misplaced beam
power peak in the slowness space can occur, if for instance the wave
front is affected by a nodal plane of the source radiation pattern, if
the waveform becomes non-coherent close to the nodal plane and
if the plane wave approximation is not valid. Other causes may be
related to the heterogeneous distribution of ambient noise or noise
sources across the array, or if local site effects and amplification fac-
tors distort the waveform coherency. Nevertheless, modelling 3-D
propagation effects such as lateral heterogeneities is hard to realize
before the experiment, and in practice, the measurement bias of the
horizontal slowness vector due to such incoherent sources is usually
corrected by employing station azimuthal correction terms during
the operation of an array (Bondár et al. 1999). In our modelling, we
try to minimize errors caused by source radiation pattern and local
site conditions such as the noise level.

A miscalculation of slowness vector would lead to an error in the
location of the earthquake source, that is, a deviation between cal-
culated and true event location. We prefer to include mislocation in
the objective function rather than the miscalculation of slowness be-
cause mislocation is a quantity that can be shared between array and
network processing if network stations are included. We implement
a location procedure that relies on ray tracing of P- and S-phases
given the measured slowness values and the velocity model of the
propagation media. We use a common layered model in our exam-
ple, but it would be possible to consider local site effect models
for every station. A unique ray geometry, R(X, Z), and travetime
function of ray position, X(t) and Z(t), are determined for both the
P- and S-phases. X(t) and Z(t) are time sequences of distance from
the source and depth, respectively. Since the aim is to calculate the
location error caused by miscalculation of slowness, we employed
theoretical phase arrival times using the velocity model and source
location without assuming any uncertainty. Epicentral distance and
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Figure 5. An example of real and synthetic waveforms recorded on vertical
(V) and transverse (T) components. (a) Real signals recorded at the seven-
station Vogtland array shown in Fig. 3(b), magnitude of the event is Ml
= 0.9 and is located in the Nový Kostel zone. Traces are normalized to
1, bandpass filtered 2–8 Hz. (b) Synthetic waveforms after adding realistic
noise and bandpass filtered 2–8 Hz. P-phase analysis is done on the phase
window on V, to estimate slowness and backazimuth angle, then horizontal
components are rotated according to the backazimuth and the T components
are computed. The S-phase processing is done on the phase window on T.

depth are then estimated from the crossing point of P- and S-phase
ray trajectory, given the arrival times. First, using arrival time differ-
ences, epicentral distance is calculated. Then, corresponding depth,
z is derived from the average value of Z(t) for the P- and S-phases.
Together with the backazimuth angle estimated from the horizontal
slowness vector of the P-phase, the latitude and longitude of the
epicentre are determined. Horizontal mislocation, δh, and depth er-
ror, δd, are obtained by comparing calculated and true location. The

Figure 6. Cross-correlation of real (circles) and synthetic (stars) noise sam-
ples for the seven-station Vogtland array shown in Fig. 3(b).

total mislocation is defined by

fl =
√

δ2
h + δ2

d . (6)

After calculating fl for n events of ensemble of target events, the
average value of total mislocations is defined as the second objective
function, f2, by

f2 = 1

n
�n fl. (7)

Having defined two objective functions, we use a weighting tech-
nique to combine them into one scalar function. In general one can
customize the problem by defining any number of objective func-
tions, so we describe the weighting technique in a general form.

A multi-objective optimization problem is defined in mathemat-
ical terms as

min [ fn(m)]; m ∈ S, (8)

where fn(m) is a set of objective functions with n member, m is a
vector of design variables and S is a feasible search region defined by
a set of constraints. Single objective optimization is formulated by
n = 1. Without loss of generality, the number of objective functions
in our problem is n = 2, and f1 and f2 are the two independent
objective functions for two criteria defined in eqs (5) and (7).

Contrary to a single objective problem, a solution to a multi-
objective problem is not a single global solution, and it is required
to specify a set of solutions that all satisfy a predetermined definition
of optimum solution (Marler & Arora 2004). ‘Optimal’ solution for
the non-unique multi-objective optimization is defined using the
concept of the ‘Pareto optimality’ (Laponce 1972; Marler & Arora
2004). A vector m∗ ∈ S is named Pareto optimal if all other vectors
m ∈ S have higher values for at least one objective function, or have
the same value for all the objective functions (Laponce 1972; Marler
& Arora 2004; Caramia & Dell’ Olmo 2008). Let’s assume a region,
C in Fig. 1, in the 2-D objective function space, f1 − f2, is covered by
feasible values of functions f1 and f2 for all possible models m ∈ S.
All points between p′ and p̂, indicated by the thick line on Fig. 1(a),
define the Pareto curve or Pareto front that is the image of all the
Pareto optimal solutions in the objective function space. The shape
of the Pareto curve indicates the nature of the trade-off between
the different objective functions, and there is mathematically no
better solution for the optimization problem than any point on the
Pareto curve. Finding the Pareto curve from random sampling in the
model space is computationally often not possible, so approximation
methods are frequently used (Caramia & Dell’ Olmo 2008). In our
example of a 2-D objective space, the final objective function can
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Figure 7. Radiation pattern of body waves for two types of events characteristic of the seismicity of the target area. Panels (a) and (b) show the average value
of P- and S-phase amplitudes for oblique-normal events and panels (c) and (d) show the average value of P- and S-phase amplitudes for oblique-thrust events.
The small area shown by the rectangle is the area where the array is supposed to be deployed and the arrow on plot (a) indicates the backazimuth direction to
the target events.

be written as a line (dimensionless) tangent to the Pareto curve:

F = γ f1(m) + (1 − γ ) f2(m), (9)

where γ (0 ≤ γ ≤ 1) is a weighting or normalization factor be-
tween f1 and f2. Obviously, changing the weight γ leads to possibly
different touching points of F (Fig. 1a). There is not a deterministic
correspondence between the weighting factor and the solution of the
optimization, so the user should determine the appropriate weight.
However, the weighting factor does not necessarily correspond di-
rectly to the relative importance of the objective functions (Caramia
& Dell’ Olmo 2008).

Eq. (9) can be rewritten as

f2(m) = −γ f1(m)

1 − γ
+ F

1 − γ
. (10)

So, the minimization in the scalarization approach can be inter-
preted as the attempt to find the touching point for a tangent with
slope − γ

1−γ
(Fig. 1a). By determining γ , F is formulated as a joint

scalar objective function, which can lead the optimization process
to one Pareto optimal solution, for example, point P on Fig. 1(b).
Our strategy to estimate γ is to use points p1 and p2 (Fig. 1b) to

estimate the slope in eq. (10). We assume that p1 and p2 represent
the optimized solution of individual objective functions f1 and f2,
respectively. Accordingly, the optimized models, m1 and m2, and re-
lated minimum values, f1(m1) and f2(m2) are obtained through the
optimization process. The associated values of f2(m1) and f1(m2)
are obtained by simple forward simulation. Finally, the slope of an
assumed passing line from m1 and m2 is calculated and the value
of γ is estimated from − γ

1−γ
. Knowing γ the final solution can be

obtained by minimizing F for the joint problem.
In general, the procedure is extendible for any number of objec-

tive functions. For instance if n = 3, two normalization factors γ 1

and γ 2 are used to modify eq. (9).

2.2 Optimization method

The aim is to search for an array geometry that, given a set of
synthetic events, gives the best array performance according to the
scalar objective function described in Section 2.1. For a similar
problem of optimized network design, Hardt & Scherbaum (1994)
applied a simulated annealing (SA) technique. The SA algorithm
operates by sequence of steps, controlled by a pre-defined cooling
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Figure 8. Average SNR of P- and S-phases for the synthetic events modelled in the Vogtland area (small rectangle in Fig. 7). The noise model is shown in Fig. 4
and signal amplitudes are shown in Fig. 7. Panels (a) and (b) are related to the oblique-normal events and panels (c) and (d) are related to the oblique-thrust
events.

Table 2. Input parameters used to set up the optimization algorithm.

Parameter nstation niteration nstart nselect
† nnew ntry

Value 7 12 500 50; 40; 30; 25; 25; 20; 20; 10; 10; 10; 10; 10 15 5

†Values of nselect are specified for each iteration.

scheme, and starts with an initial model estimation and the objective
function evaluation. The next steps are new model generation by
perturbation of a given model and making decision about the accep-
tance or rejection of that model based on specified criteria (Sen &
Stoffa 2013). The main drawback of the SA technique is the large
number of function evaluations needed to generate converged statis-
tics. For instance, Hardt & Scherbaum (1994), suggested a cooling
scheme based on which 14 × 105 function evaluations are needed
to find an optimum configuration for a seven-station network. The
objective function calculation in our approach is computationally

expensive as it takes about 2.5 min for one function evaluation using
an eight-core processor. Thus we tried to modify the SA procedure
so that it converges to a minimum value in less number of evalua-
tions. Accordingly, we benefit from a sampling technique based on
the neighbourhood concept (Sambridge 1999; Wathelet 2008) and
objective function approximation using Voronoi cells (Okabe et al.
1992).

A model is determined by the position vectors of the array, while
the array stations are ordered based on the distance from the lower
left corner of the deployment site. The outline of the algorithm
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Figure 9. Optimized geometries found by using (a) f1 (array beam power) and (b) f2 (precise slowness vector) as objective function. Corresponding values of
the objective functions are used to estimate γ in eq. (10). (c) Final optimized geometry suggested for the test area using the final combined objective function
(eq. 12). (d) The geometry suggested assuming an extra condition that is a forbidden zone in the area is indicated by a black rectangle. The simulated noise
amplitude pattern is depicted in the background of all figures. The related co-arrays and ARFs are plotted in Figs 12 and 13, respectively. In plots (c) and (d),
station numbers are corresponded to the histograms depicted in Figs 11 and 16, respectively, which indicate potential adjustments of each station calculated
from the family of solutions.

is shown in the flowchart in Fig. 2 and works according to the
following steps:

(1) A number of initial models, nstart, with known number of sta-
tions, nstation, are randomly drawn from a given distribution defined
based on the search area and possible one or more forbidden zones,
so the model population, M, is generated. (2) For every element of
the model population, mj, a forward calculation is done, so the ob-
jective function population, F(m), is created. (3) In every iteration,
a number of nselect models with lower value of F(m) are chosen
from the model population as guiding models. (4) New models are
generated by random perturbation of the guiding models so an en-
semble of candidate models, ncandidate models, is created. The radius

of random perturbation is reduced by increasing the iteration steps
using a cooling scheme. (5) The neighbourhood check is done to
determine if the candidate models fall into the same Voronoi cell
as the corresponding guiding model or not. nnew( <ncandidate) mod-
els are accepted from each ensemble and are added to the model
population. If in the first try nnew models are not found for a guid-
ing model, this step is repeated several times until nnew models are
found, but the number of tries are limited to ntry.

In every iteration, new accepted models are added to the M and
F(m) is updated. So the iteration is done over steps (2) to (5). After
the last iteration, the model with lowest F(m) is reported as the final
model.
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Figure 10. The value of subfunctions for the geometries introduced in Fig. 9.
The square and the circle represent geometries that are outcomes of a single
objective optimization using f1 and f2 individually to approximate the Pareto
curve and to estimate the coefficient γ in eq. (9). The white star represents
the final optimized model and the black star corresponds to the optimized
geometry under the additional constraint of a forbidden zone in the search
area; both solutions are obtained from the minimum value of the objective
function.

3 A P P L I C AT I O N T O D E S I G N O F A
M O N I T O R I N G A R R AY F O R
M I D - C RU S TA L E A RT H Q UA K E S WA R M S

3.1 Model set-up

The target area, Northwest Bohemia/Vogtland, is one of the most
active intraplate earthquake swarm regions in Europe. It is situated
in the border region between Germany and the Czech Republic. In
2010 for 6 months, a seismic array of seven stations was installed, by
University of Potsdam, near the German–Czech border to monitor
swarm activities. Position of the array is shown by a black triangle in
Fig. 3(a), and array geometry and the ARF are depicted in Figs 3(b)
and (c), respectively.

Earthquake swarms encompass an immense number of weak
events occurring in a spatio-temporal cluster over a period of
weeks or months, and are not associated with typical mainshock–
aftershock sequences of an earthquake. They are considered to re-
sult either from magmatic activity (Morita et al. 2006; Dahm et al.
2008), from fluid migration (Hensch et al. 2008; Hainzl et al. 2016)
or from aseismic creep on faults (Neunhöfer & Hemmann 2005; Pas-
sarelli et al. 2015). Seismic swarms in Northwest Bohemia/Vogtland
often comprise more than 103–104 individual events with magni-
tudes between M1 and M4 (Růzek & Horálek 2013). Typically, the
events are clustered in several focal zones (Nový Kostel, Kraslice–
Klingenthal, Plesna, etc.) and the hypocentral depths of events in the
whole region vary between 5 and 20 km (Růzek & Horálek 2013).
However, during the last 25 yr, most of the seismic activity took
place near the village of Nový Kostel, where the hypocentres are
located in a depth range between 7 and 10 km (Růzek & Horálek
2013). The Nový Kostel zone shows a fault plane at depths between
6 and 11 km oriented nearly S–N (strike 169◦) and steeply dipping
(dip 80◦) westwards. The epicentres of earthquake swarms that oc-
curred between 1991 and 2001 and in 2008, are distributed along
the 12.5 km long section of the fault line (Fischer & Horálek 2003;
Fischer et al. 2010).

According to Horálek & Šı́lený (2013), the focal mechanisms of
the swarm activity that occurred close to Nový Kostel in 2000 are
mostly oblique-normal and oblique-thrust but the oblique-normal
faulting predominates. The mechanisms of the individual types are
fairly consistent, where the oblique-normal events have predom-
inant strikes of 160◦–170◦, dips of 72◦–80◦ and rakes of −28◦

to −38◦, whereas the oblique-thrust events show mainly strikes of
355◦–360◦, dips of 80◦–85◦ and rakes of 35◦–40◦. This area has been
of a great interest for seismologists and has been studied for differ-
ent subjects such as location of hypocentres (Fischer et al. 2010;
Hiemer et al. 2012), magnitude estimation (Horálek et al. 2009),
determination of focal mechanisms (Dahm et al. 2000; Horálek &
Šı́lený 2013) and determination of optimum velocity models (Málek
et al. 2004, 2005). In this region during a swarm event in 2008, a
seismic array helped in the detection of small magnitude events
(Hiemer et al. 2012) and the region is also selected for developing
an interdisciplinary observatory using shallow drilling and small
aperture seismic arrays (Larsen 2012).

We use this region as an example and ask the question of how
the design of a temporary array installation could be improved by
rearranging its stations. However, by presenting this example the
aim is to show how the array design framework can be customized
given a specific problem.

3.2 Simulating synthetic waveforms

The essential information needed to set up the array design frame-
work and to simulate synthetic waveforms are summarized in Ta-
ble 1. The velocity model that is used to generate synthetic signals
as well as to predict phase arrival times is based on Málek et al.
(2004; see Fig. 3a).

100 simulated events are assumed to be distributed uniformly
within 100 m bands around the main fault plane near Nový Kostel.
Consequently, the depth of events are between 8 and 11 km. The
source mechanism of each particular event is assigned randomly
from valid ranges of strike, rake and dip values of oblique-normal
and oblique-thrust type events (50 mechanisms of each type, see
Table 1 for valid ranges). We decided to use magnitude Mw1 for all of
the simulated events, so the variation of SNR in the analysed signals
results from the change in noise amplitude and signal amplitude due
to the radiation pattern.

To simulate realistic background noise traces, noise PSD is cal-
culated using real samples recorded by the array that was operated
in the same zone (Fig. 3a). In reality, noise PSD can vary depend-
ing on the measurement location even in 1 km distances, due to
localized noise sources. Localized noise sources are modelled by
assuming a cluster of point sources and explosion sources with ran-
dom mechanisms, origin times and locations at the surface of the
search area. Accordingly, a stochastic three-component noise trace
is produced that can be tuned to have the same PSD level as that
calculated from real samples. In this way, synthetic noise samples
show realistic variation in PSD in different random stations, while
properties of the noise signals such as high degree of coherency at
short distances and within three components are simulated realis-
tically. Fig. 4 illustrates a distribution of noise amplitude that are
simulated by the noise generator used in this study.

Examples of real and synthetic waveforms are shown in Fig. 5
where the array geometry was introduced in Fig. 3. Fig. 6 shows
noise signal spatial correlation derived from 10 s duration samples
of real and simulated noise. For both cases array station locations are
the same. Comparing the overall trends of synthetic and real noise
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Figure 11. Histograms of the spatial distribution of family of solutions for the geometry shown in Fig. 9(c). For each station the red line shows the distribution
of distances in east–west direction relative to the average location and the green line illustrates the same values in the north–south direction. Station numbers
are in agreement with the station order in Fig. 9(c).

data indicates that the distance-dependent coherency of synthetic
noise signals is realistic.

Fig. 7 shows average radiation pattern of P- and S-phases for
simulated events in an area including the search box (black rect-
angle). The oblique-normal and oblique-thrust events are analysed
separately, and the main focal mechanisms are shown in the loca-
tion of assumed sources. These plots show that within the small
search area, signal amplitudes vary slightly. According to Figs 7(a)
and (c) P-phases average amplitudes are in the same range for
both type of events, while the amplitude of S-phases are higher
for oblique-normal events (Fig. 7b) compared to the oblique-trust
events (Fig. 7c). Using the noise model illustrated in Fig. 4, the av-
erage SNR for phases recorded at the deployment site is calculated
(Fig. 8). We express the SNR in decibel as

SNR = 10 log10

PS

PN
, (11)

where PS is the power of the signal, P- or S-phase wave, and PN is
the power of the noise. PS and PN are computed in the time domain
as an average power over the duration of 1 s.

All synthetic traces are filtered before beamforming using the
bandpass Butterworth filter of order 4 and corner frequencies of
2 and 8 Hz. According to the velocity model and the hypocentral
distribution of events, realistic slowness ranges for P- and S-phases
are about 0.12–0.16 and 0.17–0.24 s km−1, respectively. Thus, the
wavelength (λ) range of the waves, 0.5–4 km, is much smaller than
the distance travelled by the wave front, r ≈ 13 km, and the plane
wave approximation condition, r 	 λ

2π
(Ben-Menahem & Beydoun

1985), is valid. The highest value for the slowness is set to 0.3 s km−1

for both phases, and the number of gridpoints for each slowness
component, that is, nx and ny, is equal to 200. Required parameters
to set up the optimization algorithm are summarized in Table 2.

3.3 Results and discussions

3.3.1 Estimation of weighting factor: γ

To estimate the weighting factor in eq. (10), according to the proce-
dure described in Section 2.1, the optimization program is initiated
using each objective function f1 (eq. 5) and f2 (eq. 7) individually. For
each case the same scenario and boundary conditions are applied
that are described in detail in Section 3.1. The optimized models
for each objective function are shown in Figs 9(a) and (b), where
the assumed noise maximum amplitude distribution is depicted in
the background. The values of the two objective functions for the
geometry shown in Fig. 9(a) are f1 = 1.0 and f2 = 2.18, and for
the geometry shown in Fig. 9(b) are f1 = 1.26 and f2 = 1.0, and
are marked in Fig. 10 by a circle and filled square, respectively. By
substituting those values in eq. (10), γ is calculated equal to 0.88.
Accordingly, the final scalar objective function is

F = 0.88 f1 + 0.12 f2. (12)

3.3.2 Optimized array

In the ideal case, the final objective function should lead to a solution
that minimizes both functions f1 and f2 simultaneously. However,
in practice there might be an inherent trade-off between the two
functions, and such an ideal solution might not exist. In general, the
actual shape of the Pareto front is unknown in this problem. Using
the final objective function (eq. 12), which is a weighted sum of f1

and f2, we try to get as close as possible to an ideal solution.
The minimum value of the final objective function gives the

solution, which is shown in Fig. 9(c), and the corresponding values
of the individual objective functions f1 = 1.05 and f2 = 1.4 are
shown in Fig. 10 by a white star. To allow for small variations in
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Figure 12. Co-arrays of the arrays shown in Fig. 9.

each station location to take into account unforeseen restrictions
in the field, we suggest to consider the family of best solutions as
well. The family of solutions is determined by applying a threshold
on the final objective function. For instance, for the solution shown
in Fig. 9(c), the minimum of the objective function augmented by
a factor of 0.02 is assumed as threshold value. Accordingly, the
spatial distribution of all models whose objective functions fall
below the threshold, gives an indication for possible adjustments of
the final deployment, while for each station, the average location of
the clustered solutions reveals an alternative station location. Fig. 11
shows the family of solutions in terms of histograms of the relative
distances of the stations that are measured in east–west (red) and
north–south (green) direction from the average model, where the
station numbers correspond to the numbers shown in Fig. 9(c).

A comparison between the three solutions, shown in Figs 9(a)–
(c), is performed by evaluating the co-array of each array geome-
try, which illustrates the set of all interstation distances. (Haubrich
1968). According to the co-arrays depicted in Fig. 12, it is obvious
that the objective function that is related to the array beam power,
that is, f1, has a tendency to distribute stations regularly with large
interstation distances, such that the smallest interstation distance
for the related optimized model (Fig. 9a) is bigger than those in the
other two arrays. In addition, the maximum interstation distance for
this case is comparable with the dimension of the deployment site.
On the other hand, the objective function f2, which is related to the
precision of the slowness vector, results in a model (Fig. 9b) that

has stations at closer interstation distances to achieve a better az-
imuthal resolution of the target swarm area (the backazimuth to the
swarm region is shown in Fig. 7a). Nevertheless, the final optimized
solution (Fig. 9c) keeps properties of two other models as much as
possible to achieve optimization in terms of both desired properties
measured by the contributing functions.

In all cases, the optimization algorithm avoids the high-noise area
(red colours in Fig. 9) for deployment of any station, although to
achieve optimal interstation distances and optimal azimuthal reso-
lution, some stations are selected at the margin of the high-noise
area (yellow colours in Fig. 9). Although the ARF has not been
considered directly as a design criteria, it can be used to compare
the array geometries as a standard tool, so the ARFs of the models
are plotted in Fig. 13. A circular shape of the ARF’s main lobe in
Fig. 13(a) reflects a uniform distribution and azimuthal symmetry
of the related interstation distance vectors (Figs 9a and 12a), while
non-uniform distribution of the other two geometries (see Figs 9b
and c and Figs 12b and c) causes the elliptical main lobes with
the minor axes, that is, highest array resolution, in the azimuthal
direction of the events.

Convergence rate of the final objective function is shown in
Fig. 14. According to the initial set-up parameters (Table 2), the first
500 models are randomly chosen, while the later models are gener-
ated by perturbing the selected guiding models to reduce the value
of the objective function. A relatively large variation in the early
iterations is due to the large dimension of the explored model space,
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Figure 13. ARFs of the arrays shown in Fig. 9.

Figure 14. Variation of the final objective function for random models
generated and tested in the optimization process. According to the initial
set-up of the optimization process, the first 500 models are randomly chosen,
while the later models are generated by perturbing some guiding models.
The amplitude of model perturbation is reduced in each iteration.

while at the final iterations the selected guiding models change lit-
tle. The locations of the individual tested models in the objective
function space are shown in Fig. 15, where the white star indicates
the final optimized solution. In this figure, the value of the final
objective function is represented by the colour bar.

3.3.3 More constraints: forbidden zone

We imposed a hypothetical condition to the scenario, that is, the
existence of a forbidden zone in the deployment site that should be
excluded in the model sampling. Such a forbidden zone is realized
for instance because of ownership issues. The assumed forbidden
zone is marked with a rectangle in Fig. 9(d). The final optimum
geometry (Fig. 9c) has already two stations situated in the forbidden
zone. So the optimization algorithm has to find another distribution
of stations considering this geometrical limitation. The new solution
is depicted in Fig. 9(d), and the corresponding point in the objective
function space is shown in Fig. 15. The corresponding co-array and
the ARF of this geometry are shown in Figs 12(d) and 13(d). For
the spatial distribution of the family of solutions for each station
see Fig. 16. The performance of two final geometries (black and
white stars in Fig. 15) are quite the same in terms of the objective
function related to the array beam power, f1, and the final geometry
with forbidden zone is slightly better than the other one in terms of
the objective function related to the accuracy of slowness vector, f2.

Although in this example we used a rectangular shape as a for-
bidden zone, the algorithm is flexible to consider an arbitrary shape
and a number of forbidden zones.

3.3.4 Comparing with regular geometries

We evaluated the objective functions for some well-known regular
arrays to compare with the final solutions suggested in this study.
Regular shape arrays are depicted in Fig. 17 and the values of the
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Figure 15. Values of individual tested models in the objective function space, for which the convergence pattern is shown in Fig. 14. The white star indicates
to the final model. The colour bar represents the value of the final objective function.

Figure 16. Histograms of the spatial distribution of family of solutions for the geometry shown in Fig. 9(d). For each station the red line shows the distribution
of distances in east–west direction relative to the average location and the green line illustrates the same values in the north–south direction. Station numbers
are in agreement with the station order in Fig. 9(d).

objective functions are shown in Fig. 18. In addition the Vogtland
array (Fig. 3b) is included in this comparison.

We concluded that, the final arrays that are suggested for the
region using introduced scenario and boundary conditions perform
better than the other arrays in terms of f2 (precise slowness vec-
tor). However, a uniform array geometry, shown in Fig. 17(d), can
perform better than the others in terms of the objective function f1

(array beam power). Such an array gives approximately the same

value of the objective function f2 as both circular arrays with and
without a station in the centre. The spiral-arm shaped array and the
Vogtland array operate rather similarly for both objective functions.

3.3.5 Robustness of the optimization method

We did an experiment to test the robustness of the optimization
process by running it 200 times and analysing the minimum value
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Figure 17. Examples of seven-station regular arrays, spiral arms (a), circular (b), circular with centre (c) and two uniform lines (d), which are used for
comparison with the final optimized array. Corresponding values of the objective functions are shown in Fig. 18.

Figure 18. Comparing the performance of the final suggested arrays (white
and black stars) with regular geometries depicted in Fig. 17 and the Vogtland
array shown in Fig. 3(b).

Table 3. Input parameters to set up ARF as an objective function.

Parameter Value

Frequency band 2–8 Hz
Slowness range ±0.3 s km−1

Number of slowness grids 200
Number of stations N = 7

of the objective function obtained in every run. In this test, to
decrease the calculation time, we used the theoretical ARF (eq. 1)
as the objective function with the set-up parameters as summarized
in Table 3. The set-up parameters for the optimization program are
the same as the optimizations using the other objective functions
discussed in this paper and are already introduced in Table 2.

In Fig. 19, for each experiment, the minimum values of the objec-
tive function calculated from the initial random population (circles)
and the optimization process (dots) are plotted. From the results
we conclude that, as we repeat the optimization process, while the
final solutions are not always the same, the minimum value of the
objective function remains in the same level. In addition, this figure
indicates that, since the improvement of the minimum value of the
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Figure 19. Results of repeating the optimization process using the same
initial conditions. The ARF is used as objective function. Circles mark the
minimum value of the initial populations that are randomly drawn, and black
dots are the minimum value of the objective function obtained during the
optimization process.

objective function from a random population to the final optimized
solution is almost consistent, the general trend of the convergence
remains the same if we repeat the experiment.

In practice, it is a useful property of the algorithm that it can sug-
gest several geometries with approximately the same performance.
Accordingly, the user can decide to deploy an array geometry based
on the unforeseen circumstances at the deployment site.

3.4 Conclusion

In this study, we have developed an array design framework that
provides a flexible tool to perform an automatic search for an opti-
mized array geometry. The framework implements a customizable
scenario modelling and optimization scheme. The main point of this
framework is to use realistic synthetic seismograms, which makes
it possible to take into account ranges of possible source mecha-
nisms, geometry of the seismogenic zone, propagation velocities
and noise levels at potential deployment sites. The synthetic array
data are then used to evaluate one or more objective functions to be
minimized during the optimization process. The objective functions
can be defined by user preference based on the monitoring goals.

We showed an example of a seven-station array design in a swarm
activity zone in Northwest Bohemia/Vogtland area. By presenting
this example, our aim is to show how the array design framework can
be initialized and customized for a specific problem. The parameters
needed for the synthetic array waveform modelling are derived
from previous seismological studies of this region added by realistic
estimation of synthetic noise. The synthetic noise level is estimated
from real samples of waveforms recorded by an array that was
installed temporarily in the same area (Fig. 3b).

Two objective functions are introduced to ensure the accuracy of
the estimated P- and S-phase slowness of synthetic signals. Using
the scalarization technique, two objective functions are combined
in one single function and a final optimized geometry is introduced.

By a statistical robustness test of applied optimization process, we
conclude that if we rerun the algorithm with the same initial set-up,
while the final model is not unique, the related value of the objective
function remains almost the same. In other words, it is possible to
make more than one suggestion with similar performance in terms
of the defined objective function.
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