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Abstract

The availability of digital elevation databases representing the to-
pographic and bathymetric relief with global homogeneous coverage and
increasing resolution permits the computation of crust-related Earth grav-
ity models, the so-called topographic/isostatic Earth gravity models
(henceforth T/I models). Although expressing the spherical harmonic
content of the topographic masses, the interpretation purpose of T/I mod-
els has not been given the attention it deserves, apart from the fact that
they express some degree of compensation to the observed spectrum of
the topographic heights, depending on the kind of the applied compensa-
tion mechanism. The present contribution attempts to improve the inter-
pretation aspects of T/I Earth gravity models. To this end, a rigorous
spectral assessment is performed to a standard Airy/Heiskanen T/I model
against different CHAllenging Minisatellite Payload (CHAMP), Gravity
Recovery and Climate Experiment (GRACE), Gravity field and steady-
state Ocean Circulation Explorer (GOCE) satellite-only, and combined
gravity models. Different correlation bandwidths emerge for these four
groups of satellite-based gravity models. The band-limited forward com-
putation of the models using these bandwidths reproduces nicely the
main features of the applied T/I model.
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1. INTRODUCTION

The implementation of the high-low and low-low Satellite-to Satellite Track-
ing (SST) and Satellite Gravity Gradiometry (SGG) configurations through
the corresponding dedicated gravity satellite missions CHAMP (Reigber et
al. 2002), GRACE (Tapley et al. 2004), and GOCE (Rummel et al. 2011)
has enabled the production of some satellite-only and combined solutions for
the Earth’s geopotential (Tapley et al. 2004, Flechtner et al. 2010, Pail et al.
2011). Using the perturbed satellite orbit observed by the on-board Global
Positioning System (GPS) receiver and quantifying the non-gravitational
components through the accelerometer readings, the release of different
gravity field models over the last decade or so was made possible, depending
on the mathematical model used for the adjustment and the range of the em-
ployed satellite data. Furthermore, the combination of these satellite observa-
tions with other satellite and terrestrial data led to the computation of so-
called combined gravity models. The International Centre for Global Earth
Gravity Field Models (ICGEM) Service at the GFZ Helmholtz Centre Pots-
dam administrates almost all available satellite-only and combined gravity
models in terms of their coefficients and their variances, when available.
A separate category of gravity models concerns the so-called topographic/
isostatic models. Their special feature lies in the fact that they are linked di-
rectly to the geometry of the upper crustal boundary surface, as this is ex-
pressed by the topography/bathymetry interface. Their numerical computa-
tion can be performed directly from the gridded height values of a global
digital elevation model of continents and oceans (terrain and bathymetry),
with their maximum degree and order of expansion being limited by the spa-
tial resolution of the elevation database. In terms of their information con-
tent, the T/I models express the power spectrum of the topographical masses,
thus they include the high and very high frequencies of the observed field.
As the satellite-derived models capture mainly the medium-to-long part of
the gravity spectrum it is the motivation of the present contribution to inves-
tigate the spectral characteristics of a standard T/l model when compared
with a selection of the most representative CHAMP-only, GRACE-only,
GOCE-only, and combined models. In this way we hope to increase our un-
derstanding on the spectral assets of T/l models and quantify their relation
with the other available models.

2. TOPOGRAPHIC/ISOSTATIC GRAVITY MODELS

The theory of T/I gravity models is based on the definition of the gravita-
tional potential which is generated by the mass balance between crust and
mantle. Stimulated by the availability of global digital databases describing
the shape and geometry of the Earth’s upper crust and the advance of com-
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puter systems permitting the cumbersome task of computing the gravita-
tional signal of these mass anomalies, a number of geodetic papers appeared
in the 1980s dealing with both theoretical and numerical aspects of evaluat-
ing T/I gravity models. The topic remains open until today with the active
interest on T/I models emerging from their unique assets in gravity field
modelling and interpretation. One of these assets is the linkage of T/l models
with the high-frequency part of the observed field. The maximum degree of
expansion of a T/l model is restricted solely by the spatial resolution of the
used global elevation model. Since its computation is purely numerical, the
denser the input global elevation grid the higher the retrieved frequencies of
the gravity field. This characteristic is employed in the evaluation of Earth
Gravity Models or the construction of Synthetic Earth Models, both popular
applications in current gravity field research.

Two are the most common definitions for the topographic/isostatic po-
tential. Siinkel (1985) defines it as the potential of all mass disturbances, dp,
relative to an ideal crustal layer of uniform density, p., and thickness, D,
which are superimposed upon underlying material of uniform density, p,,.
Pavlis and Rapp (1990) define the topographic/isostatic potential as the dif-
ference between the potential induced by an Earth, which would behave as
prescribed by a certain isostatic hypothesis minus a reference potential in-
duced by a simplified Earth model consisting of a crustal layer of uniform
density, p., and thickness, D, superimposed on a denser layer of uniform
density, p,. The two definitions are equivalent, the latter referring to a dif-
ference between two potentials and the former to a potential induced by dif-
ferences in mass, both leading to an identical result. Claessens (2002)
proposes a hybrid definition for the topographic/isostatic potential combin-
ing the previous two definitions, according to which the T/I potential emerg-
es as the difference between a mass distribution according to a certain
isostatic hypothesis and a simplified Earth model consisting of an ideal crus-
tal layer of uniform density, p., and thickness, D, superimposed on a denser
layer of uniform density, p,,.

Crucial to the evaluation of T/I models is the way the lower boundary
between crust and mantle is defined, in other words, the way the crust-
mantle mass equilibrium is approached. The geometry of Moho bounds the
integration of the disturbing masses in the radial direction thus defining the
numerical values of the obtained T/I spherical harmonic coefficients. Differ-
ent physical approaches lead to different geometries of the corresponding in-
terface and thus to different mathematical definitions of the T/I coefficients.
Applying the Airy/Heiskanen isostatic model, which is the most popular
isostatic mechanism used to describe the hydrostatic equilibrium between
crust and mantle in the frame of a T/I gravity model, the obtained coeffi-
cients are evaluated by the final expressions (Siinkel 1986)
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In the last two expressions, p. and Ap stand for the constant density of
the crust and the constant density contrast between crust and mantle, respec-
tively, and D is the thickness of the crust at zero elevation, also known as
compensation depth, i.e., the thickness of the crust beyond which the com-
pensation mechanism for root or anti-root thickness ¢ according to
Airy/Heiskanen begins to apply. The rest of the involved parameters include
the fully normalized spherical harmonic coefficients of the Airy/Heiskanen

topographic/isostatic potential C! , S!

Im > Im >

an approximate value for the
Earth’s radius R, p is a mean density value of the Earth’s masses, e.g.,

5500 kg‘m’3, [ and m denote degree and order, respectively, and finally Y,
stands for the abbreviation

_ cosmA
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with P,
terms of spherical coordinates co-latitude, 8, and longitude, 4. Once evalu-
ated, the dimensionless T/l coefficients (1) can be expressed in terms of
various gravity field functionals by employing the appropriate eigenvalue in
the frame of the so-called Meissl’s spectral scheme (Rummel and van
Gelderen 1995).

The evaluation of the T/I potential coefficients according to Eq. 1 is per-
formed via a harmonic analysis procedure. Indeed, Eq. 1 expresses the
standard scheme of harmonic analysis of a continuous and twice integrable
function on the sphere. The evaluation of this equation leads to T/I potential
harmonic coefficients, which define up to a certain maximum degree and or-
der the corresponding T/I gravity model. The computation of the emerging

the fully normalized associated Legendre functions expressed in
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surface integrals on the sphere in Eq. 1 can be performed either using stand-
ard numerical integration techniques, or Fast Fourier algorithms for the
sphere. Furthermore, a so-called linear approximation to the surface integra-
tion can be applied, which speeds the computations and enables the compu-
tation of first, second, and third order terms to the T/I coefficients. Siinkel
(1985) provides a thorough review of the theoretical and numerical aspects
of computing a T/I model. A number of contributions appeared in the geo-
detic literature on this topic since, either focusing on the selection of the
compensation mechanism and the form of the crust-mantle interface, or in
the frame of specific applications, with the construction of an Earth Synthet-
ic Model being the most characteristic one (e.g., Claessens 2002,
Bagherbandi and Sjoberg 2012a). The numerical implementation of spheri-
cal harmonic analysis is linked with several computational issues that have
to be properly addressed, including the way the loss of orthogonality of the
Legendre functions due to the latitude sampling is treated and whether the
elevation data of a global digital elevation database express point values or
mean values valid over the corresponding geographical compartment
(Tsoulis 1999). The theory of T/I models permits the investigation and de-
termination of the Moho interface and characteristic structures in the Earth’s
interior (Bagherbandi and Sjoberg 2011, 2013, Tenzer et al. 2013), or the
numerical implementation of different applications in gravity field modelling
(Eshagh and Bagherbandi 2011, Novék et al. 2013, Bagherbandi and Sjéberg
2012b). The T/I model that is going to be considered in the present study and
will be referred to as simply T/I in the sequel, is a T/I gravity model up to
degree and order 2160 based on the standard Airy/Heiskanen isostatic hy-
pothesis and the global digital terrain and bathymetry model DTM2002
(Pavlis et al. 2005).

3. SPECTRAL ASSESSMENT TOOLS OF DIFFERENT GRAVITY
MODELS

Given a certain model there exist different measures for its assessment and
evaluation both in the space as well as the coefficients domain. Apart from
the definitions arising directly from the availability of the coefficients and
variances of one model, e.g., degree variances and error degree variances,
other assessment tools exist when a second model is available, acting either
as a reference model or as the model against which a spectral comparison is
sought. These relative assessment or evaluation tools include Root Mean
Square (RMS) anomaly or undulation differences by degree, correlation,
smoothing, and percentage difference by degree, gain, or signal-to-noise ra-
tio. These quantities have been used in a routinely fashion in global gravity
field modelling and their definition can be found in standard geodetic litera-
ture, e.g., Tscherning (1985), Rapp (1986), Lemoine et al. (1998), while they
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are used in simulation or interpretation studies of different available gravity
models (Tsoulis and Patlakis 2007), for exploring the relation between to-
pography and Moho in terms of gravity spectra (Martinec 1993), or as statis-
tical tools in the frame of satellite gravity field theory (Sneeuw 2000). We
are going to present the definitions of only those quantities that are consid-
ered here, the rest of the mathematical definitions can be found in the afore-
mentioned references. It is useful to note, however, that similar definitions
that are given with respect to the evolving degree of a model hold for the or-
der as well. Thus, the correlation per degree and order, two quantities which
are presented in the following comparisons are defined, respectively, as

Z(c,;tc‘* +85)

, (5)
\/U/ lm’_ (C/i>§)
and
IZ(C Co+SnSh)
— > (6)
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where (EZZ,EZZ) and (Efn,Efn) denote the fully normalized spherical har-
monic coefficients of two expansions symbolically denoted here as models

Aand B, o (sz,S 1m) and o, (sz,S zm) are the order variances correspond-

m

ing to the two models, expressing cumulative quadratic sums of the respec-

. . . . —A —A —B —B
tive coefficients for increasing order, o, (Cim,Sm) and o, (Cm,Sm) are the

degree variances. The order-relevant quantities permit the investigation of
the zonal characteristics of a given model, e.g., by verifying its alleged
asymmetry or non-homogeneity in the longitudinal direction. It is important
to note here that the present analysis neglects correlations that are inherent in
the different satellite-only gravity solutions and can be quantified through
a detailed variance-covariance analysis. As the full variance-covariance in-
formation is not always available, we focus only on the information content
that can be obtained directly by the coefficients and their variances.

The correlation per degree provides a numerical quantification of a direct
comparison between the two models, though it cannot reflect entirely the
agreement or disagreement between them. Even if a high correlation by de-
gree exists, the two models may still differ by a dominant scale factor.
Therefore, the definition of additional complementary assessment measures
is necessary. A better quantification and understanding of the correlations of-
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fered by Egs. 5 and 6 is obtained from the so-called percentage difference by
degree or by order, given, respectively, by the expressions

1
3 (A2 +A52)
P= W x100 , (7

Im»>~Im

and
- )
543 +457)
P = W x100 . (8)

m

The percentage difference by degree and order tool defines a quantity ex-
pressing the level of smoothing one obtains if model A is subtracted from B
(Rapp 1986, Tscherning 1985).

4. CHAMP, GRACE, GOCE-ONLY AND COMBINED MODELS
VERSUS T/1 MODELS

The included figures present some selected quantities validating the afore-
mentioned T/I model with respect to different satellite-only and combined
models. The computations are grouped in correspondence to the models
against which the comparisons are drawn. Thus, Figs. 1-3 refer to the
CHAMP-only models AIUB-CHAMPO1S (Prange ef al. 2008) and EIGEN-
CHAMPO3S (Reigber et al. 2005), Figs. 4-6 present comparisons with the
GRACE-only models AIUB-GRACEOIS (Jaggi et al. 2010), ITG-
GRACEO03S (Mayer-Giirr 2007), GGMO3S (Tapley et al. 2007), and EIGEN-
5S (Forste et al. 2008), Figs. 7-9 present comparisons with the GOCE-only
models SPW-R2 (Migliaccio et al. 2011), DIR-R2 (Bruinsma et al. 2011),
and TIM-R3 (Pail et al. 2010), and the final group of figures (Figs. 10-12)
demonstrates comparisons with respect to the combined models EIGEN51C
(Bruinsma et al. 2010), GGMO3C (Tapley et al. 2007), GIF48 (Ries et al.
2011), and EIGEN-6C2 (Forste et al. 2012). For the sake of clarity and in
order to facilitate the evaluation of the different kinds of models, the same
kind of computations has been repeated for all four groups. First, the relative
spectral assessment quantities of correlation per degree and percentage dif-
ference by degree have been performed, in order to identify characteristic
spectral bandwidths of the evaluated models. Then, according to the rough
estimate of bandwidths for which a characteristic correlation could be de-
tected, a band-limited computation of second order radial derivatives at
GOCE altitude using this part of the models has been performed.
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Fig. 1. Correlation per degree (left panel) and percentage difference per degree (right
panel) of model T/I with respect to two CHAMP-only models. Colour version of this
figure is available in electronic edition only.
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Fig. 2. Correlation per order (left panel) and percentage difference per order (right
panel) of model T/I with respect to two CHAMP-only models. Colour version of this
figure is available in electronic edition only.

The main outcomes of these comparisons could be briefly summarized as
follows:
0 The CHAMP-only models reveal the smallest bandwidth of agreement
with the T/l model. The agreement bandwidth is located at the degree
range 20-60.
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Fig. 3. Second order radial derivative of disturbing potential at 4 =250 km for the
spectral bandwidth 20 <7< 60, and models AIUB-CHAMPOIS (left panel) and T/I
(right panel). Unit is E6tvos. Colour version of this figure is available in electronic
edition only.
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Fig. 4. Correlation per degree (left panel) and percentage difference per degree (right
panel) of model T/I with respect to four GRACE-only models. Colour version of this
figure is available in electronic edition only.

0 GRACE-only models define a wider degree range of agreement with the
T/l model. The length of the agreement bandwidth varies between 100
and 120 degrees for the different models and is found at the degree range
20-150. However, the agreement is now less constant and it fluctuates be-
tween 60 and 80%.
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Fig. 5. Correlation per order (left panel) and percentage difference per order (right
panel) of model T/I with respect to four GRACE-only models. Colour version of this
figure is available in electronic edition only.
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Fig. 6. Second order radial derivative of disturbing potential at 4 =250 km for the
spectral bandwidth 20 <7< 150, and models ITG-GRACEO3 (left panel) and T/I
(right panel). Unit is E6tvos. Colour version of this figure is available in electronic
edition only.

0 The GOCE-only models display by far the highest degree of correlation
with T/I for a bandwidth ranging from 20 to 200. The upper bound of this
bandwidth varies between the different GOCE models, reaching up to de-
gree 220. Also the correlation patterns of the different GOCE models
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Fig. 7. Correlation per degree (left panel) and percentage difference per degree (right
panel) of model T/I with respect to three GOCE-only models. Colour version of this
figure is available in electronic edition only.
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Fig. 8. Correlation per order (left panel) and percentage difference per order (right
panel) of model T/I with respect to three GOCE-only models. Colour version of this
figure is available in electronic edition only.

with respect to T/l are very similar. The short-wavelength sensitivity of
the GOCE models seems to be apparent in these comparisons. The link of
the gradiometry observations to upper crust anomaly structures is nicely
demonstrated in the correlations of the GOCE only models with the cor-
responding topography related models.
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Fig. 9. Second order radial derivative of disturbing potential at 4 =250 km for the
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Fig. 10. Correlation per degree (left panel) and percentage difference per degree
(right panel) of model T/I with respect to four combined models. Colour version of
this figure is available in electronic edition only.

O The combined models appear to be the most correlated with the T/I
model from all four groups. The correlation bandwidth spans over almost
the whole spectrum, representing a very extended window of the medium
to high frequencies of the observed spectrum. These spectral patterns are
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Fig. 11. Correlation per order (left panel) and percentage difference per order (right
panel) of model T/I with respect to four combined models. Colour version of this
figure is available in electronic edition only.
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Fig. 12. Second order radial derivative of disturbing potential at 42 =250 km for the
spectral bandwidth 30 <7/<1940, and models EIGEN-6C2 (left panel) and T/I
(right panel). Unit is E6tvos. Colour version of this figure is available in electronic
edition only.

expected, since combined models include also terrestrial data, which are
highly correlated with the topography-related gravity signal.

O The correlation per order patterns in all four groups appear to be similar
to those obtained for correlation per degree, despite the limited number of
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involved coefficients corresponding to a specific order due to the applied
truncation.

O In all cases the forward computation of the band-limited T/I model repro-
duces very accurately both in terms of size as well as lateral variations the
features obtained by the satellite-only or combined gravity models.

The above spectral observations become more obvious when trans-
formed in the spatial domain as gravity field functionals, after the appropri-
ate eigenvalue has been taken into account. Since direct gravity gradient
observations are now available as GOCE gradiometry data, the computation
of second order radial derivatives at a 4 =250 km altitude has been selected
for the performed synthesis. Figures 3, 6, 9, and 12 present the forward com-
putation of global grids of second order radial derivatives of the disturbing
potential at GOCE altitude using the correlation bandwidth for models
AIUB-CHAMPO1S, ITG-GRACEO03S, GOCE-SPW-R2, and EIGEN-6C2
respectively that emerged from our previous analysis. These band-limited
computations are compared directly with the corresponding bandwidth of the
T/I model. All four truncated versions of T/I manage to capture the main fea-
tures of 7,, at GOCE altitude. AIUB-CHAMPOI1S offers the most narrow
range of values compared with the other satellite-only and combined models.
This is expected, as CHAMP models are the least sensitive gravity models to
high-frequency characteristics of the observed field. The T/I cannot resolve
the whole range of the obtained gravity gradient values for any of the con-
sidered models, since all used correlation bandwidths are close to the actual
resolution of the models. Thus, a small amount of coefficients is truncated
from these complete solutions in comparison to the large amount of missing
information expressed by the T/I truncated versions. Combination model
EIGEN-6C2 produces the most detailed lateral information pattern for 7, at
GOCE altitude. The high solvable degree of 1949 combined with the em-
ployment of EGM2008, especially for degree 370 and onwards, and the in-
clusion of GOCE data in its compilation lead to the most detailed synthetic
field of gravity gradients from all considered models.

The performed analysis carries out a quantification of the general assets
of CHAMP, GRACE, GOCE, and combined related models in terms of their
accuracy, wavelength characteristics, and overall performance. The bounded
degree and order ranges that are obtained from the present comparisons de-
fine in detail those bandwidths of these models where a documented correla-
tion with a T/I model is observed. Since the T/I model represents a unique
case of gravity field model which contains due to its origin and algorithmic
procedure based on global elevation data the high and very high frequencies
of the observed gravity field, it offers an ideal independent assessment tool
for the different available gravity models.
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The increased bandwidth of agreement with the T/I model in the case of
GRACE, GOCE, and combined models is a nice demonstration of how the
increased accuracy of primary low-low SST and SGG observations leads to
a more accurate gravity field that assimilates better the high-frequency con-
stituents of the gravity field that its predecessor CHAMP. This becomes
even more apparent in the case of the combined models, where GRACE data
have been used to a great extent in the compilation process of these models.

5. CONCLUDING REMARKS

The computation of T/I gravity models, a geodetic procedure which utilizes
the geometry of the crustal masses as this, is obtained from a global eleva-
tion model, gains currently again in significance as an abundance of new sat-
ellite-only and combined Earth gravity models becomes available from the
analysis of precise tracking, accelerometry and gradiometry data of different
satellites or satellite constellations. The T/l models offer an independent ref-
erence model, which can be used in order to assess uniformly the different
available models and identify and quantify their characteristic spectral
bandwidths. The application of relative spectral tools used in the present
study revealed different correlation patterns between an Airy/Heiskanen type
T/I model full to degree and order 2160 and different CHAMP-only,
GRACE-only, GOCE-only, and combined gravity models. The T/I model
shows the most profound correlation pattern with respect to the combined
models, manifesting the dependence of the latter on ground data including
global terrain and bathymetry data. In all performed calculations the correla-
tion patterns concern both the degrees and orders, which permits the quanti-
fication of the level of homogeneity of a single model. The obtained
correlation bandwidths of the T/I model perform extremely well in reproduc-
ing the main features of the satellite-only and combined models, when trans-
formed in gravity field contributions in the space domain.

Using the T/I model as the reference model for our comparative analyses
we decided to focus on the correlation bandwidths that emerge from the
spectral assessment procedure we applied to the different satellite-only and
combined models. The band-limited spatial computations of second order
radial derivatives using models AIUB-CHAMPO1S, ITG-GRACEO3S,
GOCE-SPW-R2, and EIGEN-6C2 in direct comparison with model T/I, us-
ing those spectral bandwidths that emerged from the performed spectral
comparisons verify nicely how the specific bandwidths of the satellite-only
or combined models capture in an overall sense the main features of a T/I
model, which include, e.g., the effect of smoothing the observed field with-
out any loss of physical information that any low-pass filtering would cause
(Gottl and Rummel 2009). Furthermore, using these specific truncated ver-
sions of these models we managed to draw a more detailed comparative as-



694 D. TSOULIS and K. PATLAKIS

sessment of the different models against T/I. Thus, the combined model
EIGEN-6C2 presents the highest level of accordance in terms of both degree
and order-wise spectral correlation patterns as well as the band-limited spa-
tial computations of second order radial derivatives at GOCE altitude.
GOCE model SPW-R2 presents the second best performance in terms of
bandwidth range of the obtained correlations and range of values and lateral
variations in the second order derivatives computed fields. The GRACE
model ITG-GRACEO3S is slightly worse than SPW-R2, although perform-
ing in the same order of magnitude of all involved spectral and spatial com-
parisons. CHAMP-only model AIUB-CHAMPOIS proves to be the worst
candidate when it comes to seek the terrain-related gravity field information
in a complete gravity field solution. It presents the least spectral level of
agreement with T/I, while it fails to reconstruct the spatial field of gravity
gradients with the detail of T/I. Both the different absolute values of solvable
degrees as well as the different accuracy and resolution levels inherited in
the different satellite-only methodologies are revealed in these comparisons.
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