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1 Introduction

The intention of this article is to present the definitions of different functionals of the Earth’s gravity
field and possibilities for their approximative calculation from a mathematical representation of the
outer potential. In history this topic has usually been treated in connection with the boundary value
problems of geodesy, i.e. starting from measurements at the Earth’s surface and their use to derive a
mathematical representation of the geopotential.

Nowadays global gravity field models, mainly derived from satellite measurements, become more and
more detailed and accurate and, additionally, the global topography can be determined by modern satel-
lite methods independently from the gravity field. On the one hand the accuracy of these gravity field
models has to be evaluated and on the other hand they should be combined with classical (e.g. gravity
anomalies) or recent (e.g. GPS-levelling-derived or altimetry-derived geoid heights) data. Furthermore,
an important task of geodesy is to make the gravity field functionals available to other geosciences. For
all these purposes it is necessary to calculate the corresponding functionals as accurately as possible
or, at least, with a well-defined accuracy from a given global gravity field model and, if required, with
simultaneous consideration of the topography model.

We will start from the potential, formulate the definition of some functionals and derive the formulas
for the calculation. In doing so we assume that the Earth’s gravity potential is known outside the
masses, the normal potential outside the ellipsoid and that mathematical representations are available
for both. Here we neglect time variations and deal with the stationary part of the potential only.

Approximate calculation formulas with different accuracies are formulated and specified for the case
that the mathematical representation of the potential is in terms of spherical harmonics. The accuracies
of the formulas are demonstrated by practical calculations using the gravity field model EIGEN-6C2
(Forste et al., 2012).

More or less, what is compiled here is well-known in physical geodesy but distributed over a lot of
articles and books which are not cited here. In the first instance this text is targeted at non-geodesists
and it should be “stand-alone readable”.

Textbooks for further study of physical geodesy are (Heiskanen & Moritz, 1967; Pick et al., 1973;
Vanicek & Krakiwsky, 1982; Torge, 1991; Moritz, 1989; Hofmann-Wellenhof & Moritz, 2005).

2 Definitions

2.1 The Potential and the Geoid

As it is well-known, according to Newton’s law of gravitation, the potential W, of an attractive body
with mass density p is the integral (written in cartesian coordinates x,y, z)

_ pley,2) S ds
wter) =6 [ e e W

over the volume v of the body, where G is the Newtonian gravitational constant, and dv = dx’dy’dz’ is
the element of volume. For \/(z —2')2 + (y — y/)2 + (z — 2/)2 — oo the potential W, behaves like the
potential of a point mass located at the bodies centre of mass with the total mass of the body. It can
be shown that W, satisfies Poisson’s equation

V2W, = —4nGp (2)

where V is the Nabla operator and V2 is called the Laplace operator (e.g. Bronshtein et al., 2004).
Outside the masses the density p is zero and W, satisfies Laplace’s equation

VW, =0 (3)
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thus W, is a harmonic function in empty space (e.g. Blakely, 1995).
On the rotating Earth, additionally to the attracting force, also the centrifugal force is acting which
can be described by its (non-harmonic) centrifugal potential

1
Dy, 2) = 5 w?d? @

where w is the angular velocity of the Earth and d, = y/x2 + y? is the distance to the rotational (z-) axis.
Hence, the potential W associated with the rotating Earth (e.g. in an Earth-fixed rotating coordinate
system) is the sum of the attraction potential W, and the centrifugal potential ®

W=W,+ (5)
The associated force vector ¢ acting on a unit mass, the gravity vector, is the gradient of the potential
g=VWw (6)

and the magnitude
g=I[VW]| (7)

is called gravity. Potentials can be described (and intuitively visualised) by its equipotential surfaces.
From the theory of harmonic functions it is known, that the knowledge of one equipotential surface is
sufficient to define the whole harmonic function outside this surface.

For the Earth one equipotential surface is of particular importance: the geoid. Among all equipoten-
tial surfaces, the geoid is the one which coincides with the undisturbed sea surface (i.e. sea in static
equilibrium) and its fictitious continuation below the continents as sketched in Fig. 1 (e.g. Vanicek &
Christou, 1994, Vanicek & Krakiwsky, 1982 or Hofmann-Wellenhof & Moritz, 2005). Being an equipo-

Figure 1: The ellipsoid, the geoid and the topography

tential surface, the geoid is a surface to which the force of gravity is everywhere perpendicular (but not
equal in magnitude!). To define the geoid surface in space, simply the correct value Wy of the potential
has to be chosen:

‘ Wi(x,y,z) = Wy = constant ‘ (8)

As usual we split the potential W into the normal potential U and the disturbing potential T'

W(z,y,z) = U(z,y,2) + T(2,y, 2) 9)
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and define “shape” and “strengths” of the normal potential as follows: (a) The equipotential surface
of the normal potential U for which holds U(x,y,z) = Uy should have the shape of an ellipsoid of
revolution, and (b) this equipontial surface should approximate the geoid, i.e. the undisturbed sea
surface, as good as possible, i.e. in a least squares fit sense. From the latter it follows Uy = Wy
(compare eq. 8). It is advantageous to define ellipsoidal coordinates (h, A, ¢) with respect to this level
ellipsoid U(h = 0) = Uy = Wy, where h is the height above ellipsoid (measured along the ellipsoidal
normal), A is the ellipsoidal longitude and ¢ the ellipsoidal latitude. Thus eq. (9) writes (note that the
normal potential U does not depend on \):

|W(h, ), ¢) = U(h, 6) + T(h, \,9)] (10)

and the geoid, in ellipsoidal coordinates, is the equipotential surface for which holds

where N (), ¢) is the usual representation of the geoid as heights N with respect to the ellipsoid (U = Uyp)
as a function of the coordinates A and ¢. Thus N are the undulations of the geoidal surface with respect to
the ellipsoid. This geometrical ellipsoid together with the normal ellipsoidal potential is called Geodetic
Reference System (e.g. NIMA, 2000 or Moritz, 1980). Now, with the ellipsoid and the geoid, we have
two reference surfaces with respect to which the height of a point can be given. We will denote the
height of the Earth’s surface, i.e. the height of the topography, with respect to the ellipsoid by h:, and
with respect to the geoid by H, hence it is (see fig. 1):

(1A 9) = N(\, ) + H\, )| (12)

Here H is assumed to be measured along the ellipsoidal normal and not along the real plumb line, hence
it is not exactly the orthometric height. A discussion of this problem can be found in (Jekeli, 2000).
Like the potential W (eq. 5) the normal potential also consists of an attractive part U, and the
centrifugal potential ®
U=U,+@ (13)

and obviously, the disturbing potential

T(ha )‘7 ¢) = Wa(hv )‘v ¢) - Ua(hu ¢) (14)

does not contain the centrifugal potential and is harmonic outside the masses. The gradient of the
normal potential
¥ =VU (15)

is called normal gravity vector and the magnitude
v =I|VU| (16)

is the normal gravity.

For functions generated by mass distributions like W, from eq. (1), which are harmonic outside the
masses, there are harmonic or analytic continuations W¢ which are equal to W, outside the masses and
are (unlike W, ) also harmonic inside the generating masses. But the domain where W, is harmonic, i.e.
satisfies Laplace’s equation (eq. 3), can not be extended completely into its generating masses because
there must be singularities somewhere to generate the potential, at least, as is well known, at one point
at the centre if the mass distribution is spherically symmetric. How these singularities look like (point-,
line-, or surface-singularities) and how they are distributed depends on the structure of the function W,
outside the masses, i.e. (due to eq. 1) on the density distribution p of the masses. Generally one can say
that these singularities are deeper, e.g. closer to the centre of mass, if the potential W, is “smoother”.
For further study of this topic see (Zidarov, 1990) or (Moritz, 1989).

4
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Due to the fact that the height H = hy — N of the topography with respect to the geoid is small
compared to the mean radius of the Earth and that in practise the spatial resolution (i.e. the roughness)
of the approximative model for the potential W, will be limited (e.g. finite number of coefficients or
finite number of sampling points), we expect that the singularities of the downward continuation of W,
lie deeper than the geoid and assume that W exists without singularities down to the geoid so that we
can define (hy is the ellipsoidal height of the Earth’s surface, see eq. 12):

Wilh, A, 9) = Wy(h, A 9) for h>h
VZWe = 0 for h > min(N, hy) (17)
Weh, A 0) = Wilh, A d) + @(h, ¢)

However, this can not be guaranteed and has to be verified, at least numerically, in practical applications.

From its definition the normal potential U, is harmonic outside the normal ellipsoid and it is known
that a harmonic downward continuation U exists down to a singular disk in the centre of the flattened
rotational ellipsoid (e.g. Zidarov, 1990). Thus, downward continuation of the normal potential is no
problem and we can define

Ug(h7 (b) = Ua(h, d)) fOI' h Z 0
ViU; = 0 for h > min(N,0, h) (18)
U(h,¢) = Ui(h,¢) + ®(h,¢)

and hence

Tc(h7>\7¢) = Wac(h7)‘v¢) - U;(h,QS)
TC

=0 for h > min(N, hy) (19)

2.2 The Height Anomaly

The height anomaly ((\, ¢), the well known approximation of the geoid undulation according to Molo-
densky’s theory, can be defined by the distance from the Earth’s surface to the point where the normal
potential U has the same value as the geopotential W at the Earth’s surface (Molodensky et al., 1962;
Hofmann-Wellenhof & Moritz, 2005; Moritz, 1989):

(W (he, 2, 0) = Ulhe — ¢ ), )] (20)

where h; is the ellipsoidal height of the Earth’s surface (eq. 12). An illustration of the geometrical
situation is given in fig. (2). The surface with the height ¢ = ((\, ¢) with respect to the ellipsoid is often
called quasigeoid (not shown in fig. 2) and the surface h; — ( is called telluroid. It should be emphasised,
that the quasigeoid has no physical meaning but is an approximation of the geoid as we will see. In
areas where hy = N (or H = 0) i.e. over sea, the quasigeoid coincides with the geoid as can be seen
easily from the definition in eq. (20) if we use eq. (12):

set H =0 and get

and use eq. (11), the definition of the geoid to write
U(0,¢) =U(N =, ¢) (23)

from which follows

IN=¢ for H=0] (24)

5
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Figure 2: The ellipsoid, the geoid, and the height anomaly ¢

In the history of geodesy the great importance of the height anomaly was that it can be calculated
from gravity measurements carried out at the Earth’s surface without knowledge of the potential inside
the masses, i.e. without any hypothesis about the mass densities.

The definition of eq. (20) is not restricted to heights h = h; on the Earth’s surface, thus a generalised
height anomaly (, = (4(h, A, ¢) for arbitrary heights h can be defined by:

(WA ¢) =Ulh = 0) | (25)

2.3 The Gravity Disturbance

The gradient of the disturbing potential T is called the gravity disturbance vector and is usually denoted
by dg:

The gravity disturbance dg is not the magnitude of the gravity disturbance vector (as one could guess)
but defined as the difference of the magnitudes (Hofmann-Wellenhof & Moritz, 2005):

3g(h, A, @) = |[VW (h, X, 6)| = [VU(h, )] (27)

In principle, herewith d¢g is defined for any height h if the potentials W and U are defined there.
Additionally, with the downward continuations WS and U¢ (egs. 17 and 18), we can define a “harmonic
downward continued” gravity disturbance

59°(h, A, @) = |[VWE(h, X, ¢)| — |[VU(h, ¢)] (28)

With the notations from eqgs. (7) and (16) we can write the gravity disturbance in its common form:

[9(h A, 6) = g(h, A, 8) = 1(h,9) | (29)

The reason for this definition is the practical measurement process, where the gravimeter measures only
VW, the magnitude of the gravity, and not the direction of the plumb line.

6
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2.4 The Gravity Anomaly

The term gravity anomaly is used with numerous different meanings in geodesy and geophysics and,
moreover, there are different practical realisations (cf. Hackney & Featherstone, 2003). Here we will con-
fine ourselves to the classical free air gravity anomaly, to the gravity anomaly according to Molodensky’s
theory and to the topography-reduced gravity anomaly.

2.4.1 The Classical Definition

The classical (historical) definition in geodesy is the following (cf. Hofmann-Wellenhof & Moritz, 2005):
The gravity anomaly Ag. (subscript “cl” stands for “classical”) is the magnitude of the downward
continued gravity |[VW¢| (eq. 17) onto the geoid minus the normal gravity |VU| on the ellipsoid at the
same ellipsoidal longitude A and latitude ¢:

Aga(X, ¢) = [VW(N, X, ¢)[ - [VU(0,9)] (30)

The origin of this definition is the (historical) geodetic practise where the altitude of the gravity mea-
surement was known only with respect to the geoid from levelling but not with respect to the ellipsoid.
The geoid height N was unknown and should be determined just by these measurements. The classical
formulation of this problem is the Stokes’ integral (e.g. Hofmann-Wellenhof & Moritz, 2005; Martinec,
1998). For this purpose the measured gravity |VW (hy, A, )| has to be reduced somehow down onto the
geoid and the exact way to do so is the harmonic downward continuation of the attraction potential W,
(eq. 17). This is the reason for the definition of the classical gravity anomaly in eq. (30). In practise
the so-called “free air reduction” has been or is used to get |[VW¢(N, A, ¢)| approximately. Thus the
classical gravity anomaly depends on longitude and latitude only and is not a function in space.

2.4.2 The Modern Definition

The generalised gravity anomaly Ag according to Molodensky’s theory (Molodensky et al., 1962; Hofmann-
Wellenhof & Moritz, 2005; Moritz, 1989) is the magnitude of the gravity at a given point (h, A, ¢) minus
the normal gravity at the same ellipsoidal longitude A and latitude ¢ but at the ellipsoidal height A — (g,
where (, is the generalised height anomaly from definition (25):

Ag(h, A, ¢) = [VW (h, X, ¢)| — [VU(h — (g, ¢)|, for h > hy (31)

or in its common form:

| Ag(h A 6) = g(h A, 8) —v(h— Gy, 9) | (32)

Here the height h is assumed on or outside the Earth’s surface, i.e. h > h;, hence with this definition
the gravity anomaly is a function in the space outside the masses. The advantage of this definition is
that the measured gravity |[VW| at the Earth’s surface can be used without downward continuation or
any reduction. If geodesists nowadays speak about gravity anomalies, they usually have in mind this
definition with A = hy, i.e. on the Earth’s surface.

2.4.3 The Topography-Reduced Gravity Anomaly

For many purposes a functional of the gravitational potential is needed which is the difference between
the real gravity and the gravity of the reference potential and which, additionally, does not contain the
effect of the topographical masses above the geoid. The well-known “Bouguer anomaly” or “Refined
Bouguer anomaly” (e.g. Hofmann-Wellenhof & Moritz, 2005) are commonly used in this connection.
However, they are defined by reduction formulas and not as functionals of the potential. The problems
arising when using the concepts of the Bouguer plate or the Bouguer shell are discussed in (Vanitek
et al., 2001) and (Vanicek et al., 2004).
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Thus, let us define the gravitational potential of the topography V;, i.e. the potential induced by all
masses lying above the geoid. Analogously to eq. (27), we can now define a gravity disturbance dgy,
which does not contain the gravity effect of the topography:

8gir(hy X, ) = [V [W(h, A, 8) — Vi(h, A, 0)]| — VU (h, ¢)| (33)

and, analogously to eq. (31), a topography-reduced gravity anomaly Agy,:

Ager(h, A, ¢) = |V [W (B, A, ) — Vi(h, A, 9)]| = |VU(h — ¢, 9)] (34)

where, consequently, W — V; is the gravity potential of the Earth without the masses above the geoid.
Note, this is not the same as

Agir(h, A, ¢) = VW (h, A, 8)| — |[VU(h = (,0)| — |VVi(h, A, ¢)|

which is also used sometimes. An additional difficulty here is that the topography reduced potential
W —V; has a changed geoid with respect to which the topography should be measured now. Consequently,
a new normal potential Uy, should be defined and used as well as the height anomaly ¢ in eq. (34) should
refer to the topography reduced potential. Obviously, different definitions of a topography reduced gravity
anomaly are possible. Thus, in this context, it is important to know how and for which purpose things
are defined.

The practical difficulty is, that the potential V; (or it’s functionals) cannot be measured directly but
can only be calculated approximately by using a digital terrain model of the whole Earth and, moreover,
a hypothesis about the density distribution of the masses.

Approximate realisations of such anomalies are mainly used in geophysics and geology because they
show the effects of different rock densities of the subsurface. If geophysicists or geologists speak about
gravity anomalies they usually have in mind this type of anomalies.

3 Approximation and Calculation

3.1 The Geoid

As one can see from the definition in eq. (8) or eq. (11), the calculation of the geoid is the (iterative)
search of all points in space which have the same gravity potential W = Wy = U,. Let us assume
that the geopotential W (h, A, ¢) is known also inside the masses and N;(\, ¢) is a known approximative
value for the exact geoid height N (X, ¢) (e.g. as result of the i-th step of an iterative procedure). Here
we should have in mind that the representation IV of the geoidal surface is with respect to the normal
ellipsoid which already is a good approximation of the geoid in the sense that the biggest deviations of
the geoid from the ellipsoid with respect to its semi-major axis is in the order of 10~°.
The difference W(N) — W(N;) for the coordinates A and ¢ is (approximately):
ow

W(N) —=W(N;)~ (N — N;) - —-—

o (35)

h=N;

The ellipsoidal elevation h is taken along the ellipsoidal normal which is given by the negative direction

of the gradient of the normal potential —%. Thus the partial derivative %—V}‘; can be represented by
the normal component of the gradient VW, i.e. by the projection onto the normal plumb line direction
ow vU
—— =( == | VW 36
= v 7)) @
or, because the directions of VW and VU nearly coincide, by:
ow vw
—— ~( == | VW) = |V 37
= e ) =7V @

8
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where (@] b) denotes the scalar product of the vectors @ and b and, if @ has the unit length as in egs. (36)
and (37), the projection of b onto the direction of @. By replacing W(N) by Uy according to eq. (11)
and with the notation g = |VW/| (eq. 7) we can write

Uy — W(N;) = —g(N;) (N — N;) (38)

for eq. (35) and thus the geoid height N can (approximately) be calculated by

SOy LW @) — U] (39)

and the reasons for “~” instead of “=" are the linearisation in eq. (35) and the approximation in eq. (37).
That means, if the gravity potential W is known also inside the topographic masses, eq. (39) can be
used to calculate the geoid iteratively with arbitrary accuracy for each point (A, ¢):

1
Nit1 (A 0) = N(h,8) + e

provided that we have an appropriate starting value for the iteration and the iteration converges. Re-
placing the gravity g(V;) (eq. 7) by the normal gravity v(0) (eq. 16) will not change the behaviour of
this iteration, because each step will be scaled only by a factor of (1 — g/7), which is in the order of
10~* or smaller. So we write:

[W(Nia /\a ¢) - UO] (40)

With ¢ = 0 and Ny = 0 in eq. (41) we get:
NMi(3.6) =~ [W(0.0,0) = U] (42)
and with W (0) = Uy 4+ T(0) (eq. 10) we finally have
_T(0,A,9)

as a first approximate value for N (A, ¢) which is the well-known Bruns’ formula (e.g. Hofmann-Wellenhof
& Moritz, 2005).
To get an estimation of the difference No — N; from eq. (41) we write:

Mol ) = Ni(h6) = i [W(Ni. 0. 0) = 1] (44)
and replace again W by U 4+ T (eq. 10) and get:
No(\, @) — N1(X, @) = 7(01’ py [U(N1,\,¢) +T(N1, A, ¢) — U] (45)
With the linearisation
U(N1) =~ U(0) + Ny - z—z . (46)

and the notation (cf. eq. 16)
vU oU
7_‘VU’_<|VU| v >__8h

9
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we get
1

7(0,9)
Replacing N; on the right hand side by Bruns’ formula (eq. 43) we get

Na(A, ¢) = Ni(A, ¢) =

[_’Y(Oagb)Nl +T(N1;Aa¢))] (48)

~ T(va >‘, ¢) — T(()? )‘a ¢)

No(X, @) — Ni(\, @) = 49
20 6) — Ni(A,0) SOX (49)
for the difference, and for Ns:
T(N17>‘a¢)
No(\, @) ~ 0 @) 50
2(%,9) 7(0,¢) (50)
The difference T'(N7) — T'(0) in eq. (49) can be approximated by
oT
T(N1)—T0)~ Ny - — 1
(V) =TO =N G| (51)
and we get
1 0T
No— Ny ~Ny-—— — 52
2 1 L 20) 9h - (52)

The factor on the right hand side which scales Ny is in the order of 10~* or smaller, i.e. No — N; is in
the order of some millimetres. That means we can expect (if eq. 41 converges fast, i.e. if the step size
decays rapidly) that N7 is a good approximation of N and with eq. (50) we can define

) (53)
h=0
which should be even better.

Usually we don’t know the potential inside the masses, therefore we will do the following: We replace
W,, the attraction part of W, by its harmonic downward continuation WS (eq. 17) and thus T by T°
(eq. 19) and compute an associated geoid height N¢(\, ¢) which is also an approximation of the real
geoid height N. Then we try to calculate (approximately) the difference N — N€¢ caused by the masses
above the geoid. Analogous to the iterative calculation of the geoid height N from the potential W by
eq. (41) the calculation of N¢ from W writes:

\7 _T(va)\qu)N LaT
V=08 1(1+

(0) on

Nichl()‘a ¢) = Nic()‘v ¢) + [Wc(Nicv A, d)) - UO} (54)

7(0, ¢)

Obviously egs. (43) to (53) are also valid for the harmonic downward continued potential T instead of
T, thus N; and Ny or even better Ny and N5 are good approximations for N and N¢ respectively:

_ T°(0, A, )

NEOL9) = = (55)

- TC(N7, A 1 0T¢
NQC()\7¢): ( 1> 7¢)N c( T

0. SN\ h_o> (56)

The convergence behaviour of the iterative solution in eq. (41) or (54) will not be discussed in (theoret-
ical) detail here. However, if we consider that the maximum relative differences between the ellipsoidal
normal potential U and the real potential W are in the order of 1075 (as mentioned above) a very fast
convergence can be expected, which is confirmed by the practical calculations in section (5) (cf. figs. 6

and 7).

10
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To estimate the difference N — N¢ between the real geoid and the approximated geoid using the
downward continued potential we use No and N§ from egs. (53) and (56) and write

1
7(0, ¢) 7(0, ¢)

To estimate the difference T'—T in eq. (57) by using information about the topography we introduce the
potential V;(h, A, ¢), induced by all topographical masses above the geoid, which describes the potential
also inside the masses, and the potential V¢(h, A, ¢), the harmonic downward continuation of V;. To
get the harmonic downward continuation 7°¢ of the disturbing potential 7" down to the geoid, we must
downward continue only the part of the potential caused by the topographic masses and write

N(A, ¢) = N°(A, 9) = [T(N1, A, ¢) = T*(NY, A, 9)] =~ [T(N,X,¢) —=T°(N,\,¢)]  (57)

Tc(Nv)\a(é) :T<N7>‘7¢)_‘/t(N’)‘7¢)+V;EC(N7)‘7¢) (58)
Then for eq. (57) we get
c ~ 1 c
and for the geoid height:
N(0) & N¥(06) + 5= [V 0.6) = VE(V. 0. 0)] (60)

To find an approximation of the difference V; — V¢ in eq. (59) let’s treat the potential V,(r) of a spherical
mass shell from radius R; to Ra, with constant mass density p (see fig. 3).

4

topography

spherical shell with
density P

g
,/“

Figure 3: Approximation of the topography at one point (A, ¢) by a spherical shell of homogenous
mass density

The potential outside the shell is

Vi(r) =

for r> Ry (61)
r

where M, is the total mass of the shell and G is the gravitational constant. For » > Rs it is the same
potential than that of a point mass with the same total mass M located at the origin of the coordinate

11
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system. Hence the downward continuation of eq. (61) is simply the same formula defined for smaller
values of 7:

GM;
VE(r) = for >Ry (62)
The mass M, of the shell is
Amp o3 3
M, = == (R} — R}) (63)
Below the shell (inside the mass free inner sphere) the potential is constant:
Vi(r) =2nGp (R3 — R?) for r<R; (64)

Using this simple spherical shell approximation for the topographical masses with the height H above
the geoid at one specific point (A, ¢), we get for V¢, the downward continued potential on the geoid,
from eqs. (62) and (63) with » = Ry and Ry = Ry + H

4 G H)? — R} H?
VE(N) = 7P (B, + H) L) =4rGp ( RiH + H? + — (65)
3 R1 3Rl

and for V;, the potential inside the masses on the geoid, from eq. (64)
Vi(N) =21 Gp ((R1 + H)? — R}) =2 Gp (2R H + H?) (66)
Thus the difference V;(N) — V,¢(N) can be approximated by
Vi(N) = VE(N) =~ 2rGp (2311{ + H? - 2R\H — 2H?* - g)
2H

—27 Gp H2—|—27H3 = 2rGpH? (14 (67)
3R1 3R1

%

and if we neglect the second term due to H < R; (in this approximation R; is the distance to the
Earth’s centre and H/R; is in the order of 107%):

Vi) - VE(N) ~ —2m Gp® | (68)

Hence we get the approximation of N — N¢ (eq. 59) at the coordinates A and ¢ to

20 GpH2(\,9)
7(0,¢)

Thus, if we have a mathematical representation of the disturbing potential T¢(h, A, ¢) and if we know
the topography, i.e. the height H(\, ¢), we can calculate an approximation N (superscript “s” stands
for “spherical shell approximation”) of the geoid height from eq. (55) and eq. (69) by

N @) = N°(\, ¢) = (69)

s . 2w Gp (V) _ [T°(0, ), @) — 27 Gp H*(\, 9)]
N(A\, @) = N7 (A, ¢) = NY(\, @) — = 7
( 7¢) 1( 7¢) 1( a¢) 7(07('25) 'Y(O,(Zs) ( 0)
or, with N§ (eq. 56) instead of N{ (eq. 55), by an approximation Nj:
\/ S \TC 27TGpH2()\7¢) [Tc(Nf’Aa¢) _QWGsz(/\v(b)]
N(A ~ N3 (A = Ny (A — = 7
( 7¢) 2( 7¢) 2( a(b) 7(07(;5) 7(07(;5) ( 1)

To calculate the geoid with high accuracy the use of a more sophisticated model for the potentials
of the topography V; and V,° then the simple spherical shell will be inevitable. However, as seen from
eq. (59), only the difference between the potential of the topography and its downward continuation
has to be approximated instead of the potential itself; therefore the approximation in eq. (68) is more
realistic than the approximations for V; and V,° themselves.

12
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3.2 The Height Anomaly

The formulas to calculate the height anomaly from the geopotential can be derived similarly to those
for the geoid height in section 3.1. With a first approximate value (; for ¢ and with

Ulhy - )~ Ulhi— &) — (- ¢) - 2

ah (72)

ht—Cs
(cf. eq. 46) where h; is the ellipsoidal height of the Earth’s surface from eq. (12), we can write for the
difference U(h; — ¢) — U(hy — ¢;) at point (), ¢) the linearisation

0
Ulhe =)~ Ulhe = G) = —(C — ) - 5 (73)
he—Gi

By replacing U(h; — ¢) with W (h;) according to the definition of the height anomaly in eq. (20), and
with eqs. (47) it follows

W(he) = U(he = G) = y(he = G) - (€= Gi) (74)
resulting in a better approximation (;41 given by
1
i1 =G+ ————|W(ht) = U(hy — (; 75
Gir1=¢ 'Y(ht_Ci)[ (he) = U(he = G)] (75)
If we replace v(h: — (;) by v(ht), use W =U + T (eq. 10) and the linearisation
Ulhe = Gi) = U(he) 4+ v(he)Gs (76)

we again, with the start value of (; = 0 for ¢ = 0, get Bruns’ formula

_ T(ht7 )‘7 d))

but evaluated here for h = h; instead of h = 0 in eq. (43). Consider eq. (19), from which follows:
T°(h,\,¢) = T(h,\,¢), for h > h;. The first approximation (41 of the generalised height anomaly
(g for arbitrary height h as defined in eq. (25) is then:

T(h,\, ¢)
hy\ @) = ————= 78
An additional approximation without using topography information, i.e. h; = 0, gives:
T<(0,\, ¢)
e A,QS = O7>\7¢ = N7 Aad) = 79
Cer (A, @) = Ca( ) = Ni(\ ¢) 20, ) (79)

which is sometimes called “pseudo-height anomaly” calculated on the ellipsoid and is identical with
N{(A, ¢), the approximation of the geoid height from eq. (55). Using eqgs. (77) and (79), the linearisation
ore

T(hy) ~T0)+ hy - —— 80

(he) (0) + he an (80)

and ~(0) instead of y(h;) an approximation (; for the height anomaly on the Earth’s surface can also
be calculated by:

) (51)

h=0

e ~ hy OT°
Cl()‘v(b) ~ Cel()\,(ﬁ) + <’y(0) . W

13
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which is useful for fast practical calculations (see section 5). In the iteration of eq. (75) we (similarly to
egs. 40 and 41) can replace y(h; — (;), the normal gravity at the Telluroid, by (0), the normal gravity
at the ellipsoid, and expect that the convergence behaviour of this iteration will not change:

Cir1(A, @) = G\, 0) + ﬁ (W (he, A, @) — U(he — Ciy A, 9)] (82)

In contrast to eq. (41) for the geoid height, where the value of the normal potential at the ellipsoid
Up is the nominal value and the iteration searches for the height h = N where the real potential has
the same value W(N) = Uy, here, in eq. (82), for the height anomaly, the value W (h;) for the real
potential at the Earth’s surface is the target value and the iteration searches for the height h; — ( where
the normal potential has the same value U(h; — () = W(h:). In both cases one looks for the distance
of two points lying on the same normal plumbline and the normal potential at one point must have the
same value as the real potential at the other point. But, for the geoid height N it is done near the
ellipsoid, and for the height anomaly ( it is done near the Earth’s surface. However, the main part of the
difference between N and ¢ does not come from the different ellipsoidal height where the two potentials
are compared, but from the fact, that for the geoid the real potential has to be evaluated inside the
masses for points over the continents (apart from some “exotic” regions) and on top (outside) of the
masses for the height anomaly.

Because of the mathematical similarity of the problems one can expect, that the convergence behaviour
of the iteration in eq. (82) should be very similar to that of eq. (54) which is confirmed by the numerical
investigations in section (5).

3.3 The Difference: Geoid Height - Height Anomaly

Now we can estimate the difference between the geoid height and the height anomaly. Considering
eq. (59) and taking N¢ ~ Nf = (.1 from eq. (79) the difference between the geoid height and the
pseudo-height anomaly (i.e. the height anomaly on the ellipsoid) is:

N(6) =G (0.6) =~ [N 0. 6) = VE(V. A 0) (53)

With the approximation of eq. (68) for V; — V¢ we get:

_2nGp H*(\, ¢)

(84)

3.4 The Gravity Disturbance

If we have a mathematical representation of the potential W (h, A, ¢), the calculation of dg(h, A, ¢) is no
problem. Using arbitrary rectangular coordinates (u, v, w) (global cartesian or local moving trihedron)
the gradients VW and VU of the gravity potential W and the normal potential U, i.e. the vectors of
the gravity and the normal gravity, at a given point (h, A, ¢), are:

VW(h,A,¢) = Wu(h, A @) €+ Wy(h, A, @) €+ Wau(h, A, §) €y (85)
VU(h A, ¢) = Uu(h,A,¢) €+ Up(h, A, ¢) €+ Up(h, A, @) € (86)

where W,,, W,,, W,,, Uy, U,, U, are the partial derivatives and €, €,, €, are the unit vectors pointing
in the direction of u, v and w. Consequently the gravity disturbance can be calculated exactly from
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eq. (27):

59N 9) = \/[Wulh ) &))" + Wb, A 9)]” + [Wa(h A 6)]
(87)

— VU7 D) + [Vl 2, 8)] + [Uu(h, 2, 9)]°

One approximation possibility is to use the fact, that the directions of the real gravity vector VW and
the normal gravity vector VU nearly coincide. For this purpose we write eq. (27) in the form:

o= (et | 7)o | 70) =

with the scalar product notation of eq. (36). Approximating the direction of VW by VU we get:

vU
) VW — VU 89
o= o7 ) (%)
and can use the disturbing potential T to write
VU (0,¢) T (h, A, ¢)
0g(h, A\, ¢) = { ————"= T(h,\ =——0" 90
o)~ (o | 9T ey = -2 (90)

and, if h < hy, for the harmonic downward continuation dg°:

T(h, A, ¢)

6gc(h7)\a¢) ~ = Oh

(91)

The unit vector % points in direction of the gradient of the normal potential, i.e. it is the normal
plumb line direction. Thus, dg is also (at least approximately) the ellipsoidal normal component of the
gravity disturbance vector gg (e.g. Hofmann-Wellenhof & Moritz, 2005).

An additional approximation is to take the direction of the radius of spherical coordinates (r, A, )
instead of the ellipsoidal normal and calculate ég for h = 0, i.e. on the ellipsoid, using the downward
continuation T of the disturbing potential:

oT¢
or

59(07 A, ¢) ~ 595(1 (07 A, ¢) = - (92)

3.5 The Gravity Anomaly
3.5.1 The Classical Gravity Anomaly

If we have a mathematical representation of the potential W (h, A, ¢) the calculation of Agy (A, ¢) from
eq. (30) is no problem, however, the geoid height N has to be calculated beforehand. With eqs. (85)
and (86) we get:

Aga(r ) =\ We(V. A 0)] + [We(V, A, 9)] + Wi (N, A, )]

(93)
2 2 2
~[0.0.06)]” + [U4(0.0,6)]” + [Ua (0., 6)]
But again an approximation of Ag. in terms of the disturbing potential T" is possible. With
o\vVU
|VU(0)| ~ |[VU(N)| = N ! (94)

h=0
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we get for eq. (30)

OIVU(9)|

(95)

h=0

With eq. (28) for the downward continuation of the gravity disturbance to h = N and eq. (16) for the
normal gravity we can write it in the more usual form

0
oh |-
With the approximations (91) for dg¢ and (56) for N we get
T<(h, A, ¢) T°(N{, A 0)  0v(9)
Aga(M, ) 8 ———— : 97
g l( ¢) 3h he N ’Y(O,¢) 8h b0 ( )

to calculate the classical gravity anomaly from the disturbing potential. Without previous knowledge
of N, i.e. using eq. (55) instead of (56), we can approximate the classical gravity anomaly to:

T0r0) 0)
h=0 7(03 ¢) oh

OT°(h, 1, 9)
oh

Agcl(/\7 ¢) ~ (98)

h=0

If we again replace the ellipsoidal normal by the radial direction and approximate additionally the
normal gravity v by its spherical term

GM 0v(o) 2GM

= d ~—

MO gy 2 T R )

(G is the gravitational constant and M is the mass of the Earth) we get the spherical approximation
Ags, of the classical gravity anomaly to:

(99)

aT* >
o - ) T°(0,\, ¢) (100)

where r = r(¢) is the distance to the centre of the coordinate system (spherical coordinate) of a point
on the ellipsoid.

Age (A, b)) = Agsa(N, ¢) = —

3.5.2 The Modern Gravity Anomaly

The calculation of Ag using eq. (31) at a given point (h, A, @) is possible if the height anomaly ¢ has
been calculated beforehand:

Ag(h, A, &) =\ [Walh A 0)])% + [Wa(ho A, 0] + [Wi(h, 2, 8))
(101)

[0 =09 + [Unh = ¢ A 6)] + [Ualh— ¢ A )]

To calculate it in terms of the disturbing potential analogously to the classical gravity anomaly we get:

Aglh, 7, 6) ~ dg(h, A, 6) + ¢ - 210

oh , for h=>h (102)

h=0

Alike eq. (98) the approximation without knowledge of ¢ (i.e. ¢ =0) is:

70,0, 9) 9v(9)
h ’Y(Oa ¢) ah h

T (h, X, 9)

(103)
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which is valid for arbitrary points outside the geoid because T has been used (remember that T¢ =T
for h > hy). For h = 0 eq. (103) is the same as eq. (98) for the classical gravity anomaly Ag, so the
spherical approximation using eq. (99) is the same too:

O 2 1o, 9) (104)

Ag(h 9) = Agsa(X, 0) = = - X ($)
=0

3.5.3 The Topography-Reduced Gravity Anomaly

If we know the density p(h, A, ¢) of the masses above the geoid and the height H (), ¢) of the topography
above the geoid the calculation of the potential Vi(h, A, ¢) (and its derivatives) in eqgs. (33) and (34)
is in principle possible by numerical integration. But, however, it is extensive. Therefore, in the past,
without today’s computer power, the question was: how can the potential V; of the topographical masses
be replaced by a first approximation which results in a simple formula depending only on a constant
density and the height H (), ¢) of the point where it should be calculated?

As a simple but useful approximation for the topography-reduced gravity anomaly, the Bouguer
anomaly Agp has been introduced as:

Agir(X, @) = Ags(X, ¢) = [VWO(N, X, ¢)| — Ag — |VU(0,9)| (105)

where
Ap(N, ¢) =2nGpH (A, ¢) (106)

is the attraction of the so called “Bouguer plate”, which is a plate of thickness H (topographical height
above geoid), constant density p and infinite horizontal extent (e.g. Hofmann-Wellenhof & Moritz, 2005).
With the classical gravity anomaly (eq. 30) we get:

AgB(/\a ¢) = Agcl(Aa ¢) - 27erH()‘7 ¢) (107)

Unfortunately this cannot be expressed in terms of potentials because the potential of an infinite plate
makes no sense (cf. the discussion in Vanicek et al., 2001 and Vanicek et al., 2004). The obvious idea
to use the potential of a spherical shell as in section 3.1 results in a contribution of —47wGpH which is
twice the “Bouguer plate”-attraction. The plausible explanation is that the contribution of the far zone
of the spherical shell, the whole opposite half sphere, cannot be neglected here (which makes this model
unrealistic), whereas in eq. (59), for the difference Vi(N) — V,¢(IN) (which results in eq. 69), it can be
neglected.

To find a simple approximation for V; which is consistent with the results for the “Bouguer plate”
one could define the potential of a spherical cap of constant thickness H, or a gaussian bell shaped
“mountain” with height H, and an extend which produce the attraction of Ag = 2nGpH.

4 Calculation from Spherical Harmonics

4.1 Spherical Harmonics and the Gravity Field

The solid spherical harmonics are an orthogonal set of solutions of the Laplace equation represented
in a system of spherical coordinates. (e.g. Hobson, 1931; Freeden, 1985; Hofmann-Wellenhof & Moritz,
2005). Thus, each harmonic potential, i.e. such which fulfils Laplace’s equation, can be expanded into
solid spherical harmonics. For this reason the stationary part of the Earth’s gravitational potential W,
(the attraction part only, see eq. 5) at any point (r, A, ) on and above the Earth’s surface is expressed
on a global scale conveniently by summing up over degree and order of a spherical harmonic expansion.
The spherical harmonic (or Stokes’) coefficients represent in the spectral domain the global structure
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and irregularities of the geopotential field or, speaking more generally, of the gravity field of the Earth.
The equation relating the spatial and spectral domains of the geopotential is as follows:

Lmax

Wal(r, A, @) = Z Z ( >Pgm sin ) (Cyy, cosmA + Sy, sinm\) (108)

£=0m=0
which shows the 1/r-behaviour for » — oo, or written in the form
Limax l+1
M
Wa(r, A, @) = GR ;7; (f) Py (sing) (Cpy, cosmA + Sy, sinm)

which is sometimes useful in practice. The notations are:

A @ - spherical geocentric coordinates of computation point
(radius, longitude, latitude)

R - reference radius

GM - product of gravitational constant and mass of the Earth

£,m - degree, order of spherical harmonic

Py - fully normalised Lengendre functions

Cy .Sy - Stokes’ coefficients (fully normalised)

The transformation formulas between ellipsoidal (h, A, ¢) and spherical (r, A, ¢) coordinates can be found
e.g. in (Hofmann-Wellenhof & Moritz, 2005). A spherical harmonic approximation of the gravity field
up to a maximum degree .4, (a so-called “gravity field model”) consists of ({4, + 1)? coefficients and
the 2 values for GM and R to which the coefficients relate. The reference radius R of the expansion
has only mathematical meaning. As can be seen from eq. (108), the product C}y x G'M represents the
gravitational constant times the mass of the Earth associated with the model. This means that CJ
scales the formal value of GM which is given with the model. Usually CJ} is defined to 1 to preserve
the meaning of GM which itself is not separated into its two single values G (gravitational constant)
and M (mass of the Earth) because it is known as product with a much higher accuracy than the two
separate values. The degree 1 spherical harmonic coefficients (C1y , C}V, SV) are related to the geocentre
coordinates and are zero if the coordinate systems’ origin coincides with the geocentre. The coefficients
CY¥ and S3V are connected to the mean rotational pole position.

Thus, eq. (108) represents the Earth’s gravity field with an accuracy depending on the accuracy of
the coefficients (C}" , S}V) and a spatial resolution depending on the maximum degree £,,q,. At a given
point in space the difference of the real potential and the potential represented by the spherical harmonic
expansion in eq. (108) depends on both, the coefficient’s accuracy and the maximum degree £,,4, of the
expansion.

Equation (108) contains the upward-continuation of the gravitational potential from the Earth’s sur-
face for r > ry0p, and reflects the attenuation of the signal with altitude through the factor (R/r)*. For
points lying inside the Earth the spherical harmonic expansion gives the harmonic downward contin-
uation W¢ of the potential in a natural way simply by evaluating it for r < r¢o,,. However, possible
singularities of this downward continuation (see the remarks in subsection 2.1) would result in divergence
of the spherical harmonic series at the singular points for £,,,, — oo (cf. the discussion of this topic for
the Earth surface in Moritz, 1989). In practise £,,q4, is finite and the series can be evaluated, in princi-
ple, also for points lying inside the Earth (r < rop,). However, the harmonic downward continuation,
from its physical nature, is an unstable and ill-posed problem. That means the amplitudes of spatial
undulations of the potential are amplified with depth (up to infinity at the locations of the singularities)
and the amplification is bigger the shorter the wavelength of the undulation is. Mathematically this
is obvious from the factor (R/r)* in eq. (108) for decreasing radius r and increasing degree £. Thus,
downward continuation in practise is always a (frequency-dependent) amplification of errors, i.e. in
case of spherical harmonic representation an ¢-dependent amplification of the errors of the coefficients
cy. sy,
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Note, that the spherical harmonics are calculated using spherical coordinates, so r'iopo = Ttopo(A; ©)
is the distance of the point on the topography (Earth’s surface) from the Earth’s centre and ¢ is the
spherical latitude to be distinguished from the ellipsoidal latitude ¢.

Figure 4 presents examples for the three different kinds of spherical harmonics Py, (sin ) -cosmA: (a)
zonal with [ # 0,m = 0, (b) tesseral with I # 0,m # [ # 0 and (c) sectorial harmonics with £ = m # 0.

zonal: £ =6, m =20 tesseral: £ =16, m =9 sectorial: £ =9, m =9

Figure 4: Examples for spherical harmonics Py, (sin ) - cosmA [from —1 (blue) to +1 (violet)]

Obviously, the attraction part U, of the normal potential U (see eq. 13), and thus the disturbing
potential T', according to eq. (10), can be expanded into spherical harmonics too. If we denote the
coefficients which represent U, by Cf/ ,SY the coefficients C7 ,S7  of the disturbing potential are
simply the differences

The expansion of the ellipsoidal normal potential contains only terms for order m = 0 (rotational
symmetry) and degree ¢ = even (equatorial symmetry). Recall that Sy ¢ don’t exist, so SZm =S5 XVm. To
calculate the normal potential in practise in most cases it is sufficient to consider only the coefficients
cl, o, CY, O and sometimes Cf)). The disturbing potential 7" in spherical harmonics is:

GM &% (RY'$

T(r,\ ) = - (T) Z Py (sing) (Cf,, cosmA + S, sinm)) (110)
£=0 m=0

for 7 > riopo. For r < Tp, equation (110) gives T°, the harmonic downward continuation of T,

introduced in section (3.1).

Here, we implicitly postulated that CJ, , the coefficients of the attraction part of the normal potential,
and C}Y and S}Y . the coefficients of the real potential (or the potential of a model approximating the
real potential), are given with respect to the same values for GM and R. Usually this is not the case in
practise where the normal potential coefficients C’ZUm are given with respect to separately defined values
GMVY and RY. From comparing the summands of the series separately, which must be equal due to

orthogonality, the relation between them is found to be:

R GMU [RVU\"
R

@%:C%X(MJ (111)
and must be considered in eq. (109).

Each representation of a function in spherical harmonics like eq. (108) with an upper limit of sum-
mation £,,,, < 0o corresponds to a low pass filtering, and /,,,, correlates to the spatial resolution at
the Earth surface. A usual simple estimation of the smallest representable feature of the gravity field,
in other words, the shortest half-wavelength t,,,;,, (as spherical distance), that can be resolved by the

(bmaz + 1)? parameters Cyp, Sem is:

wmin (emaa:) ~ LR (1 12)

Emaz
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This estimation is based on the number of possible zeros along the equator.

At this point let us recall that the resolution of spherical harmonics is uniform on the sphere. This
follows from the known fact that under rotation, a spherical harmonic of degree / is transformed into
a linear combination of spherical harmonics of the same degree. To illustrate it, imagine a single pulse
somewhere on the sphere represented (as narrow as possible) by spherical harmonics up to a maximum
degree and order £,,,,. A rotation of the coordinate system will not change the shape of the pulse
which means uniform resolution. Hence, a better estimation of t,,in (€maz) Seems to be the following:
If we divide the surface of the sphere, i.e. 4T R?, into as many equiareal pieces A,,;, as the number of
spherical harmonic coefficients, i.e. (£, + 1)2, then the size of each piece is:

47 R?

Amin Emaz = 113
( ) (gm,a;c F 1)2 ( )
The diameter of a spherical cap of this size is (in units of spherical distance):
Ymin(bmas) = darcsin | (114)
min\t*mazx) = resm | ———————
arcs T

which characterise the size of the smallest bump, half-wavelength, which can be produced by ({40 + 1)?
parameters. For some selected maximum degrees the resolutions are given in Table 1. To demonstrate

Table 1: Examples of spatial resolution of spherical harmonics in terms of the diameter ,,;, of the
smallest representable shape (bump or hollow) after eqs. (112) and (114)

Maximum | Number of Resolution 4,55
Degree Coefficients eq. (112) eq. (114)
lnaz N [degree] [km] [degree] [km]
2 9 90.000 | 10000.000 77.885 | 8653.876
5 36 36.000 | 4000.000 38.376 | 4264.030
10 121 18.000 | 2000.000 20.864 | 2318.182
15 256 12.000 1333.333 14.333 | 1592.587
30 961 6.000 666.667 7.394 821.587
36 1369 5.000 555.556 6.195 | 688.321
40 1681 4.500 500.000 5.590 | 621.154
45 2116 4.000 444.444 4.983 553.626
50 2601 3.600 400.000 4.494 | 499.342
75 5776 2.400 266.667 3.016 335.073
180 32761 1.000 111.111 1.266 140.690
360 130321 0.500 55.556 0.635 70.540
500 251001 0.360 40.000 0.457 50.828
1000 1002001 0.180 20.000 0.229 25.439
2000 4004001 0.090 10.000 0.115 12.726
5000 25010001 0.036 4.000 0.046 5.092
10000 | 100020001 0.018 2.000 0.023 2.546

how the resolution of spherical harmonics depends on the maximum degree £,,,, of the development
the following synthetic example has been constructed: A (1° x 1°)-grid where all elements are zero
except for two with the values 1 has been converted into spherical harmonic coefficients up to degree
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Figure 5: Cross-sections through 2 peaks, which are originally 6° apart, after approximation by
spherical harmonics of different maximum degrees £,,44

and order £,,,, = 90 using the numerical integration described in (Sneeuw, 1994). The two peaks are
6° (spherical distance) apart from each other. The cross-sections through the two peaks for different
maximum degrees {4, are shown in Figure (5). From Table (1) (eq. 114) one expects that a maximum
degree of £,,,. =~ 36 suffices to resolve the peaks but the result of this example is that a slightly higher
maximum degree of £,,,, ~ 41 is necessary.

4.2 The Geoid

To calculate the geoid undulation from eq. (70) or eq. (71) besides the potentials W and U, or T = WU,
a representation of the topography H (A, ¢) must be available too. Usually the topography models are
given as grids on the reference ellipsoid and have a much higher resolution (e.g. 2’ x 2’) than the
recent global gravity field models. To avoid adding parts of different resolution in egs. (70) or (71),
the topography model can also be transformed into a surface spherical harmonics expansion (a good
summary for this technique can be found in Sneeuw, 1994):

b £
H(\y)=R Z Py (sin ) (O30 cosmA + Sp2P° sinm\) (115)
£=0m=0

where Cszo and Ssz;o are the coefficients of the expansion which are usually scaled by the reference
radius R. Using the same upper limit ¢,,,, of the expansion, the geoid height IV can be approximated
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according to eq. (70) by:

12 L L
s GM max R . .
N7\ @) = e d) 2 <€)7;Pgm(sm ) (Cf,, cosmA + S, sinm))
. (116)
_ 2mGp R S Z Py (sin @) (C42P° cosmA + SyoP° sinm)
’Y(TC’ <P) £=0m=0 o o
or according to eq. (71) by:
‘ ¢ ¢
- GM T3 (R , _
N3\ ) = (e ?) ; (Q)mX_%PZm(Sln ©) (Cfp, cosmA + 5§, sinm))
. (117)
_2mGp R ZZ? i Py (sin ) (O30 cosmA + SpoP° sinm)
Vrey) | == o o

The radius-coordinate of the calculation point for the normal gravity v is set to the latitude dependent
radius-coordinate r. = r.(p) of points on the ellipsoid, and for the disturbing potential it is set to
r =r.(p) as well if eq. (70) is used, or to r = r¢(A, ¢) if eq. (71) is used, whereas in the latter case an
approximation for (. = (.(), ¢) has to be calculated in a prior step using eq. (118).

4.3 The Height Anomaly

The calculation of the height anomalies ((p, \) from spherical harmonic potential models according to
the iteration (eq. 82) is possible using eqs. (4), (5) and (108). Using the coefficients of the disturbing
potential (egs. 109, 110 and 111) the calculation according to eq. (77) or (79) is simple. Without using
a topography model they can be calculated from eq. (79) by

GM ex]’]ax R Z ’e
Ce1(A, ) = ) Z (> Z Py (sin ) (CF,, cosmA + S, sinm)) (118)
¢ @ £=0 ¢/ m=0

and the radius-coordinate (), ¢) of the calculation point is be set to 7. = r.(p). With eq. (81) they
can be calculated more accurately by

H(p,A) + N(p,A) OT°
7(0, ) or |,_,.

=Gt + (119)

which can be calculated from spherical harmonics if we use eq. (115) for H and eq. (116) or (117) for
N, and egs. (92) and (125) for the radial derivative of T°.

4.4 The Gravity Disturbance

To calculate the gravity disturbance from eq. (87) the gradients VW from eq. (85) and VU from
eq. (86) have to be calculated from spherical harmonics. The gradient VIV in spherical coordinates is
(e.g. Bronshtein et al., 2004):

1
VW = W,é, +
7 COS P
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where W,., Wy, W,, are the partial derivatives and €., €y, €, are the unit vectors pointing in the direction
of r, X and ¢ respectively. Consequently for |[VW/|, considering the centrifugal potential ® (egs. 4 and
5), we have:

2 2
VW] = \/[WM +0,]% + [TCOW(WM + %)} + [i(Ww + %)} (121)
The derivatives of eq. (108) in spherical harmonics are:
GM ‘xRN ‘ . . .
W = 7 ; (r) L+ 1)mZ::0Pgm(sm ©) (Cpr cosmA + Spy, sinm)
Wax = G7M eniﬁ (R>Z im Py (sin @) (ng cosmA — C’va sin m)\) (122)
"= N o
Wap = GTM iizt (f)e N;J(W (CZKL cosm\ + S}y, sinmA)
The centrifugal potential (eq. 4) in spherical coordinates is
o= % w?r?(cos p)? (123)
and its derivatives are:
P, =w?r (cosp)® , ®y=0 , P,=-wr’cosy siny (124)
hence [VW/| can be calculated from eq. (121) with egs. (122) and (124).
The same formulas hold for calculating |VU| by replacing W by U and CXXM Sy by CY | ng thus

the gravity disturbance dg outside the masses or its downward continuation d¢g¢ can be calculated exactly
for arbitrary points (r, A, @) in space from the spherical harmonic coefficients of a given gravity field
model.

The spherical approximation dgs, of the gravity disturbance (eq. 92), i.e. the (negative) radial deriva-
tive of the disturbing potential T', calculated from a spherical harmonic expansion of 7" is:

6gsa (Tv )‘7 @) =

GM
r2

£=0

5 (7)

¢
(L+1) Z Py (sin ) (CF,, cosmA + S, sinm))

m=0

(125)

4.5 The Gravity Anomaly

Similar to the gravity disturbance dg, equations (121) to (124) can be used to calculate the gravity
anomaly Ag exactly from spherical harmonics from eq. (101) (or from eq. (93) for the classical Age).

The spherical approximation Ags, (eq. 104) calculated from a spherical harmonic expansion of the
disturbing potential T is:

Agsa(r, A, @) =

GM
r2

£=0

/R
> (5

)e

¢
(£-1) Z Py (sin @) (CF,, cosmA + S§,, sinm)

m=0

(126)

Nowadays this formula, as well as the spherical approximation of the gravity disturbance (eq. 125), is
not accurate enough for most practical applications. Nevertheless the degree-dependent factors (¢ + 1
for 6gsq and £ — 1 for Ags,) give theoretical insight into the different spectral behaviour and are useful
for simulation studies.
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5 Practical calculations using the model EIGEN-6C2

The recent gravity field model EIGEN-6C2 (Forste et al., 2012) and the topography model ETOPO1
(Ice Surface) (Amante & Eakins, 2009) have been used to calculate the described functionals and their
approximations on global grids. The resolution of the grids is 0.1°x 0.1° and the model EIGEN-6C2 has
been evaluated up to its maximum degree of £,,,., = 1949. All calculations are carried out with respect
to the reference system WGS84. The differences between several approximations of one and the same
functional are presented.

The topography model is necessary for two different purposes: (a) to calculate the exact coordinates
on the Earth’s surface for the height anomalies on the Earth’s surface, the gravity disturbances and the
modern gravity anomalies, and (b) to calculate the geoid undulations from pseudo height anomalies on
the ellipsoid considering the topographical effect. For (a) bi-linear interpolation of the original ETOPO1-
Ice Surface-grid is used to calculate the positions as accurately as possible. For (b) the gridded values
of the original topography model has been transformed into a (surface-) spherical harmonic expansion
using the formulas described by Sneeuw (1994). The maximum degree of EIGEN-6C2 is ¢,,,, = 1949,
so the topography has been used with the same resolution.

5.1 Geoid and Height Anomaly

The convergence of the iterative calculation of the “downward continued” geoid height N°¢(\, ¢) from
We(A, ¢) and Uy using eq. (54) with NY from eq. (55) or (79) as start value is very fast. For the
calculation using spherical harmonics egs. (108) and (118) are used for W¢ and N respectively. With a
64-bit accuracy (real*8 in Fortran, which are about 16 decimal digits) convergence is reached after 2 or 3
steps (step 1 is from Nf to N§ in our terminology). The spatial distribution of the accuracy of the start
value NY from eq. (55) and the first iteration NS of eq. (54) are demonstrated by figures (6) and (7).
Figure (8) shows the accuracy of the (non-iterative) approximation N§ of eq. (56). Thus, to calculate
the real geoid height IV from the “downward continued” geoid height V¢ by adding the influence of the
topography (see eq. 60) the calculation of N¢ has to be carried out with the required accuracy. However,
as mentioned in section (3.1), the influence of the topographic masses are the accuracy limiting factor.

If we start the iterative calculation of the height anomalies ((h¢, A, ¢) (eq. 82) with the pseudo height
anomaly on the ellipsoid (.1 according to eqs. (79) and (118) the mean difference between start val-
ues and convergence is about 35 times bigger than for the iterative calculation of N¢ using eq. (54).
Nevertheless the iteration converges after 3 or 4 steps. The differences between the start values (.1
and the convergence ¢ are shown in figure (9) and the accuracy of the first iteration ¢y is shown in
figure (10). Figure (11) shows the accuracy of the (non-iterative) approximation ¢; of eqs. (81) and
(119). Usually the chosen calculation formula or algorithm will be a compromise between computing
effort and accuracy requirement.

Figure (12) shows the differences between the height anomalies on the ellipsoid from egs. (79) and (118)
and the geoid heights from eqgs. (71) and (117) (calculated using the spherical shell approximation for
the topography). The maximum exceeds 4 metres. Thus, to calculate geoid undulations in continental
areas, the potential of the topographic masses must be approximated somehow at the geoid inside the
masses. The difference between the potential of the topographic masses and its harmonic downward
continuation, both evaluated on the geoid, cannot be neglected.

The weighted means, the minima and the maxima of the grid differences shown in figures (6) to (12)
are summarised in table (2).

5.2 Gravity Disturbance and Gravity Anomaly

Figure 13 shows the differences (Ag.—Ag) between the classically defined and the modern (Molodensky’s
theory) gravity anomalies. They range from —191 to +306 mgal. Therefore, when using gravity anomaly
data sets which are derived from real measurements it is important to know how they are reduced.
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Table 2: Differences between varying approximation levels of height anomalies and geoid undulations

Differences wrms min max
[m] [m] [m] [m]
Nf — N¢ | 15-1073 | =1.9-1072 | 4.9-1072
N§ — N¢ | 22-1077 | —2.8-1075 | 1.2-107°
N§ — N¢ | 24-107* | -1.8-1073 | 5.3-107°

(1 — ¢ 52-1072 | —7.8-107! | 3.4
G — ¢ 6.7-107° | —9.9-107* | 6.1-1073
G - ¢ 1.2-1072 | —9.8-107* | 6.1-107!
Ceo — N3 | 25-1071 | 0.0 4.79

The differences (0gsq — 0g) between spherically approximated and exactly calculated gravity distur-
bances are nearly the same as (Ags, — Ag), the differences between spherically approximated and exact
modern (Molodensky’s theory) gravity anomalies. The differences (Agsq, — Ag) are shown in figure 14.
They range from —189 to +302 mgal. To compare or combine gravity anomalies or gravity disturbances
derived from terrestrial measurements with those derived from gravity field models in spherical harmonic
representation the spherical approximation is obviously not accurate enough.

To understand the big differences between the modern gravity anomalies and the classical gravity
anomalies (or the spherical approximation) in the high mountains we have to consider the effect of
downward continuation of the short wavelengths. The wavelength-dependent downward (or upward)
continuation is described by the term (R/r)* in equation (126). Assuming a topography of 7 km, the
shortest wavelengths, which correspond in our calculations to £ = 1949 | will be ‘amplified’ by a factor
of (6378/6371)1949 = 8.5 from top to bottom.

The differences (Agsq — Ager) between spherically approximated and classical gravity anomalies are
smaller, they range from —4.73 to +4.24 mgal and are shown in figure 15. Hence, to calculate classical
gravity anomalies the spherical approximation can be used if the highest accuracy is not required.

The weighted means, the minima and the maxima of the grid differences shown in figures (13) to (15)
are summarised in table (3).

Table 3: Differences between the gravity anomalies, the classical gravity anomalies and the gravity
anomalies in spherical approximation

Differences wWIrms min max

[mgal] [mgal] | [mgal] | [mgal
Agg — Ag 4.42 —191 306
Agsqe — Ag 4.39 —189 302
Agsa _ Agcl 0.14 —4.73 4.24
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Figure 6: The difference between the start value N{ and the convergence N°¢ of eq. (54):
(Nf — N¢); wrms = 1.5 x 1073 m, min = —0.019 m, max = 0.049 m
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Figure 7: The difference between the first iteration NS and the convergence of eq. (54):
(N§ — N¢); wrms = 2.2 x 107" m, min= —2.8 x 107 m, max= 1.2 x 107° m
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Figure 8: The difference between the approximation in eq. (56) and the convergence of eq. (54):
(N§ — N¢); wrms = 2.4 x 107 m, min= —1.8 x 1073 m, max= 5.3 x 1075 m
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Figure 9: The difference between the pseudo height anomalies on the ellipsoid and the height
anomalies on the Earth’s surface: ({.1 — ¢); wrms = 0.052 m, min = —0.78 m,
max= 3.4 m
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Figure 10: The differences between the first iteration ¢, and the convergence of eq. (82):
(¢ — ¢); wrms = 6.7 x 107° m, min= —9.9 x 107% m, max= 6.1 x 1073 m
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Figure 11: The difference between the approximation (Nl of eq. (81) and the convergence of
eq. (82): (¢1 —¢); wrms= 0.012 m, min = —0.98 m, max= 0.61 m
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Figure 12: The difference between pseudo height anomalies on the ellipsoid of eq. (118) and
geoid undulations from eq. (117): (Cey — N3); wrms = 0.25 m, min= 0.0 m,
max=4.79 m

Figure 13: The difference between classical and modern (Molodensky’s theory) gravity
anomalies: (Agy — Ag); wrms = 4.42 mgal, min = —191 mgal, max = 306 mgal
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Figure 14: The difference (Ags, — Ag) between spherical approximated gravity anomalies and
modern (Molodensky’s theory) gravity anomalies; wrms = 4.39 mgal,
min = —189 mgal, max = 302 mgal
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Figure 15: The difference (Agsq — Ager) between spherical approximated and classical gravity
anomalies; wrms = 0.14 mgal, min = —4.73 mgal, max = 4.24 mgal

30



STR 09/02, Revised Edition Jan. 2013 Deutsches GeoForschungsZentrum GFZ

References

Amante, C. & Eakins, B. W., 2009. ETOPO1 1 Arc-Minute Global Relief Model: Procedures, Data
Sources and Analysis, NOAA Technical Memorandum NESDIS NGDC-24, National Geophysical Data
Center, Marine Geology and Geophysics Division, Boulder, Colorado, USA.

Blakely, R., 1995. Potential theory in gravity and magnetic applications, Cambridge Univ. Press, Cam-
bridge.

Bronshtein, I. N., Semendyayev, K. A., & Musiol, G., 2004. Handbook of Mathematics, Springer,
Berlin [et al.].

Forste, C., Bruinsma, S., Flechtner, F., Marty, J.-C., Lemoine, J.-M., Dahle, C., Abrikosov, O., Neu-
mayer, K.-H., Biancale, R., Barthelmes, F., & Balmino, G., 2012. A preliminary update of the
Direct approach GOCE Processing and a new release of EIGEN-6C, Paper presented at the AGU Fall
Meeting 2012, San Francisco, USA, 3-7 Dec, Abstract No. G31B-0923.

Freeden, W., 1985. Computation of spherical harmonics and approximation by spherical harmonicex-
pansions, Report / Department of Geodetic Science and Surveying, the Ohio State University; 362,
Ohio.

Hackney, R. & Featherstone, W., 2003. Geodetic versus geophysical perspectives of the "gravity anomaly’,
Geophys. Jour. Intern., 154(1), 35-43.

Heiskanen, W. A. & Moritz, H., 1967. Physical geodesy, A series of books in geology, Freeman, San
Francisco [et al.].

Hobson, E. W., 1931. The Theory of Spherical and Ellipsoidal Harmonics, Cambridge University Press,
Cambridge.

Hofmann-Wellenhof, B. & Moritz, H., 2005. Physical geodesy, Wien [et al.]: Springer, 2005.

Jekeli, C., 2000. Heights, the geopotential, and vertical datums, Tech. Rep. 459, Department of Civil
and Environmental Engineering and Geodedic Science,The Ohio State University, Columbus, Ohio
43210-1275.

Martinec, Z., 1998. Boundary-value problems for gravimetric determination of a precise geoid, vol. 73
of Lecture Notes in Earth Sciences, Springer-Verlag Berlin Heidelberg New York.

Molodensky, M., Eremeev, V., & Yurkina, M., 1962. Methods for study of the external gravitational
field and figure of theEarth, Transl. from Russian (1960), Israel Program for Scientific Translations.

Moritz, H., 1980. Geodetic Reference System 1980, Bull. Geod., 54, 395-405.
Moritz, H., 1989. Advanced physical geodesy, Karlsruhe: Wichmann, 1989.

NIMA, 2000. Department of defense world geodetic system 1984, Tech. Rep. NIMA TR8350.2, Third
Edition, January 2000.

Pick, M., Picha, J., & Vyskocil, V., 1973. Theory of the earth’s gravity field, Academia, Praha.

Sneeuw, N., 1994. Global spherical harmonic analysis by least-squares and numerical quadraturemethods
in historical perspective, Geophys. Jour. Intern., 118, 707-716.

Torge, W., 1991. Geodesy, Berlin; New York: de Gruyter, 1991.

eds Vanicek, P. & Christou, N. T., 1994. Geoid and its geophysical interpretation, CRC Press, Boca
Raton [et al.].

31



STR 09/02, Revised Edition Jan. 2013 Deutsches GeoForschungsZentrum GFZ

Vanicek, P. & Krakiwsky, E. J., 1982. Geodesy: The Concepts, North-Holland, Amsterdam [et al.].

Vanicek, P., Novak, P., & Martinec, Z., 2001. Geoid, topography, and the Boguer plate or shell, Jour.
Geod., 75(4), 210-215.

Vanicek, P., Tenzer, R., Sjoberg, L. E., Martinec, Z., & Featherstone, W. E., 2004. New views of the
spherical Bouguer gravity anomaly, Geophys. Jour. Intern., 159, 460-472.

Zidarov, D., 1990. Inverse gravimetric problem in geoprospecting and geodesy, Developments in solid
earth geophysics ; 19, Elsevier, Amsterdam [u.a.].

32






	Contents
	1 Introduction
	2 Definitions
	2.1 The Potential and the Geoid
	Figure 1
	2.2 The Height Anomaly
	Figure 2
	2.3 The Gravity Disturbance
	2.4 The Gravity Anomaly
	3 Approximation and Calculation
	3.1 The Geoid
	Figure 3
	3.2 The Height Anomaly
	3.3 The Difference: Geoid Height - Height Anomaly
	3.4 The Gravity Disturbance
	3.5 The Gravity Anomaly
	4 Calculation from Spherical Harmonics
	4.1 Spherical Harmonics and the Gravity Field
	Figure 4
	Table 1
	Figure 5
	4.2 The Geoid
	4.3 The Height Anomaly
	4.4 The Gravity Disturbance
	4.5 The Gravity Anomaly
	5 Practical calculations using the model EIGEN-6C2
	5.1 Geoid and Height Anomaly
	5.2 Gravity Disturbance and Gravity Anomaly
	Table 2
	Table 3
	Figure 6 - Figure 15
	References

