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Abstract We analyze a group of 6073 low-frequency earthquakes recorded during a week-long
temporary deployment of broadband seismometers at distances of less than 3 km from the crater at Mount
St. Helens in September of 2006. We estimate the seismic moment (M0) and spectral corner frequency (f0)
using a spectral ratio approach for events with a high signal-to-noise (SNR) ratio that have a cross-correlation
coefficient of 0.8 or greater with at least five other events. A cluster analysis of cross-correlation values
indicates that the group of 421 events meeting the SNR and cross-correlation criteria forms eight event
families that exhibit largely self-similar scaling. We estimate the M0 and f0 values of the 421 events and
calculate their static stress drop and scaled energy (ER∕M0) values. The estimated values suggest self-similar
scaling within families, as well as between five of eight families (i.e., M0 ∝ f−3

0 and ER∕M0 ∝ constant). We
speculate that differences in scaled energy values for the two families with variable scaling may result from
a lack of resolution in the velocity model. The observation of self-similar scaling is the first of its kind for such
a large group of low-frequency volcanic tectonic events occurring during a single active dome extrusion
eruption.

1. Introduction

One of the scientific highlights of the 2004–2008 eruption of Mount St. Helens (MSH) is that it was remark-
ably seismogenic, producing several million discrete earthquakes over the course of the eruption [Moran
et al., 2008a]. These earthquakes occurred in association with the continuous eruption of a series of essen-
tially solidified dacite lava spines [e.g., Scott et al., 2008; Vallance et al., 2008; Pallister et al., 2013], accompanied
by very low gas emission rates [Gerlach et al., 2008] and only a half-dozen small phreatic explosions [Moran
et al., 2008b]. Despite the low gas content and relative absence of explosive behavior, the vast majority
of these events were low frequency (LF) in nature, with dominant frequencies in the 1–5 Hz range [e.g.,
Harrington and Brodsky, 2007; Moran et al., 2008a; Waite et al., 2008; Matoza and Chouet, 2010]. Typically, LF
events at volcanoes are thought to indicate fluid involvement, either through resonance of fluid-filled cracks
or cavities [e.g., Aki et al., 1977; Chouet, 1996; Neuberg, 2000] or oscillations due to fluid-driven flow [e.g., Julian,
1994; Rust et al., 2008]. Certain attributes of the MSH LF events are consistent with these models, including
all-down first motions observed on some of the larger events [Waite et al., 2008; Moran et al., 2008a], moment
tensor inversions of several larger events that indicated primarily volumetric sources [Waite et al., 2008], and
the observation of infrasound pulses associated with a number of the LF events implying an implosive source
[Matoza et al., 2009]. However, the absence of appreciable gas content and explosions during the eruption,
the ample evidence for brittle deformation within the extruded dacite spines [e.g., Pallister et al., 2013], and
the approximately parallel relationship between event rate and extrusion rate [Iverson et al., 2006; Moran
et al., 2008a], provided rationale for scientists monitoring the eruption to also consider models that involved
stick-slip motion [e.g., Iverson et al., 2006; Harrington and Brodsky, 2007; Moran et al., 2008a; Thelen et al., 2008].
In such stick-slip models, the observed low frequencies and extended codas are explained either through
unusual source mechanisms such as slow rupture [e.g., Bean et al., 2014] or the scattering of higher-frequency
seismic waves and trapping of lower frequency waves in highly attenuating near-surface layers [Malone,
1983; Kedar et al., 1996; Goto, 1999; Goldstein and Chouet, 1994; Bean et al., 2008; Tuffen et al., 2008; Kennedy
et al., 2009].
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Figure 1. Station distribution and earthquake locations. Distribution of stations used in the analysis, and initial locations
of earthquakes occurring during the temporary broadband deployment from 4 September 2006 to 9 September 2006.
Yellow triangles indicate the 10 broadband stations used in the temporary deployment (Table 1). Blue triangles indicate
permanent stations operated by the Pacific Northwest Seismographic Network (PNSN). Note that PNSN stations also
operate at the same locations as the temporary stations installed at SEP, SUG, and YEL, but are not shown here, given
that we use the higher sample-rate data from the temporary stations only. Blue stations were used for earthquake
location only, as the SNR was not high enough for the earthquake spectral parameter estimation. Color scale indicates
the elevation in meters.

A significant reason for why LF event mechanisms are still somewhat controversial is that it is difficult to obtain
high-quality data recorded at stations close to the LF events [Foulger et al., 2004; Saccorotti et al., 2007]. In this
paper, we attempt to address the question of LF source mechanisms at MSH by analyzing a unique data set
recorded by the U.S. Geological Survey Cascades Volcano Observatory during a several week-long temporary
deployment of 10 broadband seismometers in August and September of 2006, in the midst of the 2004–2008
eruption. The seismometers, located at distances of 0.2–2 km from the 2004 to 2008 vent, were deployed in
part to improve location constraints and also to provide data useful for studying source mechanisms in greater
detail. During the deployment, these instruments recorded thousands of LF events. The approach we follow
in this paper is to examine the source scaling of these LF events, something that is not commonly done at
volcanoes. Galluzzo et al. [2009] suggest scale-invariant stress-drop values for earthquakes on Mount Vesuvius;
however, the number of events in their data set is observationally limited. A study by Bean et al. [2008] also
suggests constant stress-drop scaling for simulations of low-frequency earthquakes at Mount Etna, and an
additional study suggests similar scaling for a group of three volcanoes [Bean et al., 2014]. In this paper, we
will show observations of scale invariance based on the M0 − f0 and ER∕M0 − M0 scaling values obtained for
a set of 421 events with high signal-to-noise ratios recorded during the temporary deployment at MSH. Such
observations are the first of their kind for such a large number of volcanic seismic events from a single eruption
and are facilitated by the high-quality data collected during the temporary deployment.

We start the paper by describing the waveform data used in our analysis in section 2, followed by a descrip-
tion of the methods used to perform double-difference relocations of the earthquakes and estimate the
source spectral parameters (seismic moment and corner frequency) in section 3. Section 4 presents the
results of our earthquake relocation calculations and the spectral parameter estimations followed by a dis-
cussion in section 5 of the scaling between corner frequency and moment, as well as the implications for our
observations. Finally, we present our conclusions in section 6.

2. Data

The data used in this study originate from the period during a temporary deployment of 10 broadband seis-
mometers that the U.S. Geological Survey’s Cascades Volcano Observatory installed on the edifice of MSH
from 4 through 9 of September 2006 where the highest number of stations were operational (Figure 1). One
of the key aims of the deployment was to more precisely determine the location of the earthquakes associ-
ated with the dome extrusion. Five Guralp CMG-6TDs and five CMG-40Ts (paired with a RefTek RT130 digitizer)
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Table 1. Seismic Station and Location Information for the Temporary Deployment From 4 Through 9 of September a

Latitude Longitude Elevation Sampling Rate Number of

Station (∘N) (∘W) (m) (sps) Correlated Events

BRU 46.1996 122.1747 2405 200 17

EMD 46.1991 122.1872 2135 200 27608

NDM 46.2016 122.1901 2074 200 24579

NWD 46.2100 122.2043 2121 200 21

S03 46.1899 122.2032 2265 200 196

S04 46.1876 122.1766 2230 200 411

SEND 46.1936 122.1854 2296 200 1325

SEP 46.2003 122.1910 2085 200 18269

SUG 46.2152 122.1761 1866 200 0

YEL 46.2098 122.1892 1729 100 0
aThe stations listed in the table are those used for the source parameter analysis presented here, and are shown in

yellow in Figure 1. The last column indicates the number of event pairs of the initial 6073 events found to have a maximum
cross-correlation coefficient ≥ 0.8.

were installed at sites ranging from 0.2 to 2 km from the vent of the 2004–2008 eruption. All instruments had
flat impulse responses in the frequency band of 0.033 Hz to the Nyquist frequency. The stations recorded con-
tinuously, with nine of the 10 recording at 200 sps (station YEL recorded at 100 sps). Table 1 lists the station
locations and elevation information. Additional data come from permanent stations installed on the volcano
edifice for the event location estimations, detailed below in the earthquake locations section.

We handpicked 6073 waveforms recorded on all 10 stations during the 6 day period when nine out of 10
stations were operational. The five stations closest to the vent (SEN, NDM, SEP, EMD, and YEL) were the primary
stations that recorded the bulk of the picked waveforms at a high SNR. Station operation times varied over
the 6 day period. For example, station SEP was the only consistently operating station from 4 September
to 5 September. Stations EMD, NDM, and SEN recorded the events used in the analysis consistently from 6
September onward, with stations BRU, YEL, S03, S04, NWD, and SUG providing additional recordings for many
of the same events (Figure 2).

The main objectives of this study are to obtain precise relocations of the low-frequency earthquakes that
occurred during this 6 day time window to better pinpoint where in the crater they occurred, as well as
to accurately estimate their source spectral parameters. Specifically, we determine the long-period spectral

Figure 2. Station operation times during the temporary broadband deployment from 4 September 2006 to 9
September 2006. Stations EMD, NDM, and SEN recorded the events used in the analysis consistently from 6 September
onward, with stations BRU, YEL, S03, S04, NWD, and SUG providing additional recordings for many of the same events.
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Figure 3. (top) Representative example earthquake (Mw 1.9) recorded on station YEL (vertical component shown) on 9
September 2006. The red part of the trace in the shaded background indicates the window used for the spectral
calculation shown in Figure 3 (bottom), and the shaded area at the beginning of the trace shows the window used to
calculate the noise spectrum in Figure 3 (bottom). (bottom) The event spectrum (solid black line) along with a least
squares fit to a Brune spectral model (long dashed line in red) and the spectral confidence intervals (short dashed line)
with estimated corner frequency of 6 Hz indicated in the top right corner. The spectrum was calculating using a
multitaper method, and the errors shown indicate the 95% confidence interval calculated using a chi-squared approach.

amplitude (i.e., seismic moment) and the spectral corner frequency for the recorded events, and analyze their
scaling relationship. We then calculate the stress drop and the seismically observable radiated energy from
the values of seismic moment and corner frequency. Energy calculations vary widely, and are sensitive to
corrections for attenuation [e.g., Prejean and Ellsworth, 2001; Ide et al., 2003; Venkataraman et al., 2006]. The
strongly attenuating conditions in the volcanic edifice make correcting for nonsource-related effects a neces-
sity [Ide et al., 2003; Harrington and Brodsky, 2007; Bean et al., 2008]. In our case, the seismicity occurring during
the course of the deployment consisted of multiple event families sharing similar waveforms, suggesting that
many of the events were colocated. Using the waveform similarity to infer event colocation thereby enables
us to use spectral ratio methods to correct for travel path attenuation easily. For this reason, we select the
events for our analysis from the original set of 6073 earthquakes based on whether the cross-correlation coef-
ficient of one event with at least five other events exceeds a specified cutoff value of 0.8. We use the entire
waveform to calculate the cross-correlation coefficient values, which is usually 10 s in length for most events.

In addition to enforcing a cross-correlation coefficient cutoff, we impose a SNR requirement for the data. We
calculate the SNR by removing the instrument response and filtering the waveforms with a 4-pole, 2-pass
Butterworth band-pass filter between 0.5 and 100 Hz. We use a filter bandpass of 0.5 to 50 Hz for station YEL,
as it has a lower sample rate. We select time windows of 512 samples around the maximum amplitude of each
event to calculate the signal amplitude, starting 64 samples before the peak amplitude (Figure 3). The reason
for centering the window around the peak amplitude is that many earthquakes exhibit emergent arrivals,
making precise determination of the event onset time difficult. We select a time window of 128 samples before
the P wave onset time to calculate the noise window. (See Figure 3 for a representative earthquake waveform
along with its spectrum). The vector sum (V) of both the signal and noise spectra from the three components
is then calculated via

Vsignal(f ) =
√

X2
signal + Y2

signal + Z2
signal,

Vnoise(f ) =
√

X2
noise + Y2

noise + Z2
noise.

(1)
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We then calculate the power spectra following Snoke [1987] using V and the following equations,

Jsignal = 2∫
∞

0
[Vsignal(f )]2df ,

Jnoise = 2∫
∞

0
[Vnoise(f )]2df .

(2)

The SNR of the power spectra is given by

SNR = 20 log10(Jsignal∕Jnoise). (3)

We only use waveforms with SNR ≥ 20 in our analysis.

3. Methods
3.1. Earthquake Location and Magnitude Determination
The maximum moment magnitude value in our data set is Mw2.0, and many of the 6073 handpicked events are
too small to be located. Of the 421 events fulfilling the SNR and cross-correlation criteria, only 107 earthquakes
are large enough to record clear arrivals on at least six stations. We first compute starting locations using a
1-D velocity model [Thelen et al., 2008] and then perform double-difference earthquake relocations of the 107
initial event locations using a 3-D velocity model [Waite and Moran, 2009], recovering an additional 15 events
with relocated errors less than 500 m (horizontal and vertical errors). We term the 50 located (and 40 relocated)
earthquakes “benchmark” events, using their estimated magnitude values to calibrate the remaining events
using a spectral ratio technique that is detailed in the subsequent section. The following two sections describe
the initial location and the double-difference relocation procedures.
3.1.1. Initial Locations
We use the open-source program Hypoellipse to determine the hypocenters of local earthquakes and their
68% confidence ellipsoids via a weighted regression [Lahr, 1999]. The advantage of using Hypoellipse for
volcanic earthquakes is its ability to determine locations in areas of large topographic relief and to obtain
hypocentral depth solutions that are permitted to be above the station elevations. Figure 1 denotes temporary
and permanent stations from the Pacific Northwest Seismographic network in both yellow and blue triangles,
respectively. We pick the P wave arrivals on all available recordings for the 107 events on both temporary and
permanent stations (Figure 1), assigning a phase quality of 0–4 for each pick. Phase quality is defined by the
timing uncertainties given in Table S1 in the supporting information, and we only use arrivals with quality of
2 or better for computing event locations. The phase quality weight codes correspond to the uncertainties in
the phase arrival time and are listed in Table S1. Many of the events have emergent arrivals and often lack dis-
tinct S wave arrivals (Figure 3), but the expected similarity of P and S wave arrival times would likely obscure the
S wave arrivals for the majority of events. For example, the S-P phase arrival times should be ≤ 0.8 s assum-
ing a P wave velocity of 2.7 km/s and a Poissonian solid; therefore, we do not use S wave arrival picks in the
earthquake location procedure.

The emergent character of many waveforms may be the result of the highly attenuating properties of the
shallow volcanic edifice. The seismic record section of a representative event in Figure 4 demonstrates the
attenuation effects on a seismogram over the travel path. The waveforms recorded on stations closest to
the hypocenter show compact waveforms, while waveforms recorded on further stations show an apparent
extended duration resulting from dispersion. Similarly, the filtered seismic record section shows the same dis-
persion effects in the frequency band between 0.05 and 5 Hz (Figure S3). Note that the dispersion effects can
be recognized even for waveforms at stations with short hypocentral distances (< 5 km). The more compact
waveforms on stations closer to the source emphasizes that much of the extended apparent duration of the
volcanic events may result from travel path rather than source effects.

In addition to the station and phase arrival information, Hypoellipse requires a velocity model as input. We use
a merged velocity model consisting of the velocity profile provided in the appendix of Thelen et al. [2008] for
the top 1.1 km and the profile provided in Table 1 of Thelen et al. [2008] at greater depths. The profile provided
in the appendix results from a seismic experiment performed in 2005 aimed at improving the velocity model
at shallow depths (≤ 2 km) in the volcanic edifice. We tested the performance of the model in Table 1 of Thelen
et al. [2008] without any modification against the merged model and found that the locations were similar, but

HARRINGTON ET AL. SELF-SIMILAR RUPTURE AT MOUNT ST. HELENS 4970



Journal of Geophysical Research: Solid Earth 10.1002/2014JB011744

Figure 4. Example waveforms of a representative earthquake displayed in order of increasing distance of recording
station from the hypocenter. Compact waveforms recorded at closer distances demonstrate the strong attenuation and
dispersion effects along the travel path in the volcanic edifice. A filtered version of the record section is shown in
Figure S3. Event shown has ID 0936359 (Table S2).

that the locations using the merged model showed slightly less scatter. We therefore use the merged model
containing higher resolution in the shallower part of the edifice, given that most of the hypocentral depths
are above 500 m (Table 2). Figures 5 and 6 show initial benchmark locations of the 35 events with horizontal
location errors ≤ 1 km. Tables S2 and S3 in the supporting information list the locations, origin times, and
location errors for the benchmark events within the 68% confidence limits, as well as the number of phase
arrival picks used in the location calculation.
3.1.2. Double-Difference Relocations
The double-difference relocation program HypoDD uses initial earthquake locations together with cross cor-
relation between earthquakes recorded on individual stations to calculate travel time differences between
earthquakes with similar waveforms, which results in improved relative locations between events. It is an iter-
ative least squares procedure that relates residuals between the observed and predicted phase travel time
differences for pairs of earthquakes observed at common stations to changes in the vector connecting their
hypocenters [Waldhauser and Ellsworth, 2000]. The most current release of HypoDD is based on the version 1.0
developed by Waldhauser [2001], and it allows for the input of a 3-D velocity model, as well as station eleva-
tion information. We perform the relocation calculation of the initial 107 located events using the 3-D velocity
model of Waite and Moran [2009]. We initially retain all 107 events in an effort to increase the number of
benchmark locations beyond the original 35 events through possible reduction of errors following relocation.

Table 2. Velocity Model Used in This Study, Taken From Table 1 and the Appendix of Thelen et al. [2008]

P Wave Velocity (km/s) Depth (km) P/S Wave Velocity Ratio

2.66 0.0 1.79

3.48 0.5 1.78

4.3 0.8 1.78

5.12 1.1 1.78

6.0 3.9 1.78

6.2 6.5 1.73

6.6 10.5 1.73

6.8 18.5 1.73

7.1 34.5 1.73

7.8 43.5 1.73
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Figure 5. Original hypocenters (red) and double-difference relocations (green) using a centroid start location for
relocation. Stations from the temporary deployment in 2006 are shown in yellow, permanent PNSN stations are shown
in blue. Initial locations (red) have location errors of less than 1 km, and relocations (green) have location errors less than
500 m. All events and location uncertainties shown are listed in Tables S4 and S5. There are 35 initial locations, and 27
double-difference relocations, 15 of which are not included in the list initial locations with errors less than 1 km
(see text).

HypoDD allows for variation of many input parameters, such as minimum and maximum allowable earth-
quake source/recording station distance, the minimum allowable number of links between neighboring
events to be relocated, and the weighting between cross-correlation results. We found that after select-
ing reasonable distance cutoffs based on our station geometry, our results varied little when changing the
parameters controlling the number of iterations and the weighting for cross correlated and catalog travel
time differences. Figure 5 shows the earthquake relocation results (green dots) relative to the original cat-
alog locations (red dots) for a centroid initial starting location, and Figure S1 shows the 90% error ellipses
based on a random replacement bootstrap sampling approach. We replace the final residuals from the relo-
cated hypocenters by samples drawn with replacement from the observed residual distribution and relocate
all events with the bootstrap sample data, following the approach used by Waldhauser and Ellsworth [2000].
We repeat the procedure 200 times and calculate the error ellipses based on the distribution of locations from

Figure 6. Original hypocenters (red) and double-difference relocations (green) using catalog starting locations. Stations
from the temporary deployment in 2006 are shown in yellow, permanent PNSN stations are shown in blue. Initial
locations (red) have location errors of less than 1 km, and relocations (green) have location errors less than 500 m. All
events shown are listed in Tables S4 and S5. There are 35 initial locations, and 40 double-difference relocations, 15 of
which are not included in the list initial locations with errors less than 1 km (see text).
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the 200 relocation calculations. We weight stations EMD, NDM, RAFT, SEND, and S03 with unit weights due
to their significantly higher SNR quality, and weight all other stations at 50%. Relocation results are listed in
Tables S4 and S5 in the supporting information.

3.2. Spectral Parameter Estimation
The complex travel path of seismic waves in a volcanic edifice and the extent of damage in the host rock
can make intrinsic and travel path attenuation, as well as local site effects, in a volcanic environment more
pronounced than a typical tectonic setting, particularly at high frequencies [Lacruz et al., 2009; Petrosino et al.,
2002; Gudmundsson et al., 2004; Bean et al., 2008]. The small magnitude of events contained in our data set
implies that the frequency band of importance to the analysis is ≥1Hz, based on expected corner frequency
values for the magnitudes and seismic wave velocities considered [cf. Kwiatek et al., 2011, Figure 8]. In order to
check that we do not miss any low-frequency energy below 1 Hz, we initially check the displacement spectra
of the raw waveforms over the frequency range where the instrument response is flat (30 s–100 Hz). The event
waveforms all show flat displacement spectra up to the corner frequency, suggesting no additional energy in
the low frequencies.

The main goal of our analysis is to accurately estimate the seismic moment and spectral corner frequencies
of the group of low-frequency volcanic earthquakes in order to get the best possible estimates of source
parameters such as static stress drop and seismic energy radiated per unit size. Anderson [1986] suggests that
improperly correcting for seismic attenuation may lead to underestimation of spectral corner frequencies and
ultimately to poor estimations of source scaling. An accurate correction for attenuation is, therefore, necessary
for reliable corner frequency estimation. Spectral ratio methods are a powerful tool for correcting for atten-
uation and site effects when one has the advantage of having many colocated events with a range of sizes,
as is the case for our data set [e.g., Ide et al., 2003; Prieto et al., 2004; Abercrombie and Rice, 2005; Imanishi and
Ellsworth, 2006; Harrington and Brodsky, 2007; Baltay et al., 2011; Kwiatek et al., 2011, 2014].

Subjecting the initial set of 6073 events to the cross correlation and SNR criteria discussed previously leaves us
with 421 events for spectral ratio analysis. The cross-correlation criterion only requires that an earthquake has
similar waveforms to at least five other earthquakes, so we must first categorize the earthquakes into event
families. We perform a cluster analysis using cross-correlation coefficient as a measure of similarity between
events. We generate a dendrogram plot and organize 421 events into eight families, where each family con-
tains at least one benchmark event with a catalog magnitude. Using the locations of the benchmarks within
a family, we can infer the locations of the remaining events by assuming that the benchmark with which an
event shares the highest cross-correlation coefficient is collocated with the smaller, unlocated event.

Once we determine families, we use the spectral ratio approach to estimate the long-period spectral ampli-
tude and the corner frequency of all events. The method is largely based on those presented in Kwiatek et al.
[2014] and consists of two major stages that are performed separately for each family. In the first stage, we
estimate the seismic moment and corner frequency (M0, f0) of all seismic events using standard source param-
eter estimation methods to calculate the a priori values for input into the spectral ratio inversion. In the second
stage, the spectral ratio inversion refines the starting moment and corner frequency values using the stations
with the highest SNR waveform recordings: EMD, NDM, and SEND.

The source parameter estimation in the first stage consists of determining M0, f0, and quality factor Q0 of each
benchmark event using a standard fitting method [Kwiatek et al., 2011, 2014]. We assume that an individual
earthquake source can be described by a Brune’s spectral model [Brune, 1970, 1971] where the ground velocity
spectrum measured at a given station can be written as

u̇c(f ) =
⟨U𝜙𝜃⟩

4𝜋𝜌c3R

2𝜋fM0

1 + (f∕f0)2
exp

(
−𝜋Rf

cQc

)
. (4)

The variable 𝜌 = 2500 kg/m3 represents the rock density, c represents the seismic velocity (𝛼 or 𝛽 for P or S
waves, respectively), ⟨U𝜙𝜃⟩ represents the radiation pattern correction coefficient, and Qc is the path averaged
P or S wave quality factor [Boatwright, 1980; Abercrombie, 1995; Aki and Richards, 2002]. As the shear waves
likely comprise the highest amplitude signal in our seismograms, we assumed c = 𝛽 = 1500 m∕s and average
S wave radiation pattern correction coefficient ⟨U𝜙𝜃⟩ = 0.63 [Boore and Boatwright, 1984], and Qc ≈ Q𝛽 . We
invert for the M0, f0, and Q0 by optimizing the cost function ‖‖log(u̇(f )) − log(u̇obs(f ))‖‖L1

= min. [cf. Kwiatek
et al., 2011, 2014]. The optimization results in consistent attenuation estimates among all benchmark events,
with an average value of Q𝛽=15.
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Figure 7. Subset of 421 events satisfying the cross-correlation criterion imposed for the spectral ratio analysis (see text).
The figure shows the long-period spectral amplitude and corner frequency values, and demonstrates that the corner
frequencies are within the bandwidth of high SNR. Interestingly, we also get an idea of the constant stress-drop scaling
even before performing the spectral ratio inversion to obtain more accurate corner frequencies. The color code indicates
the clustering into event families based on cross-correlation values. Each family contains a benchmark (cataloged) event,
with the exception of family 1, so we have assumed that family 1 is located in the mean location of all other families.
Even without applying the spectral ratio technique to correct for attenuation, and assuming similar locations for family
1, the scaling of the long-period spectral amplitude with f0 suggests self-similarity. We do not indicate stress-drop
values, as we do not have robust locations and, therefore, have only poor constraints on seismic moment for family 1.

To obtain starting M0 and f0 values for nonlocated events, we first calculate the raw long-period spectral ampli-
tude Ω0 and corner frequency f0 values using ground velocity and ground displacement spectra following
Snoke’s method (see equations (3)–(11) in Snoke [1987]). Figure 7 shows the initial Ω0 and f0 values. The f0 val-
ues range from approximately 3–30Hz and lie well within the band of high SNR. Interestingly, in a rough sense,
the figure suggests that without any attenuation correction, the scaling between size and duration resem-
bles constant stress-drop scaling behavior (Ω0 ∝ f−3

0 ). We then correct the spectra for average attenuation
Q𝛽 estimated from benchmark events, resulting in higher f0 estimates. Finally, we estimate the starting value
of seismic moment M0 of each nonbenchmark event by using the standard relation M0 = 4𝜋𝜌𝛽3RΩ0∕⟨U𝜙𝜃⟩
assuming proximity to a benchmark with a known location and using the average radiation pattern coefficient
correction for S waves U𝜙𝜃 = 0.63 [Boore and Boatwright, 1984].

Once we calculate the input parameters (M0, f0), we proceed to the second stage of the method which uses
a spectral ratio inversion to refine the values for the nonbenchmark events. The spectral ratio technique
suppresses all nonsource-related effects from the earthquake waveform, such as instrument response, site
response, travel path effects, so that the spectral corner frequency can be more accurately estimated from
the earthquake source spectrum. To estimate source parameters from spectral ratio pair, the two events com-
prising the pair must have similar focal mechanisms and rupture complexity, and must be nearly colocated,
meaning that the source-receiver travel path must be nearly identical. The high cross-correlation coeffi-
cients of the pairs used in the inversion (≥ 0.8) suggest that the focal mechanism and location constraints
are satisfied.

The following is an analytical expression of the spectral ratio of two events i and j (where i ≠ j):

Ψij(f ) = u̇i(f )
u̇j(f )

=
Mi

0

[
1 + (f∕f j

0)
2
]

M j
0

[
1 + (f∕f i

0)2
] . (5)

If we then measure the spectral ratio (Ψijk) directly from the seismic data using the ground velocity spectra
measured at station k, we can compute the difference between the theoretical value and the measured value.
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Summing the differences over all events i, j, and all stations k in a given family A, we define the following cost
function:

𝜖
(

f0,M0

)
=
∑

k

∑
(i,j)∈A

wij
‖‖‖logΨij(f ) − logΨijk(f )‖‖‖L1

, (6)

where wij are weights equal to the cross-correlation value between each event pair. We use a Monte
Carlo-based Metropolis-Hastings Random Walk (MHRW) algorithm to estimate the M0 and f0 of nonbench-
mark events in order to evaluate probability density functions of their source parameters [Mosegaard and
Tarantola, 1995; Metropolis et al., 1953; Hastings, 1970].

The entire procedure works as follows: first, we calculate the cost function in equation (6) using the starting M0

and f0 values calculated in the first stage. We then slightly perturb the source parameters of nonbenchmark
events and recalculate the cost function. If the new value is smaller than the original value, the new model is
accepted. If the new value of the cost function is larger than the original, then the model is either accepted or
rejected with a predetermined probability. For example, the likelihood function L defined as

L
(

f0,M0

)
= exp

(
−
Δ𝜖

(
f0,M0

)
T

)
, (7)

where T is a constant referred to as temperature, and Δ𝜖
(

f0,M0

)
is a change in the cost function value in

one step of MHRW algorithm. If L exceeds a randomly drawn number ranging between 0 and 1, then the
new model is accepted according to the Metropolis rule [Hastings, 1970; Mosegaard and Tarantola, 1995].
The constant T determines the acceptance rate for cases where the error function of the new model exceeds
the error function of the previous model. We determine our T value by trial and error to correspond to a 50%
acceptance rate. The advantage of not rejecting all cases where the value L increases is that it prevents the
inversion from converging on a local minimum.

Initially, the cost function changes rapidly with each sampling as the source parameters converge on fixed val-
ues. We typically perform 100,000 sampling iterations in the (M0, f0) parameter space. We performed 500,000
iterations for family 3, which contains the largest number of events. Typically after approximately 20,000
iterations, the source parameters start to oscillate around fixed values. The collection of models obtained
after stability has been reached has a frequency distribution proportional to the a posteriori distribution in
the model space [Mosegaard and Tarantola, 1995]. Events for which the inversion reaches a stable solution
presents a Gaussian marginal probability distribution of model parameters in log10 space of (M0, f0), where
the values are assumed to contain statistically independent, random errors [Mosegaard and Tarantola, 1995].
We take the mean of the 2-D Gaussian marginal distributions as the final values for the estimation of M0 and
f0 for each event. We reject events having a skewed (i.e., non-Gaussian) distribution of model parameters as
unstable solutions.

4. Results
4.1. Earthquake Relocations
The relocation results vary when using catalog location values versus cluster centroid starting values. The pri-
mary reason for the difference is the close source station distances for some clusters and the requirement
that the cluster station distance be much greater than the distance between events. Figure 6 shows the same
relocations as shown in Figure 5 with all parameters identical except for the catalog starting values. Figure S2
shows the 90% error ellipses for the catalog starting values. Given that the double-difference relocation
method provides more accurate relative locations between events than it does accurate absolute locations,
we show the second set of locations for completeness. Based on the station configuration, the number of
events, and the resolution of the velocity model at shallow depths, it is difficult to constrain whether the clus-
ter of events in the southwest portion of the crater in Figure 6 is located there, or further to the Northwest,
as is depicted in Figure 5. The negligible differences between the moment values calculated using the initial
locations versus the relocations suggest that the differences in absolute locations have little bearing on the
source scaling results, which we discuss below. However, the higher number of relocated events with errors
less than 500 m with catalog starting locations relative to cluster centroid starting locations, 40 events versus
27, seems to suggest that the catalog starting position results are more accurate. One thing to note is that
even when considering the results obtained with catalog starting values as the favorable, it still places the
majority of the 421 events analyzed as occurring directly under the crater. Figures 5, 6, and 8 show that the
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Figure 8. Benchmark locations of relocated earthquakes (based on catalog starting positions) for event families with
source parameters estimated in the spectral ratio inversion (9. Color-coded symbols represent the families determined
by a cluster analysis of cross-correlation coefficients. Small symbols represent the individual benchmark earthquake
locations; larger symbols indicate the average benchmark location for each family.

largest family containing the majority of events, family 3, has benchmarks that locate near the vent, regardless
of starting value. The lower error values obtained using catalog starting values are the only metric with which
we can set a preference for the relocations shown in Figure 6. We therefore present the moment corner fre-
quency scaling and moment versus scaled energy figures based on the relocations calculated using catalog
starting values.

4.2. Earthquake Source Spectra
The scaling of M0 and f0 values obtained via the spectral ratio inversion follows lines of constant stress drop
within families, as well as between most families, excluding family 8 (Figure 9). We calculate lines of constant
stress drop using the expression for the static stress drop on a circular crack, namely,

Δ𝜎 = 7
16

M0

(
2𝜋f0

1.32𝛽

)3

, (8)

using a shear wave velocity of 𝛽 =1500 m∕s and the constant k = 1.32 relating the fault radius to the cor-
ner frequency [Eshelby, 1957; Madariaga, 1976]. The value of 𝛽 = 1500 m∕s results from the compressional
wave speed (𝛼) in the top layer of the volcanic edifice (see Table 2) and the assumption of a Poisson solid (i.e.,
𝛽 = 𝛼∕

√
3). The estimated shear speed in the edifice may be an overestimate for the shallowest layers, and

there is likely a significant degree of variability corresponding to variability in rock density. The discussion
below details, in fact, why the observation may be consistent with the value 𝛽 = 1500 m∕s being an over-
estimate. A comparison of the spectral ratio inversion results with our starting values of M0 and f0 measured
directly from the spectra shows that the estimated f0 values increase for the events with Mw < 1.5 as we would
expect once attenuation has been accounted for (Figure 7). The f0 values for the three events with the smallest
magnitude values in family 5 increase by a significant amount, corresponding to the highest stress-drop values
for all events (∼5 MPa). However, the stress-drop values for the three events should be considered with cau-
tion. We speculate that their estimated corner frequency values are the least reliable of the estimated f0 values
for all events, because they have the lowest cross-correlation values with their respective group of benchmark
events (values of 0.8), suggesting that the source-receiver paths are less similar relative to other event pairs.
The low cross-correlation values together with the high estimated f0 values suggest that the starting f0 values
could be a better estimation of the true values for the three outliers in family 5.

The M0-f0 scaling between families 2, 3, 5, 6, and 7 suggests constant stress-drop scaling, where M0 ∝ f−3
0

for the volcanic earthquakes occurring during the study period. Note that family 4 based on the initial
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Figure 9. M0 and f0 values estimated from the spectral ratio inversion of relocated earthquakes using catalog starting
locations. (Similar plots based on initial locations and centroid starting locations show negligible differences). Note that
events originally in family 4 were grouped with family 3 based on the stability of the spectral ratio inversion results with
the new benchmarks determined with hypocenter relocations. Color-coded symbols represent the families determined
by a cluster analysis of cross-correlation coefficients. Figure 7 shows the starting values for the inversion (shown as grey
dots connected to the new values with a line). Note that the events of Family 1 shown in Figure 7 have no benchmark
with which absolute M0 values could be estimated and are not included in the inversion. Dashed lines represent lines
of constant stress drop calculated using a shear wave velocity of 𝛽 = 1500 m/s (where 𝛽 = 𝛼∕

√
3 for the top layer in

Table 2) and c = 1.32, where c is the constant relating fault radius and f0 [Madariaga, 1976]. Lower f0 values for family 8
compared to the remaining families may result from a lack of resolution in the velocity model (see discussion in text).

benchmarks is grouped with family 3 based on the new set of benchmarks recovered with the earthquake
relocations. Static stress-drop values range between 0.1 and 1 MPa, excluding the three outliers in families
5 and 8, and are within the range of values observed for earthquakes in tectonic settings [e.g., Abercrombie,
1995; Prieto et al., 2004; Abercrombie and Rice, 2005; Shearer et al., 2006; Allmann and Shearer, 2007; Harrington
and Brodsky, 2009; Baltay et al., 2011; Kwiatek et al., 2011]. The stress-drop values for family 8 range between
0.02 and 0.1 MPa, and are smaller than the 0.1 MPa lower bound observed by other studies. The lower f0 and
stress-drop values in family 8 may actually be explained by spatial variations in the seismic velocities within
the volcanic edifice. Allmann and Shearer [2007] show that stress drop can be underestimated if seismic shear
wave velocities are overestimated, producing an apparent variation in stress drop that is not real for broad
areas where seismic velocity is erroneously assumed constant. If the earthquakes in family 8 occurred in rock
with locally lower seismic shear wave velocity, then the values in Figure 9 could be an underestimate. It is
also possible that the stress drops for family 8 are indeed lower, due to the earthquakes rupturing in very
soft/broken rocks at a lower rupture velocity [e.g., Bean et al., 2014]. The M0-f0 scaling within family 8 also does
not rule out self-similarity; however, the small range of magnitudes prohibits any conclusions about scaling.

5. Discussion

The constant stress-drop scaling observed for the earthquakes studied here strongly suggests that they are
finite-duration slip events on fault planes. As mentioned above, the moment values do not change signifi-
cantly when using centroid versus catalog starting values for the relocation, and the scaling persists regardless
of starting values. While moment tensor inversions in theory might provide valuable information on the
source mechanics of these events, the shallow depths and the volcanic setting in which events occur make
the data set particularly ill suited to such methods. Bean et al. [2008] show that the low velocities in the shallow
layers of a volcano coupled with the topography lead to spurious and unstable solutions of moment tensor
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inversions. Alternatively, one can show by theoretical considerations that the expected duration for a mode
II shear displacement on a crack will produce a moment and corner frequency scaling M0 ∝ f−3

0 for constant
stress drop [e.g., Ide et al., 2003]. Even if the displacement on the crack is more similar to mode I or III failure,
one would still expect to see a scaling relationship. If an alternative mechanism to fault slip better describes
the source process of these events, such as the coupling of turbulent fluid flow to the walls of a crack in an
elastic medium as the result of a pressure differential on two sides of a crack, then we would expect a distinct
lack of scaling between corner frequency (i.e., duration) and size (moment). In any model involving fluids as
the source of seismic waves, the duration of the event is dependent on the pressure difference on either side
of the crack, and there would be no specific dependence on size [Julian, 1994].

The earthquakes in our study occurred within the actively deforming volcanic dome, a highly heterogeneous
environment consisting of, among other materials, crystalline dacite spines, broken up spine material, rock
debris, gouge, ash, and glacier ice, all with varying material properties and seismic velocities [Herriott et al.,
2008; Vallance et al., 2008]. To assume a constant velocity within the top layer of the volcanic edifice is an
oversimplification; however, we are limited by the constraints of the highest resolution velocity model [Thelen
et al., 2008; Waite and Moran, 2009]. Some of the differences in estimated f0 and static stress-drop values may
therefore result from an erroneous assumption of a constant shear wave velocity within the upper layers,
rather than actual differences in the values themselves. The lower stress-drop values may indeed be real, but
there is no compelling evidence of any localized changes in lithology that would change rupture velocity
significantly, and thus stress drop, without seeing corresponding characteristic differences in the waveforms
between families. Furthermore, the spectral ratio versus corner frequency estimation before events are calcu-
lated suggests that stress-drop values in family 8 might not be that different (Figure 7). Therefore, variations in
rock textures in the crater that cause variations in seismic velocity as discussed above may offer a more simple
explanation for the varying stress-drop values.

One can understand the f0 dependence on seismic velocity values by considering the physical interpreta-
tion of the spectral corner frequency. What we measure when estimating the spectral corner frequency for a
given earthquake is the duration of rupture (𝜏), where f0 ∝ 1∕𝜏 [Madariaga, 1976; Beresnev, 2002; Kanamori
and Brodsky, 2004]. The rupture velocity (Vr) determines how long it takes for the rupture to travel the length
of the fault radius (r), and therefore also determines the rupture duration. Rupture velocity is limited by the
Rayleigh wave velocity for subshear rupture speeds, suggesting that rupture velocity is some fraction of the
shear wave speed. Although observations suggest a wide range of values, typical values for shallow earth-
quakes range from Vr ≈ (0.6–0.9)𝛽 [Freund, 1979; Imanishi et al., 2004; Kanamori and Brodsky, 2004; Yamada
et al., 2005a, 2005b; Tomic et al., 2006; Dreger et al., 2007]. Therefore, if f0 ∝ 1∕𝜏 and 𝜏 = r∕Vr , it follows that
f0 is proportional to the shear wave velocity, assuming that rise time is significantly shorter than rupture time
[Heaton, 1990]. Errors in estimating the shear wave velocities could then translate to systematic errors in the
corner frequency values. Considering the highly heterogeneous structure of the volcanic dome, it follows
that assuming a constant 𝛽 value for all earthquakes may lead to systematic errors in the observed f0 values
between families, depending on where the families occur.

Figure 8 shows that with the exception of family 3, all families with higher f0 values (families 2, 5, 6, and 7) have
average locations more tightly clustered together to the east of families 3 and 8. If family 8 occurs in more
damaged rock, then the 𝛽 values near their source regions would be lower than the constant 𝛽 value assumed,
and the f0 would also be lower than observed for other families. For example, assuming a value of𝛽 = 1500 m/s,
a Mw 0.5 earthquake with a static stress-drop value of 0.5 MPa would have a corner frequency value of 17 Hz;
the same earthquake would have a corner frequency value of 11 Hz assuming 𝛽 = 1000 m/s (equation (8)).
Such differences in 𝛽 would easily explain the differences in observed f0 values between family 3 and family
8. However, due to a lack of resolution in the velocity model and the errors in earthquake locations, we do
not try to draw any extensive conclusions regarding the relationship of f0 values and location. We merely use
the benchmark location map as a consistency check on the plausibility of the variation in f0 values for family
8 resulting from variations in the 𝛽 values throughout the dome.

The static stress-drop values calculated using the Brune model and the f0 values are also proportional to the
seismically radiated energy per unit moment, or the apparent stress, when multiplied by the shear modulus.
We refer to the energy-moment ratio as the scaled energy here (ER∕M0). One can obtain an analytical expres-
sion for the energy (or scaled energy) assuming an omega square source spectral model following Ide and
Beroza [2001] [Haskell, 1964, 1966; Aki, 1967]. Ide and Beroza [2001] show that radiated seismic energy values
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Figure 10. Seismically radiated energy per unit moment (scaled energy, ER∕M0) values estimated from the spectral ratio
inversion. The figure shows earthquakes relocated using catalog starting values but has negligible differences to
earthquakes using centroid starting values or the original locations. Color-coded symbols represent the families
determined by a cluster analysis of cross-correlation coefficients. Similar to Figure 9, events from families 2, 3, 5, 6, and 7
exhibit self-similar scaling with energy ratios ranging from 10−6 to 10−5. Scaling for the events in family 8 remains
ambiguous due to the small range of magnitudes. The difference in energy ratios between family 8 and the remaining
groups may result from a lack of resolution in the velocity model (see discussion in text).

are often underestimated due to spectral integration over a limited bandwidth. They suggest that radiated
energy may be better estimated by integrating the power spectral density of an omega square source spec-
tral model from zero to infinite frequency, given that the integral has a closed form. Following Ide and Beroza
[2001], the analytical expression for the radiated energy in terms of the moment and corner frequency is

ER = 𝜋2

5𝜌𝛽5
M2

0f 3
0 (9)

(see Appendix A for the derivation). A comparison of equations (8) and (9) indicates that ER∕M0 ∝ Δ𝜎. There-
fore, constant static stress-drop values for a given set of earthquakes also imply constant scaled energy values.
We calculate the scaled energy values presented here using equation (9). Equation (9) is independent of geo-
metrical spreading and attenuation, and is therefore appropriate for source time spectra. Figure 10 shows the
scaled energy values calculated using the M0 and f0 values in Figure 9. As one might infer from the lines of con-
stant stress drop shown in Figure 9, families 2, 3, 5, 6, and 7 exhibit self-similar scaling. Family 8 exhibits lower
scaled energy values, a direct result of the lower f0 values (equation (9)). Again, we speculate that the lower
energy values calculated for family 8 may result from a lack of resolution in the velocity model. Nevertheless,
the scaled energy values for the majority of the events (families 2, 3, 5, 6, and 7) remain constant for nearly 2
orders of magnitude and exhibit similar values to those observed for tectonic earthquakes [e.g., Abercrombie,
1995; Prieto et al., 2004; Abercrombie and Rice, 2005; Imanishi and Ellsworth, 2006].

6. Conclusions

In this paper, we have presented results from a relatively new approach (scaling analysis) to addressing
the question of the source process involved in producing the millions of LF events associated with the
MSH 2004–2008 eruption. We apply this approach to a unique data set recorded by 10 broadband stations
deployed for several weeks at distances of 0.2–2 km from the vent. Of the 6073 manually detected events,
we calculate double-difference relocations for 40 benchmark events that were recorded on at least six of the
temporary stations and that also had epicentral location errors of less than 1 km. The 40 benchmark events
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exhibited similar waveforms to an additional 381 earthquakes also with high signal-to-noise ratio recorded
on fewer than six stations, comprising a total of 421 events used in our study. Using a clustering algorithm,
we organize the 421 events into seven families and calculate the seismic moment and corner frequency val-
ues using a spectral ratio approach. The seismic moment and corner frequency values provide a size-duration
relationship with which we calculate the static stress drop, and the proportion of seismically radiated energy
per unit seismic moment, or scaled energy. Earthquakes from five of the seven families exhibit a relationship
of M0 ∝ f−3

0 and approximately constant scaled energy values for the volcanic earthquakes, which are sim-
ilar to scaling relationships observed for standard tectonic events. Earthquakes from the remaining families
do not have a wide enough range of magnitudes to draw conclusions about scaling but exhibit lower scaled
energy values compared to the other families. The lower scaled energy values might be an artifact of neglect-
ing velocity heterogeneities in the volcanic dome. The novel observation of self-similar scaling (i.e., M0 ∝ f−3

0 ,
or ER∕M0 ∝ constant) for a group of relocated LF events at a volcano is similar to that observed by Harrington
and Brodsky [2007] and is one of the first of its kind for such a large number of events from a single eruption,
due to the unique station coverage. The observations are facilitated by the dense azimuthal station coverage
with short source-receiver distances and suggest that some earthquakes in a volcanic environment behave
much like their tectonic counterparts, despite their unusual waveform characteristics.

Appendix A: Analytical Expression for Radiated Energy
Following Ide and Beroza [2001], we rederive the analytical expression for ER here leading to the expression
for radiated energy given in equation (9). Equation (1) of Ide and Beroza, 2001 is the expression for a velocity
spectrum measured at a given station based on a Brune spectral model

̂̇u(f ) =
Ω0f

[1 + (f∕f0)2]
=

M0

4𝜋𝜌r𝛽3

f
[1 + (f∕f0)2]

(A1)

with an assumed spectral falloff of n = 2. The value r represents the source station distance, 𝛽 represents the
shear wave speed, and 𝜌 the density.

Calculating the integrated velocity I assuming an ideal case of an unlimited bandwidth (i.e., integrating from
0 to infinite frequency),

I = ∫
∞

−∞
̂̇u2(𝜔)d𝜔 =

M2
0

2𝜌2𝛽6r2 ∫
∞

0

f 2

[1 + (f∕f0)2]2
df (A2)

I =
M2

0

2𝜌2𝛽6r2
f 4
0

[
arctan(f∕f0)

2f0
− f

2(f 2
0 + f 2)

]||||||
∞

0

. (A3)

If we define F(f , f0) as follows,

F(f , f0) ≡ −f∕f0

1 + (f∕f0)2
+ arctan(f∕f0), (A4)

then

I =
M2

0

2𝜌2𝛽6r2
f 3
0 F(f , f0)

|||||
∞

0

=
M2

0

4𝜌2𝛽6r2
f 3
0 (
𝜋

2
+ 0), (A5)

I = 𝜋

8𝜌2𝛽6r2
M2

0f 3
0 . (A6)

The radiated seismic energy (ER) in terms of I is then given by

ER = ⟨U2
𝜃𝜙
⟩4𝜋𝜌𝛽r2I, (A7)

where ⟨U2
𝜃𝜙
⟩ = 2∕5 is the mean S wave radiation pattern over the focal sphere, 𝛽 is the S wave velocity, 𝜌 is the

rock density, r is the source-receiver distance, and I is a definite integral given by equation (A6) [Abercrombie,
1995; Boatwright and Fletcher, 1984; Aki and Richards, 2002].
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Substituting the expression in equation (A6) into equation (A7) leads to the analytical expression for radiated
energy in terms of moment and corner frequency given by equation (9)

ER = 𝜋2

5𝜌𝛽5
M2

0f 3
0 . (A8)
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