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Abstract

The laver propagator matrix for the response of an incompressible, layered linear-viscoelastic
sphere to an external load is derived in analvtical form. Its explicit dependence on the Laplace-
transform variable s allows us to determine the amplitudes of viscous modes analvtically. This
improves the numerical accuracy when computing the elastic and viscous amplitudes of the
response.

1. Introduction

The theory of the glacial-isostatic adjustment process belongs to the classical problems of solid
earth geophysics and has been developed over several decades. To make the forward and inverse
problems tractable, thie Earth is usually modelled as viscoelastic, self-gravitating, and spherically
svmmetric. Particular attention has been paid to an incompressible Maxwell viscoelastic solid.
since this is the simplest rheology that describes the short-time (elastic) and long-time (inviscid)
limits of the Earth’'s response correctly.

The literature dealing with the theory of viscoelastic gravitational relaxation of an incom-
pressible earth model is quite extensive. A short overview over the studies on incompressible
earth models completed during the last two decades could be as follows. Wu & Peltier (1982)
derived the analyvtical formulae for the response of a homogeneous. Maxwell sphere. Sabadini
et al. (1982) extended their study and introduced semi-analvtical solutions for the relaxation
of two-laver and three-layer models of the Earth. Spada et al. (1992) inverted the fundamental
matrix associated with field equations by a symbolic manipulation software and gave an ana-
Ivtical expression for the inverse of the fundamental matrix. Wolf (1984) and Amelung & Wolf
(1994) presented closed-form solutions for the viscoelastic relaxation of an earth model com-
posed of a viscoelastic mantle and an inviscid core or an elastic lithosphere. Wu (1990) analysed
gravitational-viscoelastic perturbations of two-layer spheres with arbitrary contrasts of density,
shear modulus and viscosity across the interfaces. Recently. Wu & Ni (1996) have provided
some analvtical solutions for the viscoelastic relaxation of two-layer, non-self-gravitating spheri-
cal earth models. The formulae derived by a svmbolic manipulation software and introduced in
the appendix show the complexity of the analytical solutions and/or the still imperfect algebraic
manipulation capability of today’s svmbolic manipulation software.

Despite these extensive theoretical investigations, the layer propagator matrix for a homoge-
neous, incompressible viscoelastic spherical layer has not been published vet. Wu & Ni (1996)
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suggested a probable explanation of this: "Even with the help of symibolic manipulation software.
general expressions for the analytical solutions of a two-layer self-gravitating earth are generally
too long to be analysed or reported.” In this paper. we partly refute this argument and express
analvtically the propagator matrix for a homogeneous self-gravitating incompressible viscoelas-
tic spherical layer. The layer propagator matrix is not very complicated in form, so that can be
used for a further analvsis of the elastic and viscous amplitudes.

2. Matrix of fundamental solutions

The response of a self-gravitating, viscoelastic earth model to the gravitational interaction with
a surface mass load is governed by the equation of momentum conservation, the equation of
mass conservation, Poisson’s equation and the constitutive equation. In the Laplace-transform
domain s, these field equations for a spherically symmetric body can be written in terms of a
set of six simultaneous first-order ordinary differential equations in the form (e.g., Peltier. 1974:
Cathles, 1975)

dY
— =AY
=AY . (1)

where the elements of the vector Y (r.s) = (U, V. Ty Tyn. O, ().)T are the spherical harmonic
coefficients of radial and tangential displacements, radial and tangential stresses. and perturba-
tions in gravitational potential and potential gradient, respectivelv. Here r denotes the geocentric
radial distance. 1) the co-latitude. n the angular degree. and A is a 6 x 6 matrix whose elements
depend on r and s. On the assumption of incompressibility, the matrix A reads
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with g(r) the unperturbed density, g(r) the unperturbed gravitational acceleration, G Newton’s
gravitational constant. and p(r.s) the s-dependent shear modulus. For the special case of
Maxwell viscoelasticity, it has the form (e.g., Cathles, 1975)

fleS

_ 3
S+ pe /v’ 3)
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where j1.(r) is the elastic shear modulus and v(r) is the viscosity.

The general solution to eqn.(1) can be expressed as a sum of six linearly independent funda-
niental solution vectors:

Y(r,s)=M(r,s)C(s) , (4)
where M (r, s) is the 6 x 6 matrix whose columns are the six fundamental solution vectors, and

C(s) is a 6 x 1 column vector of arbitrary constants. For a homogeneous spherical layver, the
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3. Layer propagator

Let the earth model be composed of N homogeneous incompressible spherical layers bounded
by spheres of radii r; = b < ry < ... <7y = a. In the kth (k > 2) layer, the relation between
Y (r.s) at inner boundary 74_; and outer boundary i can be written in the form (Gantmacher,
1959; Gilbert & Backus, 1966)

Y (r1,5) = P(rg, me-1,8)Y (141, 5) (11)

where the layer propagator matrix P(ry,Tx_1, s) is given in terms of matrices M and M ~1as
P(ry.ri1,8) = M(r, )M ™ g1, 8) . (12)
Making use of expressions (5) and (8) for M and M ™', respectively, P can be partitioned into

1
pe(s)

where the component matrices P("‘)(rk, Tk—1), 1 = 0, =1, are expressed in terms of the component
matrices of M and M~} as

P(ri,mi-1,8) = PO (re riy) + p(s) P (rg, 1) + PV (r, 1) (13)

P(O)(Tk,Tk_l) = M(O)(Tk)N(O)(T'k_l) + M(l)(Tk)N(_l)(Tk_l) s
PY(rg o) = MYr)NO(r ), (14)
P resy) = MO(rg)NCTY ()

The non-zero elements of P(i)('r;‘,, rk—1) are listed in Appendix A.
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4. Time-domain solution

According to Peltier (1985). Wolf (1985) and Wu(1990), the solution in the Laplace-transform
domain can be expressed in the time domain as follows:

Y (r.t)=YE(r)s(t) + ZY;'(I')GSJ'{ : (25)

where §(#) is the delta function. Y'*(r) is the elastic amplitude:

YE(r)= lim Y(r,s) . (26)
55— —DC
Y;(r) is the viscous amplitude spectrum and —s; the inverse relaxation time spectrum. The
inverse relaxation times —s; can be determined from the roots of the secular determinant
det T'(s) = 0. The viscous amplitudes Y;- (r) are obtained using the residue theorem:
. W(r,s;
YJ\ (7‘) — J ( ) ]) ’ (27)
_d—é [det T(S)]

§=3;

where simple roots s; are implied.

5. The s derivative of secular determinant

The analytical form of the layer propagator matrix allows us to compute the s derivative of the
secular determinant det T'(s) in eqn.(27) analvtically. We first have

d B 3. 9ldet T'(s)] dT;(s
E;[det T(S)] = Z aTij s

iJg=1

) N & TdTij(S) :
= > T"J'_—_ds , (28)

i.j=1

where T,Tj is the cofactor of Tj;. The problem of finding an analytical s derivative of the secular

determinant thus reduces to that of finding analytical s derivatives of the matrix elements T;;.

Taking into account eqn.(21), we can write
dT (s dL(a,b.s dZ (b, s

() = ( )Z(b,s) + L(a,b, s)g .

ds ds ds

(29)

The derivative in the first term on the right-hand side of eqn.(29) can be obtained by differ-
entiating eqn.(17) with respect to s:

dL(a,b, s) dP{ry,rn_
—— = —TAJ—QP(TN—L,TN—z)"'P(T2,71)+
P(ry_1,Tn-
+ P(TNaTN—l)% v 'P(T‘Q,T‘l) +
+
dP(rq, T
Pl ) P(rscy ) - SEC2T)
al AP (g, 1
= Z L(TN?TMS,)—“—kl)'L(rk—lvrlas) ) (30)
Pt ds






Pé:) = 2::-:1 [hn h—n—l] ;

Pe(?) = 4nGox [P()_hn-l] ’
PQ = 4nGaP?,
Py = w1,

The non-zero elements of the component matrix PV (ry, ;) are

PV = - PEY i=1,2,3,6
By r ‘2(;1511;)1()22: s - 2(2':;(1:4;)1()221 g
P = 5 +rf)-(12n ol e g
e _’;)'(‘2n = [(o+ DA™ + (n—2)h™"]
P5Y = aaP5 ] (37)
P5Y = 4nGa PV,
PV = 5 (2":':_“:)1()2:‘: o) [3h™+! + (n +3)h™7] -
- 3 (;:fn_—i;)l()zv:_; ) [(n - 2R+ (n+ l)h“"] ;
A = el - T Dy

PGV = oaPSY
PGV = anGaPy",

PSY = —aPSY, i=1,2,36.

The non-zero elements of the component matrix P(l)(rk,rk_l) are
- Sy - 2 d

Py = _2n (-;ﬁl?i(-';itjrz(:-lii;r:l 3) [h,n e h*n-a] m 2?2(:_ 11))811-:-?;‘1',._:) [hn—z a h"'*-I] ,
A = D (s i

v (23,n£n1_(;,),(: -;):)_1 [( —1)(n+1)A" 2+ (n?+3n - 1)h—n-1] , (38)
A= 21,5'(‘2: i)a)n._l o R A |

T Gn- %7(12;3 e [0+ 30 = DI 4 (= Dia+ DA™

2 2

i (2n ‘z';)((;:f L)Tk—l [h" f h—ﬂ—3] — (231(71—1)1()2151::)11'):_1 [h'n—2 - h_n_l] !

12



The unperturbed gravitational acceleration within the kth laver (ry_) < r < 7, k > 2) is given

by
irG
o(r) = = |or + Z Vi - (39)

In the central sphere (0 < 7 < r;), we have
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