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Modelling topographic effects in GOCE 
gravity gradients

1. Introduction
The basic observables of the satellite gravity
gradiometry mission GOCE (Gravity Field and
Steady-State Ocean Circulation Explorer) are
the second-order derivatives of the Earth’s gra-
vitational potential V (components of the sym-
metric Marussi tensor M). These gravity gra-
dients can be defined in a local north oriented
frame (LNOF) whose x-axis is pointing North, y-
axis towards West and z-axis upwards in geo-
centric radial direction:

Gravity gradients observed by GOCE contain
significant high- and mid-frequency compo-
nents resulting from the attraction of the topo-
graphic (and isostatic) masses of the Earth. The
existence of these signal components with
short- wavelength affects the further proces-
sing of GOCE observation data, e.g. in the fra-
mework of regional and global gravity field
modelling or the combination with terrestrial
gravity anomalies. In all of these applications
the harmonic downward continuation of the
observed gradients from satellite height to
mean sea level (MSL) can be seen as an ill-con-
ditioned process. In order to mitigate the insta-
bility of downward continuation, it is recom-
mended to smooth the gradients by applying
topographic and isostatic reductions (Wild-
Pfeiffer, 2007, 2008). In work package (WP)
150 of the REAL GOCE project the focus is laid
on the efficient numerical modelling and cal-
culation of topographic and isostatic effects in
the observed GOCE gravity gradients.

In this paper we will concentrate on modelling
topographic effects. In the first part we describe
how to model them and discuss the input data
and different modelling parameters. To quantify
the influence of these parameters se ve ral nume-
rical tests have been performed, which are pres-
ented and analyzed in the se cond part. Based
on these results we try to fi gure out the »best
fitting« modelling parameters for an efficient
calculation of topographic effects in the context
of the GOCE satellite mis sion.

2. Modelling topographic effects
The modelling of topographic effects in gravi-
ty gradients as observed by GOCE is based on
the numerical evaluation of functionals of
Newton’s integral extending over the domain
of the topographic masses which include the
masses of the continents as well as the ocean-
ic masses. In order to evaluate these kinds of
volume integrals, the geometry of the topo-
graphic boundary surface and the density
function inside the topographic masses must
be known. Due to the fact that the topography
is only known at discrete points (represented
by a digital terrain model (DTM) with a specific
grid resolution) it is not possible to evaluate
Newton’s integral directly over the entire
domain. Practical numerical computations rely
on a discretization and approximation of the
problem. The topographic masses are usually
decomposed into regular elementary bodies,
where their density is assumed to be constant.
Newton’s integral is then evaluated for each
particular body and the total effect is calcula-
ted by summation. For the decomposition,
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various geometric elementary bodies such as
tesseroids, prisms or point-masses can be used.
Tesseroids are bodies bounded by three pairs
of surfaces: A pair of concentric spheres (r1 =
const, r2 = const), a pair of meridional planes 
(l1 = const, �l2 = const) and a pair of coaxial cir-
cular cones defined by the parallels j1 = const,
�j2 = const (Fig. 1, cf. Heck and Seitz, 2007).
Tesseroids are well suited for the decomposition
if the topography of the Earth is represented by
a DTM which is usually given in geographical
coordinates. Based on Newton’s integral the
effect of a tesseroid on gravity gradients can
be determined by optimized, non-singular tes-
seroid formulas (cf. Grombein et al., 2010a):

In these formulas G denotes Newton’s gravita-
tional constant and ρ the constant density
value of the tesseroid. The Euclidean distance
between the computation point P(r, j, l) and
the running integration point Q(r’, j’, l’) 
is denoted by  . Since the respective volume
integrals for tesseroids cannot be solved analy-

tically, numerical methods have to be applied,
which will be described below.

3. Input data and modelling parameters
In Fig. 2 an overview of the required input data
and the parameters for the modelling of topo-
graphic effects is given. The most important
input data is global information about topo-
graphy and density. As mentioned above, pre-
cise models of Earth’s topography are available
through global high-resolution DTMs. Com par -
ed to this high-resolution topography informa-
tion, global density models only exist in a very
low resolution, like the Crust2.0 model of seis-
mic velocities and density (Bassin et al., 2000;
Tsoulis, 2004). Therefore, regarding density, as -
sump tions for the modelling of topographic
effects have to be made. If there is no further
information, topographic masses respectively
the particular tesseroids are usually modelled
with a standard density value of ρ = 2670 kg/m³,
which represents an average of rock density at
the Earth’s surface. Since this is only a very
rough approximation, it is better to use at least
combined topography/bathymetry models
such as SRTM30_PLUS (Becker et al., 2009),
allowing to model the ocean masses with a
corresponding density value, additionally.
Another class of DTMs, which will be used in
our research, are global topographic databases

Figure 1: Geometry of a tesseroid
(Kuhn, 2000)
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like DTM2006.0 (Pavlis et al., 2007), which
was developed for compiling the Earth Gra vi -
tation Model EGM2008, or the former JGP95E
(Lemoine et al., 1998). Beside topographic
heights and bathymetric depths these DTMs
also contain further details about ice thickness
and lake depths. Each grid element is classified
by six terrain types: (1) Dry Land Below MSL,
(2) Lake, (3) Oceanic Ice Shelf, (4) Ocean, (5)
Grounded Glacier, (6) Dry Land Above MSL.

A common way to take different density values
of terrain types into account is the concept of
rock-equivalent heights (Kuhn and Seitz, 2005;
Rummel et al., 1988). Based on the principle of
mass balance the DTM heights of different ter-
rain types are converted into rock-equivalent
heights with respect to a constant reference
density (e.g. ρ = 2670 kg/m³). Corres pon ding
formulas for a spherical approximation are ex -
plicitly given in Kuhn and Seitz (2005). The use
of this method allows a simple modelling of
different terrain types with only one density
value which also means that for each grid ele-
ment the effect of only one tesseroid has to be
calculated. The disadvantage of this approach
is that the geometry of the mass distribution
changes if the actual mass-density is strongly
different from the adopted constant density
value (Tsoulis and Kuhn, 2007). To avoid this
effect a rigorous, separate modelling of diffe-
rent terrain types in a vertical arrangement is
necessary. As a consequence, the computation

time for the whole calculation process is incre-
asing. Within our developed Rock-Water-Ice
method (RWI method) the database of the 
5' x 5' DTM2006.0 is used to compile a three
layer model, where each grid element consists
of a rock, water and ice proportion in vertical
direction. Consequently, for each grid element
the topographic masses are modelled by three
tesseroids with different heights of the respec-
tive top surface (hR, hW, hI) in relation to MSL
and consistent thickness (tR, tW, tI) and density 
va lues (ρR = 2760 kg/m³, ρW = 1000 kg/m³, 
ρl = 920 kg/m³), see Fig. 3.

Beside the topographic and density informa-
tion which define the geometry and mass of
the particular tesseroids, their spatial arrange-
ment has to be fixed. Even though the used tes-
seroid formulas are given in a spherical man ner,
these bodies can be set up on different refe-
rence surfaces approximating MSL. We can eit-
her arrange them on a spherical earth of con-
stant mean radius or, in a more realistic compo-
sition, on the surface of an ellipsoid of revolu-
tion. Through the different arrangement of the
topo graphy the distance between an arbitrary
computation point and the tesseroid bodies
changes and therefore affects the impact on
the gravity gradients.

When the tesseroids are defined in size and
fixed in space, we have to constitute, how to
evaluate the volume integrals of the tesseroid

Figure 2: Input data and modelling
parameters for the calculation of
topographic effects

Figure 3: Schematic 
repre sentation of the 
RWI method
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formulas. As mentioned above, there is no a na -
 lytical solution due to occurring elliptical inte-
grals. Therefore, another modelling parameter
is the calculation method used for solving
these volume integrals numerically with a spe-
cific approximation quality. A second-order
approximation has been developed at the
Geodetic Institute Karlsruhe and proposed by
Heck and Seitz (2007). This approach is based
on a Taylor series expansion of the integral ker-
nel and subsequent term-wise integration. It
can be seen as an extension of Mac Mil lan’s
approximation for the prism formulas (Mac -
Millan, 1930). While Heck and Seitz (2007) ori-
ginally consider the effect on the potential and
on gravity, in Wild-Pfeiffer (2007, 2008) this
approach is extended on gravity gradients. As
an alternative to Taylor series expansions,
Gauss-Legendre cubature (3D) has been inve-
stigated by Wild–Pfeiffer (2007, 2008). De pen -
ding on the number of used nodes Gauss-Le -
gendre cubature (3D) reaches a higher appro-
ximation quality than Taylor series expansion,
but on the other hand more computation time
is required. Since the effect of distant masses
on functionals of the gravitational potential
diminishes, for remote bodies a tesseroid can
also be approximated by a point-mass, which
concentrates the whole mass of the tesseroid
to its geometric centre. For a more detailed
description of the mentioned calculation pro-
cedures as well as the explicit numerical calcu-
lation formulas related to the presented opti-
mized tesseroid formulas see Grombein et al.
(2010a). It should be mentioned that the accu-
racy which is achievable with a specific calcu-
lation method also depends on the DTM reso-
lution and thus on the level of decomposition
of the topographic masses. 

4. Numerical Investigations
In order to quantify the impact of the discus-
sed parameters, several numerical tests have
been performed, where topographic effects in
gravity gradients were calculated on a grid in
the satellite height of GOCE. The computation
points are located on a GOCE-like circular orbit
with a geocentric radius r = R + h. The mean

earth radius is R = 6378.137 km and h = 254.9
km is the adopted altitude of GOCE. For the
analysis differences between any two options
were performed, where only one modelling
parameter was varied in order to avoid interfe-
ring effects. The differences in the gravity gra-
dients are plotted for the Vzz component and
are described by statistical parameters for all
components. In order to find an efficient me -
thod of calculation by analyzing the modelling
parameters, it is necessary to obtain a good ba -
lance between achievable accuracy and requi-
red computation time. In our application the
accuracy of the topographic effects should be
adjusted with the measuring accuracy of the
GOCE gravity gradients (1-2 mE). Therefore, an
adequate level of accuracy (LOA) seems to be
±10-2 mE. Remind that the absolute topogra-
phic effects in gravity gradients observed in the
satellite height of GOCE are in the range of
about ±8 E (Wild-Pfeiffer 2007, 2008).

Digital Terrain Model
Calculations with the 5' x 5' DTM2006.0 as
well as with the 5' x 5' JGP95E have been per-
formed. The differences in the gravity gra-
dients are in the range of -964 to 1319 mE
(Tab. 1) and therefore far beyond the defined
LOA. As can be seen in Fig. 4 the maximum
and minimum differences are located in
Antarctica and the northern part of Greenland,
i.e. in regions with large ice masses. On the
one hand, this discrepancy might be explained
with a mass displacement and melting of the
ice masses within the long time period bet-
ween the creation of the DTM2006.0 and the
JGP95E. On the other hand, when comparing
both DTMs it becomes apparent that in these
regions much more high-resolution input data
were included in the DTM2006.0. Since the
DTM2006.0 was generally generated by actual
data and especially by much more high-resolu-
tion sources this DTM will be preferred.
However, this comparison clearly illustrates
that the differences induced by different DTMs
can cause very large effects, and thus raises
the question which DTM reflects best the
»real« topography of the Earth.
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Density
The discussed density concepts of rock-equiva-
lent heights and the RWI method are compa-
red based on the information of the
DTM2006.0 database. Tab. 2 describes the sta-
tistics of the differences: The minimum is rea-
ched in the Vzz component and has a value of
-19 mE; the maximum can be found in the Vyz

component and amounts to 24 mE. The illu-
stration in Fig. 5 shows that the differences can
be classified according to the three areas: rock,
water and ice. In the case of the continental
rock areas the differences are zero due to the
fact that in both approaches the modelling is
the same. Although the density contrast bet-
ween rock and ice is the most extreme, the dif-
ferences for the ice areas are also relatively
small. The largest differences can be registered
in the case of water areas, especially at the
sites of deep ocean trenches or mid-ocean rid-
ges, like the Mid-Atlantic ridge. Therefore, the
mass displacement in the concept of rock-
equivalent heights is not only influenced by
large density contrasts between the constant

and actual density value, but also by the mag-
nitude of the condensed height itself. Since
the differences show that the resulting effects
also exceed the defined LOA, it is proposed to
use the more realistic but also more time con-
suming RWI method.

Mass arrangement
To investigate the impact of the mass arrange-
ment, tesseroids have been set up on a spheri-
cal earth of constant radius R = 6378.137 km
as well as on the surface of an ellipsoid of revo-
lution (GRS80; Moritz, 1980). In both cases the
GOCE orbit is still assumed circular. The diffe-
rences in the modelled topographic effects
between the spherical and ellipsoidal arrange-
ment of the topography are in a range of -268
to 336 mE (see Tab 3.). The minimum value is
reached in the Vxz component, the maximum
in the Vzz component. In general, the differen-
ces are minimum near the equator and increa-
se towards the polar regions (see Fig. 6). This
trend clearly illustrates that the differences ori-
ginate from the earth flattening which effects

Figure 4: Vzz differences:
Digital Terrain Model

Table 1: Statistics: Digital Terrain Model in [mE]
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Figure 5: Vzz differences:
Density

Table 2: Statistics: Density in [mE]

Figure 6: Vzz differences:
Mass arrangement

Table 3: Statistics: Mass arrangement in [mE]
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a mass displacement particularly in the polar
regions. In many applications spherical appro-
ximation yields sufficient results, but in this
study the differences reach an order of magni-
tude above the defined LOA. The ellipticity of
the reference surface cannot be neglected and
should be considered when modelling topo-
graphic effects in gravity gradients for a satel-
lite-mission like GOCE (cf. Grombein et al.,
2010b).

Calculation method
Finally, the use of different calculation methods
for the solution of the tesseroid formulas has
to be investigated. Previous investigations
(Grom bein et. al, 2010a) have already theore-
tically shown that the Gauss-Legendre cubatu-
re (3D) with 27 nodes in combination with a
DTM resolution of 5' x 5' will guarantee the de -
fined LOA, if the computation point P is situa-
ted in satellite height. In the numerical tests
performed in the present study with the use of
the 5' x 5' DTM2006.0 it was found that calcu -

lations with Taylor series expansions and Gauss-
 Legendre cubature (3D) with 8 as well as with
27 nodes provide the same results within the
defined LOA. The differences between the use
of Taylor series expansions and the much faster
point-mass approximation are shown in Fig. 7
and are described by the statistics in Tab. 4. It
can be realized that the differences are strong -
ly correlated with the topography. The mini-
mum values (about -0.7 mE) are reached over
large mountain ranges such as the Andes or
the Himalaya. The maximum values (about 0.8
mE) can be found at the continental bounda-
ries. Since the differences are an order of mag-
nitude above the defined LOA, the Taylor series
expansion cannot be replaced by the point-
mass approximation. 

To reduce the computation time it seems bene-
ficial to use a combination of the Taylor series
expansion and the point-mass approximation.
A common approach for a combination is to
divide the total integration area into a near

Figure 7: Vzz differences:
Calculation method

Table 4: Statistics: Calculation method in [mE]
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and far zone with respect to the spherical dis -
tance from the computation point. The near
zone of the computation point is then model-
led with the more accurate but slower Taylor
series expansion, while the diminishing in flu -
ence of the remote masses of the far zone are
modelled with the much faster point-mass ap -
proximation. To apply such an approach a va -
lue for the spherical distance Yc which defines
the boundary between the near and far zone
has to be fixed. In Fig. 8 the maximum (abso-
lute) difference that occurs in an arbitrary com-
putation point between the re sults of the Taylor
series expansion and the com bined approach is
plotted in relation to spherical distance values
in a logarithmic scale. The resulting curve shows
that the differences in crease almost exponenti-
ally when the spherical distance is decreasing.
In order to guarantee the LOA the spherical
distance should not be smaller than Yc = 11°.

5. Conclusions and Outlook
In this paper the modelling process of topo-
graphic effects in gravity gradients was descri-
bed and the handling of several modelling pa -
rameters was discussed. With the help of nu me -
rical tests the impact of these parameters on
gravity gradients could be quantified. In the
context of the GOCE satellite mission and rela-
ting to the measuring accuracy of the obser-

ved gradients suitable modelling parameters
have been proposed to get an efficient calcu-
lation method regarding computation time
and accuracy.

As input data the global topographic database
of the 5' x 5' DTM2006.0 is used for the des-
cription of the topographic surface as well as
for providing information about the density,
which is modelled with the RWI method. Ac -
cor ding to the DTM resolution the topographic
masses are decomposed into tesseroids which
are arranged on an ellipsoidal reference sur fa -
ce. For the numerical solution of the tesseroid
formulas the Taylor series expansion is used in
the near zone of the computation point whe-
reas in the far zone (beginning at a spherical
distance of Yc = 11°) a point-mass approxima-
tion is applied.

In the next step, the selected parameters will
be used to model topographic effects in real
GOCE observations of gravity gradients as well
as to determine the isostatic signal compo-
nents that were not discussed in this paper.
Furthermore, the degree of smoothing of the
gradients after applying the combined topo-
graphic-isostatic reductions will be investiga-
ted and compared to other possible smoothing
approaches.

Figure 8: Defining the near
and far zone
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