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Abstract

The geocenter motion describes the surface net-displateshthe entire solid Earth with respect
to the center of mass of the entire Earth including surfacesesm Therefore, it resembles an
integrative quantity of surface displacement and masstrdalition inside the Earth as well as
at its surface. Seasonal variations of this quantity arerstdod to originate mainly from mass
redistribution in the water cycle. In contrast, a seculandrof the geocenter motion is possible to
result also from the dynamics of the Earth’s interior. Onehamism inducing a secular geocen-
ter motion is the glacial-isostatic adjustment, descgttime deformation and mass redistribution
in the Earth’s interior due to glaciations during the Plaisine. Focusing on this contribution,
we compute the geocenter motion from the displacement aadtgipotential fields calculated
for a spherical, self-gravitating, incompressible ancce@atic Earth model loaded by the last
Pleistocene glacial cycle. We discuss the fluid-core appraton usually adopted and assess
the influence of a list of modelling parameters which are thpet+ and lower-mantle viscosity,
lithosphere thickness, and glaciation history. We find aeatobust geocenter motion with re-
spect to parameter variations, which is directed towardghgast Canada and shows velocities
that vary between 0.1 and 1 mm/yr depending on the adoptad-Eerdel and glaciation-history

parameterisations.
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1 Introduction

Due to increasing accuracy in determining the Earth-oai@m parameters, the geocenter (GC)
motion becomes more important. We define it here accordingléwitt (2003 as the motion
of the center of figure (CF), i.e. the ‘frame defined geomaliicas though the Earth’s surface
were covered by a uniform, infinitely dense array of poindgjainst the center of mass (CM) of
the entire Earth system including surface masses. Whehneagatiations of surface masses in
ocean, atmosphere, cryosphere and continental hydrologlyiloute the largest seasonal signal
(e.g.Chenet al., 1999 long term variations can also be explained by mass reuligtons in the
Earth’s interior.

The GC motion can be determined from combination of obsimalike DORIS and LAGEOS
(e.g.Bouille et al., 2000, using GRACE tracking dat&@nget al., 2009, VLBI or GPS. A prob-
lem of this combination of ground-based and satellite datheé unequal distribution of observa-
tion points at the Earth’s surface. As discusseBlgwitt (2003, a fiducial-free network displace-
ment of GPS-stations should be possible to use for geodynaonstraints, if all non-gravitational
forces contaminating the motion of the satellites would bewn Heflinet al., 1992). The sea-
sonal signal is determined rather accuratélgiiget al., 2003 Blewitt et al., 2001; Lavalléeeet al.,
2006 and its origin from the redistribution of surface massesriderstood Chenet al., 1999
Wu et al., 2006. The secular trend of the GC motion can also result from medistribution in
the Earth’s interior. As already suggested ®Gyeff-Lefftz (2000, one candidate is the glacial-
isostatic adjustment (GIA) which describes the adjustnudrthe Earth’s interior after the last
glacial cycle which terminated 8,000 yr before present.

Recently, Argus (2007 assessed the contribution of GIA to this motion to be nogdar
than 0.1 mm/yr. He considered the main effect of GIA on the G@ion to be the mass
change due to the uplift in Laurentide, determined this asotiam of the solid-Earth system

(CE) against the CM according ®lewitt et al. (2001) and got a velocity of 0.034 mm/yr for
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the Earth-model/glaciation-history combination VM2/IGE (Peltier, 2004). Determining the
GIA-induced GC motion from the global surface displacenfggit, Greff-Lefftz (2000 stud-
ied the dependence of GC motion on the viscosity contrasvdsst upper and lower mantle
and predicted values of up to 0.4 mm/yr, where she considired)laciation history ICE3G
(Tushingham & Peltigri991). Further more, applying a formal inversiowu et al. (2009 as-
sessed a value of 0.7 mm/yr for the contribution of GIA.

Based on the numerical technique Mfrtinec (2000, we revisit the calculation of the GC
motion for a viscoelastic non-rotating planet and predamtihiqueness conditions for determining
the GIA-induced deformation.

Furthermore, we discuss the influence of the fluid-core agmration, often applied in mod-
elling of GIA. This approximation considers the influencetlodé fluid core as a boundary con-
dition at the core-mantle boundary assuming the core ad-grseitating fluid persisting to re-
main in a hydrostatic stat€(ossley & Gubbins1975. The presented model is applied to Earth-
model/glaciation-history combinations, the influencefér- and upper-mantle viscosity on GC
motion is discussed and the influence of the chosen glacihtstory is shown.

The study is based on the solution strategy of solving thd &guations with a spectral finite
element method (SFEM) suggestedgirtinec(2000. There, the radial dependence of the fields
are solved by finite elements whereas the lateral dependersz up in spherical harmonics.
The time dependence of the viscous flow is solved directlizértime domain omitting the usually
considered normal mode theory in the Laplace domain & Peltier, 1982). Due to the chosen set
up of the system of equations and in addition to boundary itiond which resemble the loading
process, six unigueness conditions have to be specifieddér to prohibit a net translation, the
usual choice is to consider the CM or, alternatively, to abersthe CF to be invariant with respect
to the loading process. A second set of uniqueness conslisoelated to the rotation of the body.
Here we consider the ITRF convention of no surface net migt.g.Kreemeret al., 2006).

In this study, we aim at emphasizing a significant influenclwer-mantle viscosity on a GC
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motion. The Earth-model/glaciation-history combinatidi2/ICE-5G of Peltier (2004 results
in a GC motion of about 0.1 mm/yAtgus, 2007, which can partly be explained by a small
lower-mantle viscosity considered in VM2. Predictions lué t/,-term by GIA and comparison
to true polar wander suggest a significant viscosity contsasveen upper and lower mantle of
at least one order of magnitudeefmeerseret al., 1999. Furthermore Greff-Lefftz (2000 al-
ready showed that considering the glaciation history ICEB@&Ghingham & Peltierl991) and a

viscosity contrast of 10 between lower and upper mantle diegpthe GC motion to 0.5 mm/yr.

2 Theoretical background

Since the viscoelastic response of the Earth induced byagl@ading has a global feature, it is
convenient to treat it in spherical coordinates and pararzet field variables in terms of surface
spherical harmonics. Such a parameterization is usedidtance, irPeltier(1974), Wu & Peltier
(1982 andMartinec(2000. Here, we introduce the representation of the Euleriawitgt@onal-
potential incremenip”, and the displacement vectar, and refer taviartinec(2000) for paramer-
ization of other field variables. For a fixed timg; andu depending on co-latitude and longitude,

Q = (0, ), are expanded in a series of scalar and vector sphericabnérs) respectively:

oo m=j
¢ (r, Q) =) Ejn(r) Yim ()
j=0m=—j
oo m=j
u(r,) = Y [Ujm(r) SED(Q) + Vin(r) SEU(Q) + Wi (r) sﬂ(g)] ,
=0 m=—j

(1)

where0 < r < a with a the radius of the Earth and the radial distance. The quantities

A)

[F,U,V,W];,, represent the spectral components, afhg and S§ are the respective scalar

and vector spherical harmonics, see App. The summations spread over the angular degree

and azimuthal ordem. The potential is defined according to
V26" + 47 G div(pou) = 0. 2
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The representation @ andw in fully normalised spherical harmonics enables easy dtom

of the equations for GC motion by applying the formalismslinatl in the theory of angular
momentum Yarshalovichet al., 1988. We solve the field equations directly in the time domain
and do not apply any Love-number approach.

The degree-1 terms of the surface displaceniént, andV,,,, describe net translations relative
to the considered reference system. Among them, the cefifigure (CF) motion is of most
interest which describes the integral motion of the surfaseif it would be equally covered by
an infinite dense array of point8lewitt, 2003. In contrast, the degree-1 term of the surface
displacementii/,,,, describes a surface net rotation and is set to zero as ogeamgss condition.
The center-of-mass (CM) motion is defined by the first mométih@ mass redistribution of the
whole Earth Blewitt, 2003. The difference between CF and CM motions, the geocent€&) (G

motion, is of special interest due to its invariance wittpexg to the chosen reference frame.

2.1 Center-of-figure motion

In the dynamic modelling of the motions due a surface loadivg define a reference-state con-
figuration of the Earth and define a reference system desgrthie position of mass points in this
configuration. Here, the reference state describes thditrgquin state of a hydrostatically pre-
stressed Earth where the reference system coincides weitteférence configuration. Therefore,
CF and CM coincide with the origin of the reference systeme Vériation of CF with respect to
the origin of the reference system is defined by the net disph@nt of the surface. Considering
(Eq.1), this results in

1
= — d
Ut Ay udS

1 .
- H/ > | Uin 85+ Vim 8§+ Wi SO | a2
Qo

im

®3)

wheredV is the surface of the Earth at = 4 7 is the full solid angle.
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Solving the integral, the Cartesian components of this oncdire

1 2
ug = —=1/5— Re{Un1 +2Vi1},
2V 3w
W= 2 o+ 2vi) 4)
¢ 2V3rm

1 1
U = 5\ g(Ulo +2Vig) ,

wheree,, e, ande, are the Cartesian base vectors (see Agp.Here, one has to bear in mind
that only these linear combinations describe a surfacdatisment, whereas the remaining parts,

uw(Uy pm, Vim) — uct, describe a deformation.

2.2 Center-of-mass motion

The CM motion represents the motion of the first moment. DueViaxCullagh theorem
(Munk & Macdonald 1960, we define it here as the translation necessary to achievedh-
figuration where the degree-1 components of the gravitatipotential, »* in (Eq. 1) vanish.
Representing the displacement vector of the center of mags, in Cartesian coordinates, we

obtain as outlined in ApB.1

3 2 1 3
z = 2 ]2 Re{Fi} = —/—= Re{F
tm = 5o\ 35 e{F11} o \Var e{Fu1}

3 2 1 3
Yy o= - /= Im{F} = ——/— Im{F 5
u 290 3 m{ 11} % 9 m{ 11} ( )

3 1 1 3
Uy, = —5— 1/ 5=F10 = ——\/jFlo
290 V3w 2g0 V 7

whereg; is the surface gravity andl},, are the degree-1 components of the potential increment

#® due to internal- and surface-mass redistribution.
2.3 Geocenter motion
The difference of CF amd CM motions define the GC motion

Uge = Uef — Ucem (6)
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which is invariant to the chosen reference system accortinge assumption made at the be-

ginning of Sec2.1 By considering Eq.¢ and5, the Cartesian components of GC motion are

1 /2
1 /2

1 1
Uge = 3 \/3—7T(U10 +2Vio + 3 Fi0/g0) -
Figure 1 shows the pattern of GC motion induced by GIA. The horizontation is directed

towards Hudson Bay, the region of maximum glaciation dutimg last glacial cycle, causing
the largest horizontal motion in the equatorial region wigllirected to the north. The vertical

component is directed upward in the north and downward irstugh. Fig.1

3 Realizations of uniquenss condition

The field equations describing GIA induced deformationsiiregspecific uniqueness conditions
(Martineg 2000. We thus have a certain degree of freedom for choosing ttasditions. In the
following we discuss some possible uniqueness conditiarisamslation which we call realization

of GlA-induced deformation.

3.1 Center-of-mass realization

In this realization, we assume that the CM is fixed to the ezfee system for all time steps.
This means, all motions determined are expressed relati@wt. Considering in addition to the
volumetric density,p, the surface-mass load change,the first moment which we require to

vanish consists of two parts:
M, + M, = er5+/,oudV:0. (8)
v v

In this approximationg(r + w) ~ o r is assumed, which means that the displacement of the

surface mass is not consideredNfi, . This is acceptable because the displacement is rather smal
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in comparison to the Earth’s radius.
Considering material incompressibility, this integrahdze represented by the spectral compo-

nents of displacement and the spectral components of tdedgg,, for degree 1:

\ﬁ§f2m+wﬁ§LJWVHMMW+2WMﬂMT:m )

where p(r) is the density distribution in the reference state and thegial covers the Earth’s

interior.

3.2 Center-of-figure realization

In this realization, the integral over the surface dispiaeet has to vanish:

/ wdS = 0 (10)
v
Solving this integral, the condition is fullfilled if

Uim(a) + 2Vim(a) = 0 (11)

for all time steps.

3.3 Center-of-deformation realization

A further uniqueness condition is realised if only massgpamt inside the Earth’s body is consid-
ered, which is called the center of internal Earth, Gteyitt, 2003. Here, the integral over the
mass displacement inside the Earth has to vanish. This mealysM , in (Eq. 8) is considered

to vanish,

Mp:/pudV:O, (12)
v

which results in

\/g /R p(r) r? [Uim(r) + 2Vip(r)] dr = 0. (13)
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In this case, the CM and the CF maotions do not vanish.

Figure2 showsu.¢, ucm andu,, for the CE realization during the whole last glacial cyclee W
considered the LM+ model, which consists of a low viscousenppantlesyyn = 5 x 1020 Pa s,
and a high viscous lower mantle,\; = 1 x 10?2 Pa s. The advantage of this realization is, that we
are able to distinguish between the contribution of surfaeas changes, which are represented
by the CM motion and that due to the change of the Earth’s stegwesented by the CF motion. It
becomes evident that, after deglaciation, the compone@ibfs rather small which was already
discussed byArgus (2007). The contributions to the present time velocity of the GCioroare
presented in Tabl and show that the oceanic water redistribution following @IA-induced
changing geoid contributes less than 0.05 mm/yr (2nd rowaldte). Its direction points towards
the north Atlantic for the considered model. The predicted 1Gotion at present day is of the

order of 1 mm/yr and, therefore, should be considered innkat&s of the Earth’s surface.

3.4 Invariance of geocenter motion

The geocenter (GC) motion is a relative motion which is ifauatr against a coordinate trans-
formation. This invariance is proofed numerically by rumnithe same loading scenario in the
different realizations. We analyse the difference betweersurface velocity field in the CM and

CF realization considering the same loading scenario. Elaxity field
uge(2) = uM(Q) — u(Q) (14)

describes the geocenter motion. Hew&M is the surface velocity field determined in the CM
realization andsCY is the surface velocity field determined in the CF realizatiy applying (Eq.
1), respectively. This motion should be the same as the makidimed by applying (Eq7) in

any realization. Fig3 shows the differences which are, as expected, negligilile ne@spect to the
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motion itself. Fig. 3

September 2, 2009; 14:33



200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

Ref:
Geocenter motion due to GIA Version:
Page:

Volker Klemann,
Zdenék Martinec

3.5 Liquid-core approximation

In an often considered approximation, the solution domsirestricted to the viscoelastic litho-
sphere and mantle, and the core is considered as an inviguédeswith a uniform density, deter-
mined such that it gives the same gravity as the real Eartiné ¢

According toTromp & Mitrovica (1999, the interaction between core and mantle results in
a specified relation between the gravity potential at the-emantle boundary (CMB) and the
pressure perturbation due to the normal displacement cEB. Then, the solution domairy;,
can be restricted to the Earth’s crust and mantle, and thaeeimfle of the core is considered as
boundary condition.

To consider this approximation in the CM realization, (Bpis replaced by the respective first
moments of the surface mass, the mass displacements Iriside the first moment of the liquid

core:

The first moment of the liquid core motion is according to ABR

Mlq = \/_TCPC Z Ulm TC em> (16)

wherer¢ is the core radiusjc is the average core density; ,,, (r¢ ™) are the displacements above
the CMB ande,,, are the spherical contravariant base vectors.

In order to keep the reference gravity at the surfagehas to be the volume average of the
density stratification inside the core. This means that th@yancy force at the CMB, which is
determined frompc — p(rc™)] (u™ - e,), is systematically increased by 20 %, if we compare
pc = 10952 kg m~3, the density below the CMB inferred from PREMy¢~) = 9903 kg m—3,
and that above the CMBy(r¢T) = 5550 kg m=3.

The consequences for GIA should be small, but a systematiatis can be expected. We

analysed the effect on the displacement rates and gravétygehat present day by comparing a
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model with viscoelastic core structure, VVE, with a modelendthe core is included as a liquid-
core boundary condition, VLQ. For VVE, we considered a stadd/iscosity stratification LM+,
the ICE-5G glaciation history and, for the viscoelasticegahe PREM density structure. For
numerical reasons, we cannot model a purely Newtonian flagtessume the outer-core shear
modulus to be the same as the inner-core shear moduits = 7.036 x 10'° N/m?. Based on
the analysis of the free-core nutation, the inner-coreosig lies in betweeri0'? and10'” Pa s
Greff-Lefftz et al. (2000). Again for numerical reasons and for our main interest aittiluence

of the density contrast at the CMB, we assume the viscositiyarwhole core to be constant with
nc = 5x 10 Pas. The resulting Maxwell tim@oc/ 1 oc = 22 yr, is rather small and we expect
the deviation from an inviscid fluid to be negligible.

Figure4 shows the relative deviation between a model assuming aelesstic stratified core
and a model assuming a homogeneous fluid core, where thé@&ffeertical, horizontal and grav-
ity displacement rates at present time are plotted as famcti degree and order. The considered
realization of these models is the CF system. The relatiferdnce is calculated according to

A — B.
whereA;,,, Bj,, are the respective spectral amplitudes of the two models. g. 4Fi

For low degrees, the largest deviation of almost 5 % in theozrdisplacement rate appears at
the term(j,m) = (3,0). In contrast, the horizontal displacement rate shows iigekt deviation
at the term(4, 3). For higher degrees, the deviation is about 0.2 to 0.6 % witthér peaks of
more than 1 % deviation at the terrfs 6) and (9, 7). The differences at degree 1 are about 3 to
4 %.

In a further run, we verify that a low-viscous core mimics thehaviour of a fluid core. We
assume a viscoelastic homogeneous coremgte 5x 10! Pa s and the average densitypfand
compare the present day spectral rates with those of thelmodeith a fluid core approximation.

The analysis presented in Figshows that the fluid core approximation accounts for an erforig. 5
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less then 1 % for all spectral degrees and surface components
This enables us to use Figto determine the accuracy if a fluid core approximation, \wteer
homogeneous core density has to be assumed, replacesstiaalyli stratified core. The error of

the GIA induced geocenter motion determined with a fluid @meroximation is less than 5 %.

4 Influence of mantle viscosity

Now, the influence of material parameters in the Earth’siioteon the induced geocenter motion
is discussed. We concentrate on the upper- and lower-mastesity as well as the lithosphere
thickness and vary one parameter at a time keeping the athastant at the reference values of
90 km thick lithospheres x 10%° Pa s upper-mantle viscosity andx 10?2 Pa s lower-mantle

viscosity (e.gWolf et al., 2006. The loading model ICE-5G is considered unchanged foihall t

p29
1.1
12 of 36

model runs. Fig. 6

In the first experiment, we vary the lower-mantle viscosiggveens x 10 Pa s and 0% Pas.
This range is much wider than the expected average viscositlye lower mantle wich varies
between 0?! Pa s and 0% Pa s (e.gSteinberger & Holmg2008). The consideration of a broader
range of lower-mantle viscosity enables a better discassfathe physical behaviour. Figa
shows the variation of the geocenter motion with lower-reaniscosity, where, on the left, the
geographical position of the direction of the velocity \wwds plotted and, on the right, the absolute
rate as a function of lower mantle viscosity. 20! Pa s, we find a minimum value of about
0.1 mm/yr. A maximum value of 0.9 mm/yr is reached @t? Pa s. If the lower-mantle viscosity is
further increased, the velocity reduces and reaches armpasiiovalue of 0.5 mm/yr for viscosities
larger thanl0%® Pa s. This asymptote is placed at the geographical poiAN&E2 °W. For these
values of lower-mantle viscosities, the total viscous fleweanfined to the upper mantle and the
lower mantle behaves like an elastic continuum. In contasgte strongly varying amplitude of

the velocity vector by almost one order in magnitude, whidas aiready discussed Kreff-Lefftz
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(2000, the direction is rather stable and varies by 2000 km. Gayfrealistically small viscosity
values of less them0?° Pa s, the direction changes drastically. Here, we foundrangrof the
direction to the southern hemisphere (not shown).

The influence of upper mantle viscosity is discussed in thers& numerical experiment shown
in Fig. 6b, where the upper-mantle viscosity varies betwe@ Pa s and0?? Pa s. As a result,
the influence is smaller than for the lower-mantle viscosfgain, we find a first minimum at
2 x 10?2 Pa's at 0.6 mm/yr and a maximuméak 102° Pa s which resembles the reference value.
For higher viscosities, we observe a linear reduction withlogarithm of the viscosity, where at
10?2 Pa s a value of 0.5 mm/yr is reached. Concerning the diregtioations of the velocity, we
find a much smaller variability than for the lower-mantlecdsity at 65°N/69°W. With increasing
upper-mantle viscosity, we observe a slight movement of/éhecity vector to the East.

The smallest influence on the position and magnitude of thecirg shows the lithosphere
thickness (Fig6c) where almost no variation of the direction is observalblee absolute velocity
decreases linearly from 1.05 mm/yr at 50 km thickness to ti#Byr at 130 km thickness.

Summarising, we find, that due to the long spatial wavelenfthe degree-1 deformation, the
influence of lower-mantle viscosity is largest, whereasugiger-mantle viscosity and lithosphere
thickness are only of minor influence on the velocity magiétof the geocenter motion, and the
influence on the direction of the velocity is negligible. &ikise, lower-mantle viscosity larger
than10?3 Pa s shows a strong influence on the magnitude of velocityiytmoderate effect on

its direction.

5 Influence of glaciation history

A further factor influencing the glacially induced geocemtmtion is the history of the three main
ice sheets during the Pleistocene glaciations, which aneendide, Fennoscandia and Antarctica.

We use the reference visosity model, LM+, discussed in tlegipus section. The glaciation
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history ICE-5G will be rescaled by different weighting ottmdividual areas of glaciation.

We perform two tests. First, we keep the total mass of icetaohsbut vary the mass of one of
the main areas, Laurentia, Fennoscandia and Antarctitaebs fractionr = 0.85 and 1.15 in
steps of 5 %. To do this, the load thicknesses are multipl@dtyise withx, and the thicknesses

of all other areas are multiplied hy chosen such that the total ice mass is conserved:
MLaur + Mrest = Mtotal )

MIIJaur = 2 Mraur , (18)

Mtotal - wMLaur
Mrest
Figure7a shows the geocenter motion for variations in ice mass ofdrdia, Fennoscandia and  Fig.

= y=

Antarctica which is rather stable located north of Hudsomist The influence of Laurentia is
largest and varies between 0.75 and 1 mm/yr if the fractigryaries between 0.85 and 1.15.
The influence of Fennoscandia is smaller and that of Antad$i of opposite sign and of similar
magnitude like Laurentia. The opposite sign is due to thatlon of the ice sheet on the southern
hemisphere. Therefore, a larger rebound signal on the egutiemisphere reduces the geocenter
velocity, whereas the vector direction is less influenced.

In a second experiment (Figb), the total mass of the ice is not conserved when varying the
thicknesses of the individual areas of Pleistocene glaciaBut, the surface mass of ocean and
ice remains conserved by applying the sea-level equatiafi galculations (e.grarrell & Clark,
1976. Here, the direction varies much less for varyingf Laurentide due to the fact, that the
mass loss or gain of this dominating ice sheet is not digibto the remaining ice sheets.

In order to investigate the sensitivity to the considerettigition history we replace the Antarc-
tic glaciation part in in ICE-5G by the glaciation history0B) (lvins & James2005. To discuss
this feature, we also increase the range of load fractionG&r5G Antarctica from 0.5 to 2. For
the 1J05 scenario, we get a geocenter motion shifte@SL@ith a velocity of 0.75 mm/yr as in-
dicated by the yellow diamond in Figb. This value is similar to the scenario, where the load

fraction of Antarctica is increased by a factor of 1.5 or foe direction an increase of the load
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321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

Volker Klemann Ref. P29
g o Geocenter motion due to GIA Version: 1.1
Zdenék Martinec
Page: 15 of 36
by a factor of 2. This result is contradicting, because thgimam mass of 1J05 is by a factor of
2 smaller than the mass of ICE-5G. Considering the historgegflaciation (Fig8), it becomes
evident, that the uplift signal due to 1J0O5 is more pronodnaecause the melting terminated much
later in history and so, at present time the relaxation @®¢g much stronger than for ICE-5G.
So, the influence of the loading history is of same importawxthat of the viscosity structure. Fig.
Fig. 9

[
Repeating this study with the viscosity model VM2, which\skan average viscosity in the
lower mantle of2 x 10%! Pa s, we find a similar variability like for viscosity model I3MFig. 9).
The pattern are similar, but the absolute velocity is reduod.2 mm/yr and the velocity direction

is shifted to the south as exptected from Fag.

6 Conclusion

We discussed the influence of Earth and loading parametetbdaglacially induced geocenter
motion which is defined in accordance wittewitt (2003 as the motion of the center of figure
relative to the center of mass. We revisited the theorebeakground, which we had to refor-
mulate slightly for the solution method adopted and varifiedinerically the invariance of the
geocenter motion with respect to the chosen uniquenessticmsdn our numerical formulation.
The consideration of the fluid-core as a boundary condigsulting from the static approximation
was checked to be exceptable for the degree-1 componerg sothtions showing a systematic
deviation of less than 5 %.

The second focus was to assess the variability of the gesrcerdtion with respect to Earth-
model parameters. We showed that the lower-mantle vigcloag the strongest influence resulting
in a variation of the velocity amplitude of almost one ordemiagnitude which confirms the results
of Greff-Lefftz (2000. The influence of the upper-mantle viscosity and lithosphtickness
was comparable small. For all parameterizations, we fouradheer robust direction of the GIA-

induced geocenter motion pointing towards east of Hudsgn Ba
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The assumption that the glaciation history is of similar aripnce was investigated. We found
that by only weighting the areas of glaciation differenthg variability of the velocity is moderate
and largest for the Laurentide ice sheet.

A much stronger influence was found when changing the timéugwea of the deglaciation.
We showed that for the glaciation history 1J05 for Antaratithe geocenter motion is larger than
due to the Antarctic part of ICE-5G, because the former mslelvs later deglaciation, and thus
a stronger GIA signal at present time although its mass aglasial maximum is half of that for

ICE-5G.
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A Generalization of spherical harmonics

Due to the weak formulation of glacial-isostatic adjustinerthe theory ofMartinec(1999), the
spectral base functions follow the quantum mechanic nor, eutlined inVarshalovichet al.
(1989 [in the following abbreviated by Varsigect. (Eg.)]. Their main features are the normalisa-

tion, (Varsh. 5.1.3 (6)),

| YimYend® = 836 (19)
Qo

whered;;, is the Kronecker-delta, and the Condon-Shortley phasenimgshatY’; are real and,
for the conjugate complex holds, , (¥, ¢) = Yjm(J, —¢) = (=1)"Y; (9, p) (Varsh. 5.1.3
(11)).

The transformation from complex coefficients;,,, for the representation of a scalar field in
fully normalized spherical harmonics considered here,ieél Stokes’ coefficients,/;,, andS;,,,

widely used in geodesy (e.gleiskanen & Moritz 1967), follows according tdPec & Martinec

(1982
Ajo = VAT Cjpm
Aj = (=1)" V27 [Cjm — i Sjm) , m >0, (20)
Aj = (F1)mAS,, m>0.

The generalization of the scalar spherical harmonics to thextor forms followsMartinec

(2000 Eq. b3),

—1
S( ) = erY}'ma

im
S = VoY, (21)
S = (e, x VQ)Vjm .

jim

which slightly differ from the definitions in Varsh. 7.3.1)(6Conversion into the latter follows
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according to
(=1) _ o(=1)
(+1) 1 (+1)
Y., = —5;,.,
VG 2
Y0 = sl
JjG+1)

The advantage of (EQ.1) is that all three vector spherical harmonics transfornoetiog to

SY. = (1" [SWIr . u=-1,0,1, (23)

Cm Jm
and therefore the components, U, V', W, of (Eg.1) in the same way.

The covariant base vectors,,, © = {—1,0,1}, of these functions are defined like in Varsh.
1.1.3 (20), and the contravariant spherical coordinatésare transformed into Cartesian coordi-

nates according to

Yy = \_/—; (ac_1 + m+1) , (24)
z = .%'O .
B Proofs

In this appendix some derivations are presented.

B.1 Proofof EQ.5

The CM motion describes the shift of the coordinate systech slat the degree-1 component of

the gravitational potentiab = ¢g + ¢; vanishes in the shifted coordinate system. In other words,

the center-of-mass coincides with the origin of the shiftedrdinate system.

Proof. Representing the external gravitational potential by

60,0) = Y EE (2) Yim@) 25)

- r
jm
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and considering the continuity of the potential at the Eadhrface,

Fjey);t = lem(a_) ) (26)

the potential in a shifted coordinate system described byra pranslation(d, 2;), can be ex-

pressed by

1
¢(ra,82) ZFJm GJH —7 Yjm(Q2) , (27)

where, Varsh. 5.17.6 (36),

1 4w (251)!  d”
Y Q) =
7Q%—i—l ]m( 2) (2j)! j]z‘:o (2324_1) j1+1
1,])2=
J1—j2=j (28)
x Z ijlTnl Jj2mo Jl ml(Ql) sz mao (Qd) .
mi,ma

d is the amplitude of shift an, is the angle of shift. Rearranging EQ8and28, we find

7027§22 Z ‘/jlml j1m1 Q ) ) (29)

Jj1ma

where

Viim, = J1+1 \/ 2]2 —|— 1)! dh len;u Jama Yy ms (€2a) -
] m

]2 ]1]

(30)

The CM motion is determined by vanishiig,,,, . Sincej; = 1 andj, is non-negativej equals

Oor 1. Hence

\/ 2]2_|_1 pzcjmu —jma szz(Qd)

j21j

V1m1 — Z }ij
im

=Foo—¢ \/ dlzclmllmmm(ﬂd)

[4m  [2]
+ ZFlm 1 ﬁc%glooYOO(Qd)
m

dvarm
= Foo, 5 (S)™ N Yi oy (Q) + Fim,
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(31)

In the last expression, we replaced the Clebsch—Gordafiaents

m 5m —m
CP 1y = (—1) 1+1# (Varsh. 8.5.1 (1)), (32)
CiM oo = 6mym  (Varsh.8.5.1(2)), (33)

andYyo = 1/v4 . Inview of Eqs.31and the reference potential of the Eathy = 47 g a,
the conditionVy,,,, = 0 reads as

F1m1

47
= —d(—1)™Y1m, () , (34)
90 3

wherem; = 41,0, —1. Moreover considering the explicit forms &f ,,,, Varsh. 5.13.1 (2), the

contravariant spherical coordinates, Varsh. 1.1.3 (1f8)heCM motion have the form

1 . 1 /3 Fi_
ug_nll = —\/;d sinfe ™ = 5\/j =l )
™ 9o

3 Fo

1
0
U = d. cos SR (35)
1 ; 1 /3 F
ucnll:\/jdsinﬁezd’:— 2
2 2V 71 go
where the second equalities follow from the condition (B4). With F;_; = —Fj, and the

relation between the Cartesian and contravariant sphedcadinates (Eg24), the expressions

(Eq.5) are obtained.

B.2 Proof of Eqg. 16

The derivation for the first moment of a deformable, incorspitdle and homogeneous fluid fol-

lows Martinec & Hagedoorr§2005:

Proof. The first moment of the core is considered in the Eulerian dioraad is split into the

integral over the reference volume and the additional paettd the undulation of the CMB:

M, = / PPty rdv + / PP (t)rdV (36)
Vo V(t)—VO
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The second integral is approximated by a surface integ‘;z?g)_vo dV = [0 (n-u) dS, which
is correct in first order ofin? - u||. Considering material incompressibility” (t) = pc, n° = e,

andV? = V¢ we get

quz/ pcrdv+/ po (er-u)rdS . 37)
ve ove

The first term describes the momentum in the reference stdtesaero for a homogeneous fluid.

In the second term, we identify
(e, -u)r =r ZUijg»;nl) , (38)
jm

considerdS = rZ dQ and apply the solution onO Sﬁ? d§), Varsh. 7.3.12 (118), in order to

achieve Eql6. O
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Model Cartesian comp. (mm/yr) Geogr. components
Ug Uy Uy Lon. CE) Lat. CN) |u| (mmliyr)

CF 0.157472  -0.346818  0.840379 -65.5797 65.618 0.922668
CM 0.0242489 -0.0121181 0.03464(0826.5531 51.9549 0.0439868

GC 0.133173 -0.334511 0.805666 -68.2919 65.9205 0.882457

Table 1: Present day center-of-figure (CF) velocity, ceafanass (CM) velocity and geocenter

(GC) velocity in the CE realization.
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Figure 1: Surface-displacement velocities due to a casftéigure motion of 0.8 mm/yr towards

Hudson Bay.

Figure 2: Evolution of geocenter, center-of-figure and eenf-mass motion in the CE realization

as function of time before present (BP).

Figure 3: Difference in determining the geocenter motiomgighe velocity fields in the two
realizations by applying Ed.4, and calcuating directly from degree 1 by applying Eqln left
panel, colors indicate the vertical component and, in rgntel, colors indicate the horizontal
amplitude. The maximum deviation is0.0013 mm/yr in the vertical velocity and.0002 mm/yr

in the horizontal amplitude.

Figure 4: Relative difference, of rates in vertical (black), horizontal (red), potenfialue) am-
plitude between model VVE and model VLQ. Abscissa is multiéx of(j, m). Associated Leg-
endre coefficients are denoted by numbers and vertical: links numbers from 1 to 10 denote
the respective Legendre degrégeThe order increases from = 0 to j starting at the vertical bar

to the left of the respectivg

Figure 5: Relative differencé, of rates between the model considering the core as a horaogen

viscoelastic continuum and model VLQ. For details see &ig.

Figure 6: Dependence of geocenter motion on earth-modahpeters: a) motion for different
lower-mantle viscosities, b) motion for different uppeatle viscosities, ¢) motion for different
lithosphere thicknesses. Left panels show the directioth@fvelocity vector projected on the

Earth’s surface and right panels show their amplitude, eetsgely.

September 2, 2009; 14:33

p29
1.1
26 of 36



Ref: p29

Volker Klemann, Geocenter motion due to GIA Version: 1.1
Zdenék Martinec
Page: 27 of 36

Figure 7: Dependence of geocenter motion on different lgadcenarios: a) motion for different
load fractions of ICE-5G where the total mass is conservieddiion for different load fractions
where the total mass is not conserved. Left and right pameldilke in Fig.6. In b), dashed
green denotes motions due to the extended variations oBIGEs 0.5 to 2 for Antarctica and the

yellow diamond indicates the geocenter motion where ICEb@ritarctica is replaced by 1J05

(Ivins & James2005.

Figure 8: Loading history for Antarctica due to 1J05 expeskas equivalent sea level and ice mass

relative to present-day ice coverage. Dashed line showarétit contribution due to ICE-5G.

Figure 9: Dependence of geocenter motion on different t@pdicenarios but for the viscosity

model VM2 with the lower mantle viscosity @ x 102! Pas. For details see Fig.
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