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S U M M A R Y
In this study, we analyse a regional data set composed by about 9000 waveforms from 231
earthquakes in the magnitude range from 3 to 6 and recorded in central Italy in the time period
2008–2013. We derive a seismological model whose source, attenuation and site parameters
are used to explain the ground motion variability associated with a set of ground motion
prediction equation (GMPE) calibrated ad hoc for both Fourier and acceleration response
spectra. The main results are the following: (1) the between-event residuals δBe show a clear
dependence on the stress drop for frequencies above 2 Hz; (2) the standard deviation τ of
δBe is strongly reduced (up to 80 per cent) by introducing in the functional form the stress
drop values estimated from each source spectrum; (3) the standard deviation τ depends on the
magnitude scale used to calibrate the GMPE: while the moment magnitude better describes
the source variability at low frequency, the local magnitude better capture the source-related
ground motion variability at frequencies larger than 2 Hz; (4) for frequencies higher than
10 Hz, the observed increase of τ with frequency correlate well with the attenuation parameter
ksource, computed from the high-frequency slope of the source spectra. Regarding the station-
to-station residuals δS2S, their frequency dependency is in good agreement with the site
amplifications extracted from the S-wave spectra. Finally, while the overall dependences of
the ground motion variability on seismological parameters are similar when observed either
in the Fourier or in the response spectra domains (e.g. the dependency of the between event on
stress drop), differences in the results suggest that the response spectra do not allow to fully
capture the ground motion variability, as well as the site amplifications, at high frequencies.

Key words: Earthquake ground motions; Earthquake source observations; Seismic attenua-
tion; Site effects.

1 I N T RO D U C T I O N

The prediction of the shaking generated by an earthquake at a given
locality, and its spatial variability, are fundamental targets for any
seismic hazard assessment. A wide spectrum of approaches to pre-
dict ground motion is available in the literature, ranging from em-
pirical equations to simulation modelling (Douglas & Aochi 2008).
Empirical ground motion prediction equations (GMPEs) are widely
adopted in moderate-to-strong seismicity regions, while numerical
simulations are generally performed in areas where strong-motion
data sets are poor. Among simulation methods, the stochastic ones
(Boore 2003; Motazedian & Atkinson 2005) are the most popu-
lar, reproducing the ground motion on the entire frequency-band
over a wide range of magnitude and distance. The key element of
the stochastic methods is the seismological model describing the

source scaling, the attenuation with distance and the site amplifi-
cations. The parameters defining the seismological models can be
empirically estimated, usually applying inversion or deconvolution
methods to regional data sets (e.g. Drouet et al. 2008; Allmann &
Shearer 2009; Baltay et al. 2011; Goertz-Allmann & Edwards 2014;
Oth & Kaiser 2014).

Hybrid methods, in which empirical and seismological ap-
proaches are combined, have been proposed with the aim of ex-
tending the range of applicability of empirical models. Typically,
these methods are developed for adjusting GMPEs from one region
(the Host, rich of strong-motion recordings) to use in another region
(the Target, lacking of data or located in a different tectonic envi-
ronment). Examples are the hybrid empirical approach (Campbell
2003), the hybrid referenced empirical approach (Atkinson 2008)
and their recent developments (e.g. Yeneir & Atkinson 2015a) where
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seismological models are used to develop the regional adjustments
for the GMPE median values.

Well-calibrated seismological models (functional forms and pa-
rameters) can be also exploited to explain the ground motion vari-
ability associated with the GMPEs. Whereas the link between the
seismological parameters and ground motion can be easily devel-
oped in the Fourier domain, engineering applications of predictive
models deal often with response spectra (SA). Similarities and dif-
ferences between Fourier amplitude spectra (FAS) and SA have
been discussed since the early development of the SA concepts, and
the impact of such differences on the host-to-target adjustments has
been recently revised (Bora et al. 2016).

The aim of this study is two-fold: first, to construct seismological
models for the area affected by the 2009 L’Aquila (Abruzzo region,
central Italy) seismic sequence and to use such models for interpret-
ing the different components of the aleatory variability associated
with a GMPE developed for the same area; second, to compare
the empirical models derived for Fourier with those derived for
SA, discussing their differences in terms of captured ground mo-
tion variability. To pursue such aims, this work is structured in two
parts: in the first part, entitled Seismological models, we refine the
spectral model derived by Pacor et al. (2016) using the Generalized
Inversion Technique (GIT; Andrews 1986; Castro et al. 1990; Oth
et al. 2008) to extract the source, propagation and site amplification
from the spectra of S-wave windows; in the second part, entitled
Ground motion prediction equations, empirical GMPEs are derived
both for the FAS and SA, and their residual distributions are evalu-
ated. Finally, the outcomes of the GIT inversion are used to interpret
the GMPE residuals in terms of seismological parameters.

2 DATA S E T

The data set used in this study is composed by about 9000 wave-
forms from 231 earthquakes recorded by 148 stations in central Italy
(Fig. 1), extracted from the data set analysed by Pacor et al. (2016)
(hereinafter referred to as PAC16) and enriched by temporary sta-
tions installed after the main shock (Mw 6.1, ML 5.9) of the 2009
L’Aquila sequence. The data set spans the time period from January
2008 to May 2013 and it is mostly populated with events of the
L’Aquila sequence, which struck the Abruzzo region on 2009 April
6 (e.g. Ameri et al. 2009). It includes both velocimetric and accelero-
metric signals recorded by temporary and permanent stations of the
National Seismic Network (RSN, Rete Sismica Nazionale) oper-
ated by INGV and by the national Accelerometric Network (RAN,
Rete Nazionale Accelerometrica) operated by the Italian Civil Pro-
tection Department (DPC). For each event, the local magnitude is
computed accordingly to Di Bona (2016) and the P- and S-wave on-
sets obtained by an automatic phase-picker (Spallarossa et al. 2016)
are used to relocate the hypocentres using the regional 1-D velocity
model reported in Valoroso et al. (2013). A final visual inspection is
applied to verify the automatic arrival times and to discard clipped
or distorted signals. The local magnitude varies in the range 2.9–5.9,
with the bulk of data between 3.0 and 3.5, and the hypocentral dis-
tances up to 120 km are considered (Fig. 1). Additional details about
the data distribution are provided in Supporting Information Fig. S1.
We analyse the geometrical mean of the two horizontal components
in the frequency range 0.4–25 Hz, selecting earthquakes recorded
by at least eight stations and stations with at least eight recordings.
The applied data processing is detailed in PAC16. Here, we briefly
summarize the procedure to compute and select the spectral ampli-
tudes. The velocimetric records are corrected for the instrumental
response and filtered over the band 0.05–40 Hz, whereas the strong

motion records are processed following the procedure proposed by
Paolucci et al. (2011) and detailed in Pacor et al. (2011). We analyse
time windows including mainly S-wave arrivals, starting 0.1 s be-
fore the estimated S-onset and ending when the cumulated energy
reaches a fraction of the total one. The applied energy thresholds
are distance-dependent: 90 per cent for distances R < 25 km; 80 per
cent in the distance range 25–70 km; 70 per cent for R > 50 km.
The minimum window length (Ts) is fixed to 4 s, the maximum is
about 20 s and the median value is about 6 s (the distribution of
Ts is shown in Supporting Information Fig. S1). To compute the
FAS, the extracted time-windows are tapered (5 per cent) and the
FAS smoothed using the Konno & Ohmachi (1998) algorithm with
smoothing parameter b set equal to 40. Since the data set includes
windows with Ts< 5 s, for each record we consider spectral am-
plitudes at frequencies greater than 3/Ts. Furthermore, we select
amplitudes with signal-to-noise ratio (SNR) above 10 (with respect
to the spectra of the pre-event noise). Finally, only Fourier spectra
having at least 70 per cent of frequencies above the selected SNR
within the analysed frequency range are further considered for the
analysis.

3 S E I S M O L O G I C A L M O D E L S F O R
F O U R I E R A M P L I T U D E S P E C T R A

Following PAC16, we apply an inversion scheme to isolate the
source, attenuation and site contributions to the observed ground
motion. The inversion is performed in two steps: first, the three
terms are separated employing a non-parametric inversion ap-
proach; then, standard seismological models are used to parametrize
the source and attenuation functions obtained in the first step. Since
the parametrization is applied only in the second step, the charac-
teristics of the models chosen for describing each specific term are
not affecting the results obtained for the other terms.

3.1 Non-parametric GIT inversion

The non-parametric GIT approach is used in this study to isolate the
source, propagation and site contributions to the observed ground
motion (Parolai et al. 2001; Bindi et al. 2004; Bindi et al. 2009,
Pacor et al. 2016 for previous GIT applications in central Italy). For
each frequency f, the FAS of S-wave windows relevant to earthquake
i recorded at station j are expressed as:

Log
[
FASi j ( f )

] = Log [Sourcei ( f )]

+Log
[
Attenuation

(
Ri j , f

)]
+Log

[
Site j ( f )

]
, (1)

where Rij is the hypocentral distance. When model (1) is applied
simultaneously to several earthquakes recorded by a seismic net-
work, an overdetermined system of linear equations is obtained that
can be solved in a least squares sense (Paige & Saunders 1982). eq.
(1) combines three different terms which show mutual trade-offs.
In order to remove two unresolved degrees of freedom, additional
constraints have to be considered (e.g. Castro et al. 1990). The first
constraint is applied to the attenuation function by requiring that
it assumes a given value at a fixed reference distance. We set the
attenuation to 1 at the reference distance of 5 km (i.e. Attenua-
tion(5,f) = 1, irrespective of the frequency). The second constraint
is applied to the site term, selecting some stations as reference.
Although the trade-off between source and site is removed by this
constraint, amplification/attenuation characteristics common to all
reference stations may be transferred to the source (Oth et al. 2011),
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Figure 1. (a) Path coverage, station locations (triangles) and earthquake epicentres (circles) of Abruzzo data set. The focal mechanism of the 2009 L’Aquila
main shock (Mw 6.1) is indicated by its beach ball. Green triangles indicate stations mentioned in the text. (b) Local magnitude versus epicentral distance
scatter plot.

making critical the choice of the reference stations. We consider two
alternative site constraints defined by:

Reference condition A :
Nsta∑
j = 1

Log
[
Site j ( f )

] = 0 (2)

Reference condition B :
∑

j

Log
[
Site j ( f )

] = 0 for j ∈ � (3)

where � is the set of indexes corresponding to selected reference
stations and Nsta is the total number of selected stations. The am-
plification functions inferred adopting either eq. (2) or (3) may be
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different. The first case provides results relative to the average site
amplification of the whole network (which, depending on the char-
acteristics of recording sites, can be affected by significant amplifi-
cation effects) while, in the second case, the amplification functions
are relative to one or to a set of rock sites assumed to have, on
average, a flat site response. The site reference condition has little
effect on the attenuation term for well-balanced data sets (Oth et al.
2011) while the source and site amplification curves depend on the
chosen site reference condition. In the following GIT inversions, we
consider eq. (2) for computing the site terms to be compared with
GMPE results while eq. (3), which minimizes the bias on source
spectra related to site effects, is applied to assess the source pa-
rameters. As references sites, we select the same set considered by
PAC16, namely stations MNS, RM06, RM08 (Fig. 1).

3.2 Parametric models

The non-parametric functions obtained by solving eq. (1) are de-
scribed in terms of standard seismological models to infer the pa-
rameters relative to source and attenuation models. The revision
of PAC16 results is mainly motivated by the decision of applying
different parametric models, as well as to consider both the moment
and local magnitudes.

The attenuation functions are parametrized in terms of geometri-
cal spreading attenuation G(R), frequency-dependent quality factor
Q(f) and frequency-independent kappa (k) parameter as follows:

Attenuation ( f, R) =⎧⎪⎪⎨
⎪⎪⎩

G (R) exp

[
−π f (R − R0)

Qo f αvs

]
f or f ≤ f0

G (R) exp

{
−π

[
(R − R0)

Qo f αvs
f + χ (R) k ( f − f0)

]}
otherwise

(4)

where R0 is the reference distance used in the GIT inversion (i.e.
5 km in our application), and χ (R) is a cosine-taper function increas-
ing from 0 at 5 km to 1 at distances larger than 20 km (the tapering
is applied to preserve the constraint on distance, i.e. A(f,5)= 1). The
kappa (k) parameter, applied for frequencies larger than a thresh-
old frequency f0, allows us to account for a regional, frequency-
independent attenuation effect common to all ray paths. The fre-
quency f0, selected above the range spanned by the source corner
frequencies, is set to 10 Hz. Following PAC16, the geometrical
spreading is parametrized with a tri-linear piece-wise function (e.g.
Atkinson 2004; Malagnini et al. 2011), defined as

G (r ) =⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(r0

r

)n1

, for r ≤ 10 km( r0

10

)n1
(

10

r

)n2

, for r > 10 km and r ≤ 65 km( r0

10

)n1
(

10

65

)n2
(

65

r

)n3

, for r ≥ 65 km

(5)

where the hinge distances at 10 and 65 km are selected after perform-
ing preliminary trial and error regressions. The best least-squares
solution corresponds to [n1; n2; n3] = [1.05 ± 0.01; 1.76 ± 0.03;
0.68 ± 0.03], similar to the values obtained by PAC16. Then, by
inserting the obtained G(R) in eq. (4), the values of Q0, α, and k
are estimated through a least-square regression. The best fit model
is given by:

Q ( f ) = (239 ± 3) f (0.16±0.01) (6)

k = (0.0105 ± 0.0006) [s] , (7)

where the 95 per cent confidence intervals for the parameters are
indicated. The residuals between the non-parametric attenuation
values and the predictions from the parametric models defined by
eqs (5)–(7) are shown in Supporting Information Fig. S2. The pop-
ulation has zero mean and standard deviation equal to 0.09 in log10

units (panel a), indicating that on average the parametric mod-
els well describe the empirical attenuation curves, although dis-
tances larger than 90 km show some peculiar trends with frequency
(panel b).

The non-parametric source curves obtained solving eq. (1) with
reference condition B (eq. 3), are described in terms of the Brune
(1970) model, defined as:

Source ( f ) = �θϕ FV

4πρvs
3 R0

M0(2π f )2 1

1 +
(

f
fc

)2
(8)

where vs is the shear wave velocity, R0 is the reference distance; M0

denotes the seismic moment and fc is the corner frequency; �θϕ is
the average radiation pattern for S-waves, set to 0.55; V = 1/

√
2 is

the partition of S-wave energy into the two horizontal components;
F = 2 is the free-surface amplification and ρ = 2800 kg m−3 is
the density. Once eq. (8) is fit to the non-parametric spectral source
functions, the Brune stress drop is computed as (Keilis-Borok 1959;
Brune 1970)

�σ = 7M0

16r 3
, (9)

where the source radius r is given by

r = 2.34 · vs

2π fc
. (10)

The non-parametric source functions are shown in Fig. 2(a) and
(b), considering the reference condition A (eq. 2) and B (eq. 3). In
applying eq. (2), the average high frequency attenuation affecting
the stations of the network is transferred to the source, as confirmed
by comparing the average slope of the source spectra for the two
cases (Fig. 2c). The average slopes are 0.013 and 0.00 s (standard
deviation 0.010 s) for reference condition A and B, respectively.
To estimate the source parameters by fitting the Brune’s model,
the spectra obtained by performing the GIT inversion with the con-
straint given by eq. (3) are considered. The distribution of the corner
frequencies is shown in Supporting Information Fig. S3 while the
�σ estimated from the corner frequencies are shown in Fig. 3 as
function of local and moment magnitudes (see Supporting Infor-
mation Fig. S4 for a comparison between ML and Mw). Although
a detailed discussion on the source scaling is beyond the aim of
this work, we calibrate two parametric models for the stress drop as
function of magnitude and depth (e.g. Yeneir & Atkinson 2015a):
the first model considers local magnitude whereas the second one
adopts the moment magnitude. The best fit models are given by:

log [�σ (M L, h)]

=
{−1.6902 + 0.6097M L + γhl for M < 5

1.3585 + γhl otherwise
(11)

log [�σ (Mw, h)]

=

⎧⎪⎨
⎪⎩

0.3682 + γhw for M < 4.2

0.3682 + 1.1430 (Mw − 4.2) + γhw for 4.2 ≤ M < 5

1.2825 + γhw otherwise

(12)
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Figure 2. Non-parametric Fourier source spectra obtained by applying to
GIT the constraints given in eqs(2) (panel a) and (3) (panel b). The spectra
of few events with different magnitudes are shown in black. The distribu-
tions of the slopes of the high frequency spectral values (estimated starting
from 10 Hz) are shown in panel (c), considering the results of panels (a)
(transparent distribution) and (b) (black distribution).

where γ hl is a depth-dependent adjustment offset equal to −0.1198
for depths h shallower than 8 km, and equal to 0.1198 for h ≥ 8 km
when ML is considered; considering Mw, the depth-dependent ad-
justment is γ hw = ±0.14477. The model describing the stress
drop dependence on moment magnitude (eq. 12) shows an over-
all agreement with several evidences observed for other regions
such as California or Central East North America (CENA; Yener &

Figure 3. Models for stress drop �σ as function of local magnitude (a) and
moment magnitude (b). Events with hypocentral depth shallower than 8 km
are shown in black, those with deeper hypocentral depth in grey. The dashed
lines show the calibrated models for the two depth ranges (eqs 11 and 12).

Atkinson 2015a,b). For example, these models show an increase of
the stress drop with magnitude and saturate above a given magni-
tude threshold (see Supporting Information Fig. S5). The tendency
of stress drop to increase with depth is also captured by the models
derived for different regions. The models in eq. (11) and (12) are
used in the next sections for analysing the ground motion variability.

4 C O M PA R I S O N B E T W E E N F O U R I E R
A N D R E S P O N S E S P E C T R A

In this section, we apply the GIT approach to acceleration SA
(5 per cent damping), following the common practice in engineer-
ing seismology to develop GMPE describing the logarithm of SA as
sum of terms related to source, propagation and site. Indeed, since
the response spectrum is not a linear function of the input motion,
it is not straightforward that we can provide any seismological in-
terpretations to the GIT results for SA. The connection between the
response spectrum and the Fourier amplitude spectrum can be ex-
plained using the Random Vibration Theory (e.g. Bora et al. 2016
and references therein). As detailed in Bora et al. (2016), the re-
sponse spectrum can be computed, to a first approximation, as the
square root of the zeroth order moment of the oscillator response
(e.g. see Fig. 1 in Bora et al. 2016), that is:

SA( fosc, ξ ) ∼⎡
⎣2

∞∫
0

|Source( f )Attenuation( f )Site( f )Ioscillator( f ; fosc, ξ )|2df

⎤
⎦

1/2

,

(13)



Between-event and between-station variability 1097

Figure 4. Comparison between non-parametric attenuation curves derived
from FAS (grey) and SA (light red), for different frequencies. Attenuation
curves for FAS at f = 1, 8, 20 Hz are shown in black, attenuation curves for
SA at fosc = 1, 8, 20 Hz are shown in dark red.

where Ioscillator(f; fosc, ξ ) is the transfer function of a single degree
of freedom oscillator (SDOF) with resonance frequency fosc and
damping ξ . In comparing the results from FAS with SA, we should
therefore take into consideration the transfer function of the oscil-
lator and the integration as shown in eq. (13).

Fig. 4 shows the non-parametric attenuation curves obtained for
FAS and SA. The attenuation curves for SA span a narrower am-
plitude range than FAS. In particular, the attenuation for SA shows
little variation for frequencies fosc above 10 Hz and below 1 Hz,
approximately. This result can be explained using eq. (13) along

with the following considerations: (i) almost all the source corner
frequencies of the analysed earthquakes lie between 1 and 10 Hz
(Supporting Information Fig. S3); (ii) the ground motion at high
frequencies is attenuated by Q and k; (iii) the transfer function of
the SDOF is flat below the resonance frequency and it filters out
the signal at frequencies above the resonance. Therefore, when fosc

lies in the range 1–10 Hz (i.e. within the flat part of the input accel-
eration spectrum), the response of the SDOF is dominated by the
input motion for frequencies around fosc; when fosc is large enough
to correspond to frequencies attenuated by Q and k, the contribution
of the input at frequencies around fosc becomes negligible and the
response of the SDOF is mainly controlled by the integral in eq. (13)
over the flat response of the SDOF; for fosc low enough (i.e. below
the corner frequency of the earthquake), the response of the SDOF
has small acceleration (indeed, for small fosc, displacement response
of the SDOF would be more informative). It follows that SA does
not depend on fosc when fosc is large enough to coincide with the
frequency of harmonics strongly attenuated in the acceleration input
spectrum. This causes a saturation effect that is clearly visible in the
attenuation curves shown in Fig. 4. To better exemplify the compar-
ison between GIT results for FAS and SA, Fig. 5 shows the observed
spectra, the spectral attenuation curves and the site terms for a Mw

4.6 earthquake recorded at the stations highlighted in Fig. 1: AVZ
(hypocentral distance Rhypo = 40 km), MURB (Rhypo = 119 km),
and NRCA (Rhypo = 55 km). In panel (a), while FAS is affected
by the high frequency attenuation (anelastic attenuation and kappa
effects), SA is flat at high frequencies, and converges to the peak
ground acceleration recorded at each site. The extracted site terms
for FAS and SA (panel b) have similar shapes at short and interme-
diate frequencies, but they differ at high frequencies, where SA is

Figure 5. (a) Acceleration Fourier and response spectra (a), site amplification functions (b), attenuation functions (c) at stations AVZ (top), MURB (middle)
and NRCA (bottom) for an Mw = 4.6 earthquake. The hypocentral distance R of each station is provided in the right panel. Black lines are relative to FAS, red
lines to response spectra.
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Figure 6. Between-event residuals for Fourier amplitudes versus stress drop at 20 Hz (a and b) and 2 Hz (c and d) considering Mw (a and c) and ML (b and d)
as explanatory variable. The trend lines are shown in black along with their ±1 standard deviation (grey area).

controlled by the overall input spectra. Only at station NRCA, the
large amplification occurring at high frequencies allows to extend
the frequency range where the oscillator response is controlled by
frequencies around the resonance. Regarding the attenuation with
distance (panel c), the results for FAS and SA show similar trends at
low frequencies; at high frequencies, FAS attenuates faster than SA.
Since Rhypo is larger for station MURB than for stations AVZ and
NRCA, the high frequency attenuation is stronger for the MURB
recording and the crossing between FAS and SA occurs at lower
frequencies (about 15 Hz) with respect to the crossing for AVZ and
NRCA.

5 G RO U N D M O T I O N P R E D I C T I O N
E Q UAT I O N S

We develop a GMPE using the Abruzzo data set applying a random
effect approach (Abrahamson & Youngs 1992; Bates et al. 2015;
Kotha et al. 2016)

log (Y ) = e1 + e2 (M − Mref ) + e3log

(
Rhypo

Rref

)
+ e4

(
Rhypo − Rref

) + δBe + δS2S + δWS (14)

where Y is either the amplitude of the FAS at frequency f or the
SA at the frequency oscillator fosc; Mref is the reference magnitude

set equal to 4; Rref is the reference distance set equal to 5 km. The
GMPE is calibrated for both local (ML) and moment (Mw) magni-
tudes, and using the hypocentral distance Rhypo. eq. (14) contains
three random effects: δBe is the between-event distribution which
measures the systematic deviation from the median of each group of
recordings for the same event; δS2S is the between-station residual
distribution measuring the systematic deviation from the median
of the recordings relevant to the same station; δWS is the single-
station within-event residual (see Al Atik et al. 2010 for a complete
glossary of terms describing the components of the ground motion
variability in the framework of probabilistic seismic hazard assess-
ment). Since no site term is included in the median, the between
stations are expected to provide a non-parametric description of the
linear site effects. In this study, we focus on δBe and δS2S residuals
and on their connection with the seismological parameters derived
in the previous section.

Fig. 6 shows δBe as function of the stress drop �σ for two
frequencies, considering FAS. The between-event residuals show
a clear dependence on the stress drop at high frequencies; this
dependence is weaker, and the data are more scattered, for ML

(panel b) than for Mw (panel a). On the contrary, at low frequencies,
δBe is almost independent of �σ (panel d) except for low stress-
drop values (�σ < 1 MPa) in the model implementing Mw (panel
c). Similar results are obtained for SA, as shown in Supporting
Information Fig. S6.
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Figure 7. Frequency dependence of the standard deviation τ of the between-event residuals. Circles: results for ML; triangles: results for Mw. Red symbols:
nS-model, not including the stress drop �σ ; green symbols: eS-model, including the �σ estimated for each earthquake; blue symbols: mS-model, including
�σ computed through the empirical relationships in eqs (11) and (12); yellow: results for the GMPE using Mw but applying the mS-model calibrated over
ML (eq. 11). (a) Results for Fourier spectra considering Mw; (b) results for Fourier spectra (FAS) considering ML; (c) the FAS results for Mw using eq. (11) to
model �σ (blue triangles, the same as in panel a) are compared to those obtained using eq. (12) (yellow) and to the results obtained for ML in panel (b) (blue
circles); (d) results obtained for spectral acceleration (SA).

The trends shown in Fig. 6 highlight a close relationship between
stress drop and ground motion variabilities at high frequencies, as
expected by the classical source theory. Therefore, the regression is
repeated introducing the stress drop �σ in the functional forms

log (Y ) = e1 + e2 (M − Mref ) + e3log

(
Rhypo

Rref

)
+e4

(
Rhypo − Rref

) + e5log�σ + δBe + δS2S+ ∈ . (15)

Separate regressions are performed for Mw and ML. For each mag-
nitude scale, different models are developed: (i) eS-model, which
implements the empirical �σ values inferred by the GIT for each
earthquake; (ii) mS-model, which adopts the �σ values estimated
through the models given by eq. (11) and (12) for ML and Mw,
respectively. The regression not including the stress drop in the
functional form (eq. 14) is referred to as nS-model. Fig. 7 compares
the frequency dependence of τ for FAS and SA, considering the
different models described above: (i) GMPEs without stress drop
(nS-model, red symbols); (ii) GMPEs including stress drops esti-
mated by GIT (eS-model, green symbols); (iii) GMPEs including
stress drops modelled through eqs (11) and (12) (mS-model, blue
symbols). The between-event variability of FAS strongly reduces for
eS-model, both for Mw (panel a) and ML (panel b), in comparison to
model without �σ as explanatory variable (nS-model). For Mw, τ is

smaller than 0.1 up to 15 Hz, and the reduction at 10 Hz is of about
80 per cent (i.e. from 0.27 to 0.05). The results for ML (panel b) are
similar but the overall reduction is smaller than for Mw. τ decreases
at frequencies lower than about 2 Hz (where the Wood-Anderson
filters the data) and above 3 Hz, reaching a reduction of about 60
per cent at 10 Hz (i.e. from 0.17 to 0.07).

While introducing the empirical estimates of the stress drop in the
GMPEs allows us to quantify its impact on the overall variability, the
resulting model has a limited applicability for prediction purposes.
Therefore, the stress drop is introduced through regional models,
such those in eqs (11) and (12), connecting �σ to proxies like
magnitude and depth (see also Yener & Atkinson 2015a,b). For
mS-model (Fig. 7, blue symbols), τ decreases at high frequency
(>2 Hz) when Mw is considered (panel a) while there is a small
improvement for ML.

Finally, we test the impact of introducing the regional stress drop
model depending on ML (eq. 11) into the GMPE calibrated for Mw

(yellow symbols in panel c). It is worth noting that in this case both
Mw and ML appear as explanatory variables of the GMPE, providing
a connection with source characteristics over a wide frequency range
(Atkinson 1995; Atkinson & Hanks 1995). The comparison shown
in panel c of Fig. 8 confirms that τ of this hybrid model is the lowest,
combining the benefits of using Mw at low frequency and ML at high
frequency.
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Figure 8. δS2S (circles) and GIT amplifications (continuous lines) for FAS (a) and SA (b), considering three stations (red: AVZ; green: MURB; blue: NARCA).

The results for SA (Fig. 7d) depict similar trends, although τ

is generally smaller than for FAS. In particular, considering the
nS- and mS-models, τ shows a saturation effect starting from about
8 Hz, whereas the results for FAS show an almost linear trend with
the logarithm of frequency. These trends confirm that SA is less
effective in capturing the high-frequency variations in the input
ground motion than FAS.

The site amplification retrieved by the GIT inversion can be
compared to the between-station residuals, that is, δS2S. Fig. 8
exemplifies the comparison for three stations (i.e. AVZ, MURB, and
NRCA) which amplify the ground motion over different frequency
bands: AVZ (Avezzano) is installed within a large alluvial basin
about 40 km southern than L’Aquila, over about 180 m of sediments
with vs30 = 199 m s−1, and shows a fundamental frequency of
resonance at 0.75 Hz(ESM working group 2015); MURB (Monte
Urbino) is classified as soil category B accordingly to EC8 (i.e. vs30
in the range 360–800 m s−1) and it is installed on the crest of a gentle
topography, with a peak of amplification at 3 Hz; NRCA (Norcia),

also site class EC8-B, is installed in a narrow valley, at the base of a
steep hill, with a fundamental frequency of resonance at 7 Hz (ESM
working group 2015). Fig. 8 shows that there is a good agreement
between δS2S (circles) and GIT site amplifications, confirming that
δS2S can be used as empirical linear site amplifications. It is worth
noting that the GIT results for FAS and SA show differences mainly
in the high frequency range and in the overall amplification levels.

Finally, Fig. 9 compares the non-parametric attenuation curves
with the distance scaling of the GMPE considering the results for
1, 10 and 20 Hz (blue curves). As previously discussed (eq. 5),
the attenuation with distance can be described with a tri-linear
geometrical spreading model, with hinge distances at 10 and 65 km
(eq. 5). Since in the GMPE the coefficient for the log-distance term
is distance-independent (i.e. coefficient e4 in eqs 16 and 17), the
GMPE scaling is mainly controlled by the attenuations at interme-
diate distances, leading to an over-estimation of the attenuation
at short distances. The scaling with frequency is well captured
and for low-frequency (i.e. 1 Hz in Fig. 9), the positive values
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Figure 9. Comparison between GIT parametric attenuation curves for FAS
at 1, 10 and 20 Hz (black dashed) and distance scaling of the calibrated
GMPE (blue) for the same frequencies. The grey lines show the non-
parametric GIT attenuation curves for the whole set of analysed frequencies.

assumed by the coefficient for the linear attenuation with distance
(i.e. coefficient e5 in eq. 15) allows to capture the flattening of the
non-parametric curves for distances larger than 70 km.

6 D I S C U S S I O N

The between-event residuals (δBe) for the FAS show a clear depen-
dence on the Brune’s stress drop (�σ ) as computed from the corner
frequency and seismic moment of the source spectra (Fig. 6). The
impact of the stress drop variability over the between-event vari-
ability has been invoked and discussed in several publications. For
example, Youngs et al. (1995) suggested the reduction of the stress
drop variability with increasing magnitude as a possible explana-
tion for the reduction of the PGA between-event variability with
increasing magnitude. The variability of �σ for small magnitude
earthquakes has been also mentioned by Boore et al. (2014) as one of
the possible causes for the bump shown by the standard deviation τ

around 0.08 s. Bindi et al. (2007) highlighted a clear dependence of
δBe on �σ for the aftershocks of the 1999 Izmit sequence (Turkey).
The connection between �σ estimated from spectral analysis (i.e.
through the evaluation of the corner frequency and seismic mo-
ment) and δBe of PGA has been discussed by Cotton et al. (2013),
finding a significant discrepancy between the range of variability
expected from the source parameters and the variability implied by
the GMPE. Recently, Ameri et al. (personal communication) studied
the dependence of δBe on �σ for small earthquakes that occurred
in France and Switzerland, whereas Oth et al. (2015) performed a
similar analysis for a large data set of earthquakes occurred in Japan.
Both studies highlighted the importance of correctly accounting for
regional variability in the average stress drop when interpreting the
between-events dependency on this parameter.

While the between-event residuals show a dependence on the
stress-drop, their variability depends on the magnitude scale used
in the GMPE. Fig. 7 shows that for frequencies lower than 2 Hz, the
standard deviation τ of the between-event residuals for the GMPE
implementing Mw is smaller than using ML while above 2 Hz the op-
posite is true. Then, for the analysed data set, ML better captures the
source-related ground motion variability at intermediate frequen-
cies when small to moderate earthquakes are analysed, in agree-

ment with the results of Bindi et al. (2007) in northwestern Turkey.
Recently, Mereu (2017) showed that, under some assumptions about
the independence of the coda shape on the magnitude, ML is ap-
proximating the energy magnitude Me (Dineva & Mereu 2009).
The linear scaling between ML and Me has been also discussed by
Kanamori et al. (1993). This makes ML a good indicator for cap-
turing the differences in the high-frequency spectral content among
different earthquakes. On the other hand, the scaling between Mw

and Me depends on the scaling constant α of the seismic moment
Mo with the characteristic fault dimension L (i.e. Mo scales as Lα ,
with α = 3 for self-similar earthquakes). When the earthquakes in
the analysed region are characterized by different scaling constants
α, the Mw versus Me (or ML) relation spreads from a linear trend
to a linear cluster (Mereu 2017). In such a case, while the average
ratio between Mw and Me is expected to be close to one, Mw is
not describing the variability in the high frequency spectral content
(i.e. a linear cluster with a larger spread along the Me axis indicates
that a wide range of Me can be associated with similar Mw values).
We observe in Fig. 10 that the between-event variability correlates
well with the magnitude residual �M = Mw-ML (corrected for the
average difference �M ), which can be used as an indicator for the
difference between the size (i.e. controlled by the seismic moment)
and strength (i.e. controlled by the radiated energy) of the earth-
quakes (Di Giacomo & Bormann 2011). The correlation is stronger
at high frequency (20 Hz in Fig. 10); at lower frequencies (e.g.
2 Hz), although the between-event variability decreases, still the
largest negative δBe values are associated with the largest negative
�M residuals. The linear scaling between Mw and ML for a perfect
elastic medium has been also recently demonstrated theoretically
by Deichmann (2017), provided that the stress drop and the rup-
ture velocity do not vary systematically with seismic moment. The
author, also, has investigated the impact of the attenuation in the
medium, of the stress drop variability and of the influence of the
Wood-Anderson on the scaling between ML and Mw. Remarkably,
Deichmann has shown that the local magnitude is related to physical
properties of the earthquake source, in particular seismic moment,
stress drop and apparent rupture velocity, providing a theoretical
support for the results obtained in this study.

For typical prospective applications (e.g. for hazard studies), em-
pirical estimates of �σ computed for each earthquakes cannot be
included in the GMPE, since the stress drop of future earthquakes
cannot be predicted accurately. Recently, Yenier & Atkinson (2015a)
introduced a host-to-target approach where a GMPE calibrated over
numerical simulations performed in a region rich of data is applied
to a target region by empirically adjusting key model parameters.
For example, in their application to CENA, the authors assumed
that the stress parameter (acting on the source spectrum similarly
to the Brune’s stress drop), and the anelastic attenuation, may vary
regionally. Their generic GMPE can be therefore applied to CENA
by substituting the original models for the stress parameter and
anelastic attenuation with the regional ones (see Yenier & Atkin-
son 2015a,b, for details). While the application of the regionally
adjustable GMPE approach is beyond the aim of this study, we eval-
uated the impact on τ of introducing the stress drop in the GMPE.
While the empirical estimates of �σ obtained from each spectrum
allow to significantly reduce τ , using values assessed from a magni-
tude and depth dependent model has an impact on τ reduction only
for high frequency when Mw is used in the GMPE. When a stress
drop model depending on ML and depth is introduced in the GMPE
for Mw, the resulting model includes both Mw and ML as indepen-
dent variables. Atkinson & Hanks (1995) suggested of combining
Mw with a new magnitude scale, based on the high-frequency level
of the Fourier spectrum, to provide a complete description of the
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Figure 10. Between event residuals computed at 20 Hz (left) and 2 Hz (right) versus the magnitude difference �M = Mw −ML, corrected for the average
difference �M . The residuals are relevant to the GMPE calibrated for Mw without considering the stress drop (nS-model). The trend lines are shown in black
along with their ±1 standard deviation (grey area).

Figure 11. High frequency (20 Hz) dependency of the between-event on
ksource considering the eS-model (empirical stress drop estimates).

ground motion over the entire frequency range of engineering inter-
est. The reduction of the aleatory variability achieved in this study
by merging Mw and ML can therefore have a significant impact on
the seismic hazard assessment, as discussed by Atkinson (1995).

At frequencies higher than about 12 Hz, τ of GMPE including
empirical �σ values and considering either Mw or ML are almost
identical, suggesting that factors other than �σ contribute to the
high-frequency source-related variability of the ground motion. We
recall that, in this study, the stress drop is estimated from the corner
frequencies of the Brune’s model that better fits the non-parametric
source spectrum. Before performing the fit, the source spectra are
corrected for any high-frequency fall-off. The distribution of the
high frequency slope of the acceleration source spectrum, here-
inafter referred to as ksource, has been shown in Fig. 2. The average
ksource is zero, that is, on average the acceleration high-frequency
plateau is flat, but with a standard deviation of 0.01 s. This implies
that sources can slightly deviate from the condition of having a flat
high-frequency spectrum. Fig. 11 shows δBe at 20 Hz versus ksource

both for ML and Mw. Independently on the adopted magnitude scale,
δBe shows almost identical negative correlation with ksource and as-
sumes null value for ksource = 0. Therefore, near-source attenuation
effects could be controlling factors for the high frequency variabil-
ity. The role of near-source attenuation effect has been invoked by
Kilb et al. (2012) in explaining the kappa variability observed at

stations of the Anza network: they concluded that while ‘near-site
properties contribute to kappa values at a given station, the scatter
in these values results from a strong source-side contribution’ (Kilb
et al. 2012).

Finally, the results obtained for FAS and the SA are compared.
While it is natural to compare the source parameters and the source-
related ground motion variability in the Fourier domain, typical
GMPE applications in engineering seismology consider SA. Our
results show that the general trends observed in the Fourier domain
(e.g. the between-event dependence on stress drop, or the agreement
between δS2S and site amplifications) are also observed for the SA.
Anyway, as expected from their definition, the SA do not allow to
full capture the variability of the ground motion, in particular at
high frequencies. For example, δBe for the SA GMPE is smaller
than for the Fourier GMPE, and almost flat at high frequencies;
δS2S for the SA are generally smoother than those for Fourier and
they can significantly differ at higher frequencies. These evidences
should be taken as a warning when one attempts to interpret the
different components defining either the median or the variability
of SA GMPEs in terms of seismological models.

7 C O N C LU S I O N S

In this study, seismological models extracted from S-wave spectra
recorded in Central Italy were used to interpret the residual distri-
butions computed for a local GMPEs. In particular, the dependence
of the between-event residuals δBe on stress drop �σ was anal-
ysed, considering alternative approaches for introducing �σ in the
functional form. The main achievements of this study are:

1) there is a clear dependence of δBe on �σ , in particular for
frequencies above about 2 Hz;

2) there is a clear dependence of the between-event variability
on the adopted magnitude scale: moment magnitude Mw better de-
scribes the source variability below 2 Hz, local magnitude above
2 Hz (for the analysed data set);

3) the introduction of empirical �σ estimate in the GMPE as
explanatory variable, strongly reduce the between event variability
τ ; when �σ is estimated from a regional model describing �σ as
function of magnitude and depth, the reduction is less significant;

4) above 10 Hz, the between-event variability τ correlates with
the attenuation parameter ksource, computed as the slope of the high-
frequency source spectral values;



Between-event and between-station variability 1103

5) the between event residuals δS2S agree well with the am-
plification functions assessed through the generalized inversion,
confirming the possibility to plug the empirical site effects ob-
tained from the non-parametric inversion in the GMPE used for
site-specific hazard studies.

Overall, the conclusions drawn from the analysis of the between-
event and between-station residuals in the FAS and SA domains are
similar, although the SA do not fully capture the high frequency
variability of ground motion and the site amplification details at
high frequency.
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Figure S1. Histograms of (a) local magnitudes, (b) hypocentral
distances, (c) hypocentral depths and (d) S-wave durations of the

considered recordings. Acceleration spectral amplitudes at 5.9 Hz
and 1 Hz are shown against distance (e)–(g) and magnitude (f)–(h)
for different magnitude and distance ranges, respectively.
Figure S2. Residuals of the parametric model describing the
frequency-dependent attenuation with distance (eqs 5–7). While
the overall uncategorized distribution is shown in panel (a), panel
(b) shows the residuals versus frequency, colour coded accordingly
to hypocentral distance. The red horizontal dashed lines indicate
the ± one standard deviation of the residual distribution (± 0.09 in
log10 units). It is worth noting that, since the attenuation model is
parametrized after splitting the source, propagation and site terms,
the choices and limitations of the used parameteric model do not
affect anyhow the source spectra.
Figure S3. Corner frequency versus moment magnitude obtained
for the best fit Brune’s models (eq. 8). Dashed lines indicate the
relationship implied by constant stress drop values from 0.1 to
100 MPa. The corner frequency ranges from 0.5 to 7 Hz, with
magnitudes larger than 4.5 showing higher stress drop values.
Figure S4. Local magnitude versus moment magnitude for the anal-
ysed data set. The best least-squares fit is described by the equation
ML = 1.08 Mw − 0.7, with a root mean square of residuals equal to
0.17. Since the moment and local magnitudes scale almost linearly,
the expected transition from slope 1 to 1.5 (e.g. Deichmann 2017)
probably occurs at magnitudes below 3 for the analysed data set.
Earthquakes with Mw > 4.8 show ML values larger than the median
of the best fit line, in agreement with an increase of the stress drop.
Figure S5. Comparison among regional stress drop models for
California (Yener & Atkinson 2015b), Central and Eastern North
America- CENA (Yener & Atkinson 2015a) and this study (eq. 12).
The different models agree on several features: for example, all
models show an increase of �σ with depth and with magnitude,
reaching constant values above given thresholds (at M = 5 for
CENA and this study, at M = 6 for California); although models for
California and CENA show a more gentle decrease with decreasing
magnitude, the values predicted by this study are encompassed
between those for shallow depths in California (5 km) and those
for large depths in CENA (≥10 km). Considering the large scatter
in the data distributions generating all the considered models, more
detailed comparison would lead to an over interpretation of the
results. Similar trends were observed also in other studies (e.g. Yoo
& Mayeda 2013; Drouet & Cotton 2015).
Figure S6. Between-event residuals for acceleration response spec-
tra SA versus stress drop at 20 Hz (a and b) and 2 Hz (c and d)
considering Mw (a and c) and ML (b and hd) as explanatory vari-
able. The trend lines are shown in black along with their ±1 standard
deviation (grey area).
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