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Abstract

Earthquake rates are driven by tectonic stress buildup, earthquake- induced stress
changes, and transient aseismic processes. Although the origin of the first two sources
is known, transient aseismic processes are more difficult to detect. However, the knowl-
edge of the associated changes of the earthquake activity is of great interest, because
it might help identify natural aseismic deformation patterns such as slow-slip events, as
well as the occurrence of induced seismicity related to human activities. For this goal, we
develop a Bayesian approach to identify change- points in seismicity data automatically.
Using the Bayes factor, we select a suitable model, estimate possible change-points, and
we additionally use a likelihood ratio test to calculate the significance of the change of the
intensity. The approach is extended to spatiotemporal data to detect the area in which
the changes occur. The method is first applied to synthetic data showing its capability
to detect real change-points. Finally, we apply this approach to observational data from

Oklahoma and observe statistical significant changes of seismicity in space and time.

Introduction

Natural seismicity is a nonstationary process with vari- ous kinds of transient behavior on
different spatiotemporal scales, for example, aftershocks, foreshocks, swarm activity, and
quiescence lasting from hours to decades. Man-made earthquakes, for example, arising
from fluid injection in geothermal areas or wastewater disposals (Ellsworth, 2013) have

similar statistical features, but on smaller spatial scales with transient boundary conditions.
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For example, the grow- ing amount of industrial projects related to the injection of fluids at
depth has led to the question, to which degree the seismic hazard changes at an injection
site. Figure 1 shows a clear increase of the earthquake number in Oklahoma at around
the year 2010. Several authors including Keranen et al. (2013), Langenbruch and Zoback
(2016), Walsh and Zoback (2015) and Weingarten et al. (2015) reported a correlation
between the injection volume and the observed increase of the seismicity.

In our study, we propose a Bayesian approach to detect transients in seismicity. Using
the Poisson assumption for the occurrence of earthquakes, we apply a method which was
first introduced by Raftery and Akman (1986) and further applied to earthquake data by
Gupta and Baker (2015), Montoya and Wang (2017) and Gupta and Baker (2017). We
go beyond these works and present an algorithm that allows the identification of multiple
change-points that occur in space and time. Moreover, we note that for observational
data, signals for change-points might be weak and difficult to distinguish from random
fluctuations. Therefore, we put special emphasis on the development of an appropriate
significance test and apply the concept of the Bayes factor for model selection.

Our model approach is based on the assumption that the earthquake occurrence follows
a piecewise homogeneous Poisson process (HPP) in time. In particular, the system is
assumed to suddenly change from one Poisson rate into another. Such transitions are
defined as change-points in time. This approach is then extended to space—time in a
straightforward way by subdividing the area into smaller segments of a specific size. For
every subarea, we obtain a time series contain- ing change-points or not. In both cases,

we first address the question which model is statistically preferable, for example, a model
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with or without a change-point. If a specific change- point model is preferred, we then
use an extended approach of Raftery and Akman (1986) to estimate the change-points
and calculate associated Bayesian credibility intervals at a given significance level (e.g.,
95%). This is described in the Estimation of Change-Points section. Additionally, we use
a likelihood ratio test to calculate the significance (p-value) of the change of the Poisson
intensity (the Likelihood Ratio Test section) and extend the approach to the space—time
prob- lem (the Spatiotemporal Change-Point Problem section). By means of synthetic data,
we demonstrate the performance of the method (the /llustration for Synthetic Data section)
before applying it to the observed data from Oklahoma (the Application to Seismicity in

Oklahoma section).

Method

Estimation of Change-Points

First we give a brief overview on the detection of temporal change-points according to
Raftery and Akman (1986). In comparison to this work we extend the method to a general
case with more than one change-point.

An observation period of [a, b] is given with n events at times
a<ti <ta<...<t,<bh (1)
We assume the existence of k change-points

T, T2, ..., Tk € [a,b] (2)
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with & < n. Moreover in [a, 71| we have N(71) events which come from a Poisson process
with rate A;, and N(7;) — N(7;—1) events in (7,_1, 7;] with rate \; for i =2, ..., k.
Finally, in (7, b] the number of events follows a Poisson process with rate A\g1.

Let t = {t1,...,tp} and 0 = {1, ..., Akt1, 71, -.., Tk} It can easily be shown that
the mutual likelihood function is given by

p(t]0) = )\;ZIV(TI)B*)Q(7'1*(l))\éV(TQ)*N(Tl)ef)\Q(Tngl) . )\N(b)fN(‘rk)e,)\kH(b,Tk)

o " k+1
! (3)
— AiV(Tl)ef)q (Tlfa) )\iv—éli)_N(Tk)ef)\kJrl(bka) H )\iV(Ti)_N(Ti—l)efx\i(TifTifl) i
i=2
Using Bayes' Theorem
t]6)p(0
p(0 1) = —ZELOPEO) ) gypi0) (4)

Jo (£ 0) p(0) df
we can calculate the posterior density p(6 | t) for the parameter 6 given the data represented
by t = {t1,...,tn}. Here p(t | §) denotes the likelihood function and p(0) is the prior
density of 6.

Let p(71), ..., p(7%) and p(A1), ..., p(Ags1) be the prior densities. Then the posterior

density is given by

p(0 | 1) o p(r1)p(A1)p(Aer1) AN e A(mi—a) \N (O =N(m)

E+1
k (5)
> e_AkH(b_"'k) Hp(,/_i)p(/\i))\iv(ﬂ')—N(Ti—l)e—)\i(n—‘l’ifl)_
=2
Assuming now a flat prior, we calculate the marginal posterior density of 7 = {1, ..., 7%}
by integrating with respect to A1, ..., Ag41 (see also the Derivation of the Marginal Pos-

terior Density section in the Appendix).
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p(I ’ t) — C/ B ./AiV(’T'l)e—)q(Tl—a))\fcvi(i)—N(T}g)e—)\k+1(b—’l’k-)

0 0
k
x [IAN NN m e ang L dan
1=2

= c(r1 — a) WD [N (1) + 1)(b — 7) "INV =N ()]

k
x T[N (b) = N(r.) + 1 [ [(ri = 7ig) W= NEOHIDIN () — N(7321) + 1]
=2

(6)
We consider two special cases of Eq. (6).

Special case: one change-point
p(7 | t) = e(r — a) WOHIDN(7) + 1] (b — 7) WO NOHUT(N () — N(r) + 1] (7)

Special case: two change-points

p(ri, 72| 1) = e(r — a) VIO HIDIN (1) 4 1) (7 — )"V N )]
(8)
x T[N (72) = N(71) + 1] (b — 72) " WO =NEHIPIN (b) — N(7p) + 1]

We note that in Eq. (6), (7) and (8) ¢ is a normalizing constant which ensures that the
conditions for a probability density function is fulfilled. Alternatively to a flat prior density,
a conjugated prior for the parameters A;, ..., A\p+1 (e.g. a gamma distribution) and
uniformly distributed prior densities for 71, ..., 7 can be used (see also Raftery and
Akman (1986)). By maximizing p(z | t) in Eq. (6) with respect to 7 = {71, ..., 7%} we
obtain the estimation 7 = {71, ..., 7k} for the change-points.

In Akman and Raftery (1986) it was shown that the estimator for a single change-

point is consistent and asymptotically normal. Moreover in Ghosal et al. (1999) and other

6
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related papers (e.g. Ghosh et al. (1994) and Ghosal and Samanta (1995)) it was also
demonstrated that in this case the posterior distribution asymptotically behaves like an
exponential function on both sides of the detected change-point. The asymptotic behavior
for the general case with more than one change-point is shown in Ghosal et al. (1999).

For model selection, we use the Bayes factor to get an idea which model should be
preferred, that is, whether to prefer a change-point model (M) or a model without a
change-point (model Mj). The Bayes factor is defined by the ratio of the marginal or
integrated likelihood for both models, that is

_op(t| M)

Here M; and M,,, denote a model with [ respectively with m change-points where [, m =
0,1,...,k. Apart from the goodness of fit, the complexity of the assumed model has to be
taken into account in order to assess the most capable model describing the data and thus
performing the estimation. As an example, if we test the hypothesis of no change-point
(Ho) against a change-point model, the value of the Bayes factor quantifies the evidence
of the supported model, e.g. By < 0.01 can be interpreted as a decisive evidence against
Ho, compare Kass and Raftery (1995). Equation (9) strongly depends on the choice of
the prior distributions. When an improper prior is used, the Bayes factor is, however, not
well-defined and depends on an arbitrary ratio of constants. To handle this problem we
use the idea of an imaginary training sample which involves the smallest possible sample
size permitting a comparison of Mgy and M,, and provides maximum possible support
for My. In this case the Bayes factor should be approximately one. This approach was

introduced in Spiegelhalter and Smith (1982) and was adopted and discussed in several

7
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other works, e.g. Raftery and Akman (1986), Kass and Raftery (1995) or Berger et al.

(2004). Using improper prior densities for the intensities of the shape p(\;) o< A,

(2

N

and a
uniform distributed prior for 7;, i.e. p(7;) = ﬁ (Raftery and Akman, 1986) and taking
into consideration the approach of Spiegelhalter and Smith (1982), the Bayes factor can

be calculated by

4\F( - )7"F(n+l)
ST+ HT(n =i+ &) [l (r = a) 2 (b — 7)==+ Dgr

By = (10)

This approach can be extended and the derivation for the general case Bj,, is shown in
the Appendix Derivation of the Bayes factor. For example, for the hypothesis of no change

point (Ho) against a model with two change-points we get

1 1
Bia = 4270~ 0) 00+ D) |3 30 06+ PIG-i+ DL+

1=0 j=1i+1 1 (11)

tiv1 i+ . . .
X / / ’ (rp — a)_(”%)(TQ — 7‘1)_(]_”%)(17 — 72)_("_]+%)d7'1d7'2
t t

We note that the computation of Eq. (9) for large I and m is numerically very difficult to
handle because of the high- dimensional integrals. We remark that the function evaluations
grow exponentially as the number of dimensions increases. If the quadrature rules do not
lead to a desirable result, Monte Carlo methods should be used instead. In our work, we
apply a likelihood ratio test in addition to the established methods we considered before.
As an advantage, we get the significance (p-value) of the change of the Poisson intensity.
Needless to say that the Bayes factor is a powerful tool for the model selection, but although
we know the preferred model, we cannot yet prove that the estimated change-points are

significant. This problem can be solved with the aid of the likelihood ratio test.
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Likelihood Ratio Test

We consider two Poisson processes with intensities A; and A2 in the time intervals [sq, s2]
and [s3, s4] with s3 > s9. In the first period we have n; events, and in the second period
the number of events is no. We aim at testing whether or not the intensities are equal. In

detail we test hypothesis Hg versus H1 with

7‘[01)\1:)\2:)\

(12)
Hl . /\1 7é AQ.
The likelihood function is given by
p(t| A1, A2) = A" exp(—A1A1)A5” exp(—A2Ag), (13)
with Ay = s9 — s1 and Ag = 54 — s3.
For Hg we get
p(t] A) = A2 exp[—A(A1 + Ag)]. (14)

As shown in the Appendix Derivation of the Likelihood Ratio Test, we can derive the
statistic of this test by calculation of the maximum likelihood estimators for A, A; and As
and by using a general result of Witting and Miiller-Funk (1995). It follows that the test

statistic of this likelihood ratio test is equal to

Z=2 [nl log <le) + nalog <Z22> — (n1 +n2) log <M>] . (15)

Ho is rejected, if z > x7 |, or if the p-value = P(Z > 2) < . Here a € (0,1) is a
given significance level and Xi 1_o Is the (1 — a)-quantile of the chi-squared distribution

with one degree of freedom.
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To investigate the properties of this test, we perform calculations with artificially generated
data resulting in a reasonable resemblance to the error of the first kind «, as summarized in
Table 1. As an estimator for the error probability, we use the number of rejected hypotheses
divided by the number of generated samples. Moreover, Figure 2 illustrates the behavior
of the power for fixed values of A\ and n. As expected, the simulations show that the test

can distinguish between #y and #; in a suitable way.

Spatiotemporal Change-Point Problem

In this section, we extend our approach for time series in a straightforward way towards
spatiotemporal change-point problems. For this aim, we scan an area D to find change-
points in space and time. Figure 3 illustrates the algorithm. First, the investigated domain
is subdivided into m subareas Aj,..., A, with D = [J", A;. For simplicity, we use
equidistantly centered subareas with the same size in the following way: We consider a set
of circles, where A; has the radius  and the center (z;, y;) for all i =1,...,m. However,
any other subdivision is also possible, see Gupta and Baker (2017).

In the next step we investigate the time series of all events that occurred in A; given

by
Si = {tir, tizs - s tin, }- (16)
Hence the data is a set of triples
m m
Uius) = U @ij i tis) | 5=1,...,n}. (17)
i=1 i=1

For S; we use our method to detect and evaluate change-points as described before in the

10
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Estimation of Change-Point and Likelihood Ratio Test sections.

In detail, for every time series S; we use the Bayes factor (9) to decide which model fits
best to the given data. If a specific change-point model is preferred, we maximize p(7 | t)
in Eq. (6) and receive a set of possible change-points. For every estimated change-point
in this set we use the likelihood ratio test and define a change-point as significant, if the
p-value is smaller than a given significance level . The result is a set 7, = {Ty;,. -+, Txi
of significant change-points in §;. Finally we provide the mathematical definition of a
transition event within a global statistical model My,.q,s. For this aim, we define a set of

transition events as triples in the following way

(x4,9i,7;), Si has at least one change-point

0, S; has no change-point
Mirans = U M. (19)
i=1

Evaluation and Application

The derived methodology from the Method section is for test and illustration purposes first
applied on synthetic data and in the following part applied to real seismicity data recorded

in Oklahoma, United States.

lllustration for Synthetic Data

We first test our method by applying it to synthetic data under controlled conditions. For

this aim we generate synthetic time series with ¢ € [0, 1] with a single change-point at

11
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Treal = 0.5 and investigate the goodness of the estimator. To test how the method works,
we calculate the standard deviation of 7 — 7..q; and Bayes factors depending on the number
of events and the ratio of the intensities, see Figure 4. It can be seen e.g. that a change-
point can be detected in sequences of 100 events with a high probability and precision, if
the intensity ratio exceeds a value of 2.

For the spatiotemporal approach, we generate random realizations of a 3D HPP with a
given intensity. From these data, we cut out cylinders and replace it by new cylinders with
data from HPPs with different intensities, as illustrated in Figure 5. Using our algorithm we
calculate the transition events My,qns. Therefore we scan the whole domain as explained
in Figure 3. The "training” sample is a 3D HPP with rate A\ ~ 0.8 (per unit area) in a
cylinder with center (0,0), radius r; = 6 and height h; = 20, corresponding to the time
interval ¢ € [0,20]. The replaced cylinders follows a HPP with rate A, ~ 8 (per unit
area). One cylinder has center (1,1), radius 72 = 1 and height ha = 10. Here the related
time interval is ¢t € [5,15] and the second replaced cylinder has the center (—3, —3), radius
rs = 1 and height hg = 5. Here the related time interval is ¢ € [15,20]. In other words,

the transitions are given by the sets
Ci={(z,y,t) | (x+3)2?+(w+3)2*<1 A t=15}. (20)
and
Co={(z,y,t) | (z =12+ (y—-1)2<1 A te{5 15}}. (21)
The chosen sample size is n = 2000, and approximately 15% of the data is located within

the replaced cylinders. For this test case, we set the selection radius to 79 = 0.3. In

general, our results presented in Figure 4 can guide the choice for this selection: To be

12
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able to detect a certain rate change, the event number within the selection radius must
exceed a minimum number, e.g. 20 events for a ten-times increased intensity as in our
example. For the change-point domain C; the method yields an average value of 7 = 15.173
and for Co we get average values of 7 = 5.094 and 7» = 14.971. The estimated areas
are illustrated in Figure 6. It is remarkable that apart from a small number of outliers the
complete transition area was detected correctly by the method.

Additionally we investigate the sensitivity of the method depending on the selection
radius. Therefore, we generated synthetic data from a HPP in the time interval t € [0, 20],
where in the circular region with radius 7o = 2 around the center occurs a change at time

10 to a five-times increased rate, particularly the change-point domain is given by the set
C={(z,y,t) | * +y* <4 A t€[10,20]}. (22)

The chosen sample size is n = 2000, where 50 events are within the change-point domain.
The intensities are given by A = 0.08 and A, ~ 0.4 (per unit area). For 100 simulations,
we calculate the Bayes factors and the standard deviation of 7—7a1 for increasing radii of
the event selection around the center. The results are illustrated in Figure 7. The test
results show that the estimation uncertainty is lowest and the success rate is highest for
the case that the selection radius equals the radius of the change-point region. A too
small selection radius leads to time series with a non-significant number of events, while a
too high value results in a systematical error and the precision of the method decreases.
However, the results are found to be almost the same for a rather broad range of selection
radii within 0.5r¢ and 2rg. This indicates that the results should be rather robust, if the

selection radius is chosen in a reasonable range.
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Application to Seismicity in Oklahoma

We now apply the method to real earthquake data. Because of its drastic seismic activity
changes, Oklahoma probably counts as one of the most interesting study areas for the
application of the above estimations. Therefore, we consider an earthquake catalog from
Oklahoma with 18,997 events from 1 January 1980 to 31 December 2015, obtained from the
Oklahoma Geological Survey, compare Data and Resources. We declustered the catalog
using the method of Reasenberg (1985) with standard parameters (van Stiphout et al.
(2012), Tab. 3) and taking into account all events with magnitude m > 3. The declustered
catalog contains 1,199 events. Using all m > 3 events, the Bayes factor from Eq. (9) leads
to a model with two change-points (see detailed results in Table 2). The estimated 95%
credibility intervals for the (significant) change-points 71 and 74 are given by [12/01/20009;
28/03/2009] and [14/12/2013; 30/01/2014]. This result is illustrated in Figure 8. We
note that the application of the likelihood ratio test leads to p-values < 1 which means
that both change-points are considered to be significant and the result strongly supports
our model selection. As depicted in Table 2, the calculation of the Bayes factor Byi, Bpa
and Bys always leads to the preference of a change-point model. For comparison, a model
with one change-point leads to a 95% credibility interval [24/10/2013; 10/11/2013]. A
model with three change-points would detect a further change-point in August 2014. If we
use the non-declustered catalog a model with three change-points leads to the detection
of the My, = 5.6 earthquake at Prague in November 2011 with a subsequent aftershock
sequence in addition to the induced seismic changes in 2009 and 2013 (see Figure 8). Here

we observe a natural change-point, caused by the aftershock sequence. In comparison to
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the works of Gupta and Baker (2017) and Montoya and Wang (2017) we note that they
have found similar results for the change-points. The study of Montoya and Wang (2017)
used another method for multiple change-point detection in time series and included four
different areas in Oklahoma according to the towns Jones, Perry, Cherokee and Waynoka.
In all of the four areas their method lead to the choice of a model with two change-points.
In the Jones area they found two change-points in May, 2008 and August, 2011. For the
other areas they calculated change-points in 2013 until 2015. The work of Gupta and Baker
(2017) used the method of Raftery and Akman (1986) to detect single change-points in
spatiotemporal data. They used a 25 km radius and found changes in seismicity rates
between 2008 and the end of 2015.

By scanning the spatial domain shown in Figure 1 with a total area of approximately
260, 000 square kilometers, our method leads to the results shown in Figure 9 and Figure 10.
We used a radius of 5 km leading to 3,500 evaluations of time series. This choice is
a compromise between optimizing the spatial resolution and increasing the detectability
which requires that the considered circles contains enough events to get robust results (see
Figure 4). In the Appendix Case study Oklahoma: Evaluation with different choices of the
radius, we show the results for alternative values of » = 2 km and » = 10 km indicating
that the main features are robust with regard to the choice of the selection radius. For a
better illustration of the results, we only take into account the models Mg, M7 and Ms.
Interestingly, the significant change-point locations show a spatial migration pattern from
south to north in both figures and overlap with the injection wells. Moreover a correlation

with the injection volume could be a reason for this result as illustrated in Figure 10.
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Furthermore we show the related times of the detected transition events. It is remarkable,
that most of the corresponding times of the change-points occur after 2009. This result
supports the hypothesis that the detected change-points are correlated with the onset dates
of the wastewater injections. Here we have recorded an discernable increase of approval
dates after 2010 for wells with an approved injection volume of at least 10,000 barrels per

day.

Conclusions

The main objective of this article is to present an algorithm for the automatic detection of
change-points in seismicity data. We use a Bayesian algorithm to identify rate changes in
time and space. Tests with synthetic earthquake data show a good agreement of detected
change-points with real change-points in space and time. For the Oklahoma case study, the
significant change-points show a correlation with the onset of injection wells and especially
with the high-volume wells. The method leads to reasonable findings of significant change-
points between 2008 and the end of 2015, which correspond to the results of Gupta and
Baker (2017) and Montoya and Wang (2017). This makes us confident that our method
is powerful for the automatic detection of change-points, even for cases with less drastic
activity changes as in Oklahoma.

Nevertheless we only consider a fixed radius for the subdivision of the space. As we have
shown the choice of the radius depends on the number of events, and the systematic error

should be taken into account. Here the method could be extended for example by using a
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Voronoi partition (Okabe et al., 2008) or by using the approach of Gupta and Baker (2017).
Furthermore the likelihood ratio test assumes that we have two fixed intervals. Although
our method leads to preferable results, an adaptive test could be useful. Another idea for
such a test has been proposed in Csorgd and Horvath (1997). Another issue is the deviation
from Poissonian behavior, e.g. due to aftershock sequences. In this respect, it is desirable
to consider also cluster models like the Epidemic Type Aftershock Sequences (ETAS) model
(Ogata, 1988; Zhuang et al., 2002). The ETAS approach to detect seismic changes within
the framework of wastewater injections was presented by Wang et al. (2016). In our work
we use the declustering approach of Reasenberg (1985) but also other methods could be

used to fulfill the Poisson assumption for the considered catalogs (van Stiphout et al.,

2012).

Data and Resources

The data used in this article are from the websites
http://www.ou.edu/ogs/research/earthquakes/catalogs.html, last accessed August 28, 2018 and
http://www.occeweb.com/og/ogdatafiles2.htm, last accessed August 28, 2018.
Figure 1, Figure 9 and Figure 10 were made using the Generic Mapping Tools version
4.2.1 (www.soest.hawaii.edu/gmt, last accessed March 2018; Wessel and Smith (1998)).
Simulations were made using the open source software packages R version 3.2 and

Python version 2.7.12.
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76 Tables

377 Table 1

Table 1: Estimation of the a-error simulations

A1 = Ay theoretical & estimated @ number of events

1 0.05 0.061 10
1 0.05 0.057 50
1 0.05 0.052 100
1 0.05 0.049 1000
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378 Table 2

Table 2: Bayes factors for the declustered catalog of M > 3 earthquakes in Oklahoma. The

results indicates that two change-points are preferable.

Bayes factor Decision

By =3.73x107%% M,
By = 1.67 x 10797 M,
By =1.16 x 10717 M,
By =447 x 107 M,
Bi3 =312x107% My

323 - 069 MQ
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Figure captions

Figure 1

(A) Magnitude-time plot for all earthquakes in Oklahoma from January 1, 1980 to De-
cember 31, 2015. (B) Cumulative number of earthquakes with M > 3 in Oklahoma from
January 1, 1980 to December 31, 2015. Inset: Spatial map of all earthquakes with M > 3

(time color-coded).

Figure 2

Estimation of « error and power depending on A and number of events n for a hypothesis
test defined as Hg : A1 = Ao versus Hi : A1 # Ao . Plots show the behavior of the
empirical cumulative distribution function (ecdf) of the p-values generated under the null
hypothesis Hy and its alternative ;. Here we have n; + no = 400 events and 1000

random realizations were generated.

Figure 3

Schematic diagram presenting the steps for our scan algorithm. (A) A certain area is
subdivided into m subareas A;,...,A,,. (B) Every subarea A; is a disk with the same
radius 7. (C) Events within the subarea A; occur at n; times t;;, so we can project it into
a three-dimensional domain A; US;. (D) The time series S; is investigated with regard to
(i) model selection with Bayes factors, (ii) estimation of change-points, (iii) significance of

change-points, and (iv) credibility intervals.
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414

415

Figure 4

Results based on 100 synthetic sequences for every evaluation: (A) Standard deviation of
7 — Trear @and (B) percentage of change-point detections by means of the Bayes factor as a
function of the number n of data points in the simulation and the ratio A; /A2 of intensities

in the first and second half of the simulations.

Figure 5

Synthetic data: Generation of a 3D homogeneous Poisson process with different intensities.
The sample size is 2000. (A) Poisson process with a rate A ~ 0.8 (per unit area) and (B)
Poisson processes with different rates within the replaced cylinders i.e. the intensity in the

change-point domain is given by A, ~ 8 (per unit area).

Figure 6

Synthetic data: (A) Perspective view of the circle C; and the change-point domain Cy with
the estimated significant change-point locations. (B) Example for the marginal posterior
p(7 | t) in the change-point domain C;. (C) Example for the marginal posterior p(71, 72 | t)

in the change-point domain Cs. The logarithmic values of the density are color coded.

Figure 7

Synthetic data of a Poisson process with an intensity of 0.08 (per unit area) in the time

period [0, 20] in which a change-point domain is embedded (intensity Ac, ~ 0.40 within
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417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

a cylinder with radius 79 = 2, center (0,0) and ¢t € [10,20]): (A) Standard deviation of
7T — Trear @and (B) percentage of change-point detections by means of the Bayes factor as

a function of the selection radius.

Figure 8

(A) Magnitude-time plot with the estimated change-points for the whole declustered time
series. (B) Cumulative number of earthquakes with M > 3 for the declustered catalog with
the estimated change-points (model with one change-point (green line) and two change-
points (red lines). Inset: Cumulative number of earthquakes for the non-declustered cat-
alog with the estimated change-points (model with three change-points), where the third

change-point coincides with the occurrence time of the My, = 5.6 mainshock.

Figure 9

Maps with transition events and the My, = 5.6 earthquake for the case study Oklahoma.
(A) and (B) Color-coded times of the first and second change-points at grid points where
the algorithm prefers two change-points: (A) first change-point and (B) second change-
points. (C) lllustration of all calculated transition times at grid points where the algorithm

preferred a model with one change-point.

Figure 10

Locations and occurrence times of the first change-points (for models with one and with

two change-points) in comparison to approval dates of injection wells from 1.1.2000 to
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435

437

438

31.12.2015 for the Oklahoma case study. The high-volume injection wells (approved volume
> 10,000 barrels per day) are illustrated in black. (A) Map view of the estimated change-

points, (B) latitude-time plot, and (C) time-longitude plot with estimated transitions and

injection wells.
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440 Figure 1
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Figure 1: (A) Magnitude-time plot for all earthquakes in Oklahoma from January 1, 1980 to
December 31, 2015. (B) Cumulative number of earthquakes with A > 3 in Oklahoma from
January 1, 1980 to December 31, 2015. Inset: Spatial map of all earthquakes with M > 3 (time

color-coded).
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Figure 2

Estimated power of test

ecdi p value under H_0

— ecdi p value under H_1

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Estimation of « error and power depending on A and number of events n for a hypothesis
test defined as Hgy : A1 = Ay versus Hy : Ay # Ay . Plots show the behavior of the empirical
cumulative distribution function (ecdf) of the p-values generated under the null hypothesis H,

and its alternative H;. Here we have n; + ny = 400 events and 1000 random realizations were

generated.
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Figure 3

A; (8)

:> Projection into a three-

dimensional area

A

(z1,91) ( )
o (z2,92) o (@ij,y35, ;)

S; = {tj,htm,‘ . '7tin,v}

Figure 3: Schematic diagram presenting the steps for our scan algorithm. (A) A certain area is
subdivided into m subareas A, ..., A,. (B) Every subarea A; is a disk with the same radius
r. (C) Events within the subarea A; occur at n; times t;;, so we can project it into a three-
dimensional domain A; U S;. (D) The time series S; is investigated with regard to (i) model
selection with Bayes factors, (ii) estimation of change-points, (iii) significance of change-points,

and (iv) credibility intervals.
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Figure 4. Results based on 100 synthetic sequences for every evaluation: (A) Standard deviation
of 7 — T,eq and (B) percentage of change-point detections by means of the Bayes factor as a
function of the number n of data points in the simulation and the ratio \;/\; of intensities in

the first and second half of the simulations.
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444

Figure 5

(A) (B)

e® e Poisson Process with one intensity A ‘ ’ e e Poisson Process with different intensities A

Figure 5: Synthetic data: Generation of a 3D homogeneous Poisson process with different in-
tensities. The sample size is 2000. (A) Poisson process with a rate A ~ 0.8 (per unit area) and
(B) Poisson processes with different rates within the replaced cylinders i.e. the intensity in the

change-point domain is given by A, ~ 8 (per unit area).
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(A) (B) ’

True change-point
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Figure 6: Synthetic data: (A) Perspective view of the circle C; and the change-point domain Cs
with the estimated significant change-point locations. (B) Example for the marginal posterior
p(7 | t) in the change-point domain C;. (C) Example for the marginal posterior p(7y, 7 | t) in

the change-point domain Cy. The logarithmic values of the density are color coded.
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Figure 7: Synthetic data of a Poisson process with an intensity of 0.08 (per unit area) in the
time period [0, 20] in which a change-point domain is embedded (intensity A, ~ 0.40 within a
cylinder with radius 79 = 2, center (0,0) and ¢t € [10,20]): (A) Standard deviation of 7 — T,.cq

and (B) percentage of change-point detections by means of the Bayes factor as a function of the

selection radius.

34



447

Figure 8
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Figure 8: (A) Magnitude-time plot with the estimated change-points for the whole declustered
time series. (B) Cumulative number of earthquakes with A > 3 for the declustered catalog
with the estimated change-points (model with one change-point (green line) and two change-
points (red lines). Inset: Cumulative number of earthquakes for the non-declustered catalog with
the estimated change-points (model with three change-points), where the third change-point

coincides with the occurrence time of the My, = 5.6 mainshock.
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Figure 9: Maps with transition events and the My, = 5.6 earthquake for the case study Oklahoma.
(A) and (B) Color-coded times of the first and second change-points at grid points where the
algorithm prefers two change-points: (A) first change-point and (B) second change-points. (C)
lllustration of all calculated transition times at grid points where the algorithm preferred a model

with one change-point.
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Figure 10: Locations and occurrence times of the first change-points (for models with one and
with two change-points) in comparison to approval dates of injection wells from 1.1.2000 to
31.12.2015 for the Oklahoma case study. The high-volume injection wells (approved volume
> 10,000 barrels per day) are illustrated in black. (A) Map view of the estimated change-points,

(B) latitude-time plot, and (C) time-longitude plot with estimated transitions and injection wells.
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Appendix

Derivation of the Marginal Posterior Density

With the notation of the Estimation of Change-Points section, we derive the formula for
the Bayesian posterior density Eq. (6). Here we use Fubini's theorem and the definition of

the gamma function
oo

I'(x) = /zx_le_z dz (A1)
0

or more precisely the following calculation:

oo

i N(7:)=N(ri-1)
/AgN(Ti)—N(Ti—I)e)\i(TZ‘Til)dA‘ :/< z > 1 - dz
T — Ti—1 Ty — Ti—1
0

(N(1:)—=N(7i—1)+1) / N(7)—N(1i—1)+1-1 e~ % dx (A2)
0

= (1 — Ti—1)~

= (1 — 7-1-71)_(N(Ti)_N(Ti—l)+1)]_"‘(N(Ti) — N(7i_1) +1)
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465

Derivation of the Likelihood Ratio Test

Based on the test problem

7‘[0 : )\1 = )\2 Versus 7‘[1 : )\1 75 )\2. (A3)

the likelihood function for two different rates is given by

p(t ‘ Al, )\2) = /\?1 exp(—)\lAl))\QQ eXp(—)\QAQ), (A4)

where Al = S92 — 81 and AQ = S4 — S3.

The log-likelihood function is given by

l ()\1, Ao ’ L) =mnylog A — AMAL + ng log Ay — AoAs. (A5)

Under H; we have to calculate the maximum likelihood estimator (MLE) for A1 and .

From
OL(A1, X2 | t)  m !
" . =0 (A6)
we get
R ny
[ A7
- (A7)
Furthermore
21\, N | E
Fid, ) m <0 for all Ay € RT. (A8)

N2 22

So 5\1 is the MLE for A1. In the same way we can show that 5\2 = % is the MLE for \s.
2

Under Hy is A = A1 = Ao, so we get the likelihood

(] A) = X472 exp[=A(A; + Ag)] (A9)
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474

The log-likelihood function is given by

L(A[T) = (n1+ n2)log A — A(A1 + Ag).

Thus
ol ()\ | t) n1 + no |
= — (A + Ay) =
o 5y (A1 4+ Ag) =0,
which leads to
5 — n1 + no
A1+ Ag

Furthermore

9%l ()\’L) ny + no +
e = — 2 <0Oforall e R™.

So ) is the MLE for ).

In general the test statistic is given by

(t

ptlﬂl)]
Z =2In | ————=| .
" p(t | Ho)

1

Hence
Zzz[l(ﬁ\l,ﬁ\z |;) —l(i\;)}
leads to
Z =2 [nl log (Z) — Z—ll(Al) + ng log (ZZ) - Z—Z(Ag)
(- mytog (R ) - 2R (a4 )|
and finally to

Z =2 {nl log <le> + ng log (Z) — (n1 + ng) log <m>] .
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485

Derivation of the Bayes Factors

The Bayes factor is defined by the ratio of the marginal or integrated likelihood for the

two considered models M; (model with | change-points) and M,,, (model with m change-

points), i.e.
p(t| Mp)
o= P A17
T p(t | M) (AL7)
with ,m =0,...,k and [ £ m. For Mgy and M1 we get
p(t] Mo) = [ pae ) ay (AL8)
0

and

b 00 o)
p(t | My) :/ / / p(T)p()\l)p()\Z)Aiv(T)ef/\l(Tfa)/\éV(b)—N(T)efAz(bfr) dy d\s dr.
a J0O 0
(A19)

For [ > 2 we obtain

p(t | M) = /A/TP(Tl)p()\l)P(/\l+1))\§v(ﬁ)e_)‘1(Tl_“)Aﬁ(f)N(”)e‘AlH(b‘Tl)

l (A20)
x [Tp(ra)pa) AN =N TDemNmimrion gyy - ddgyy dr .. dn.

=2

Here is A = (0,00)!*! and T = (a, b)".

To evaluate Eq. (A18), Eq. (A19) and Eq. (A20) we use improper prior densities for the

1 _1
intensities so that p(\) = coA"Z and p(A) = ckA; 2. A2 where ¢; is a not further

specified constant. Moreover we formulate uniform distributed priors for 7;, i.e. p(;) = ﬁ

(compare Raftery and Akman (1986)). For this approach Eq. (A18) becomes
pt] Mo) = [~ x iape 0 ay
0 (A21)
1
= co(b—a)" DT (n + 5)
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a87 Further Eq. (A19) becomes

-1 CN(r 1
p(t| My) /// N7 M=\ JOTNO 73 a1 gy dg dr
—CL

cy ) o1, [l (il (sl
= r o — - _ (i+3)(p — (n—it3)
- g (i + ) (n—i+ )/tz (t—a) 2)(b—1) 2)dr,

b—a“ 2 2
=0
(A22)
488 with tg = a and t, 1 = b. The resulting Bayes factor By contains an unspecified constant
489 ¢o/c1, which can determined by using the boundary condition By =~ 1, if we consider an
490 observation period of [a,b] consisting only a single event t; = (a + 0)/2. So Eq. (A22)
491 becomes
oy L, [+ (i+3) (1-i+})
- T T(n—i+- _q)G i
plt] M) = 523G+ ity [ D0t
o (a-+b)/ )
=3 '(0.5)I(1.5) / (t—a)"2(b—7) 2dr
—a .
b 3
+/ (r—a)"2(b—7) 2dr
(a+b)/2
C1
= ——=4/7l'(1.5
(A23)
492 If co/c1 =: cp1(a, b), we receive by solving By = 1 that co1(a,b) = 4ﬁ(b—a)7%. Finally
493 we get Eq. (10). In the same way we can evaluate Eq. (A20). Here we have to consider

Tl)_§ —)\1(7’1 a))\N(7'2) (Tl)_%

wsr=of [ [

% e—Az(Tz—Tl))\N(b)_N(TQ)_%e_’\?’(b_m) dX\1 dXo dXg dm dmy

1 1
_ QZZ j—z+2)F(n—J+§)
1=0 j=i+1
tiv1 tit L. .
x/ /] (11— a)~2) (75 — )"0 2) (b — 1) "I D dry diy.
t; 2]

(A24)
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499

500

By using the training sample method we obtain

p(t] M) = QZZ DTG~ i+ N1~ +3)

=0 j=i+1

i1 t+1 . ey ,
/ / ’ (11 —a) H_%)(TQ - 7'1)_(]_2-"_%)(1) - Tg)_(l_J"'%)dTldTg
2F 1 (a+b)/2
05 5) / / (11 —a) 7%(7'2—Tl)ig(b—Tg)iédTﬂiTg
a+b)/

=2 _or’r(15
b o) (1.5).

(A25)
Without loss of generality we assume that 7o > 71, so that we have to multiply the resulting
constant with the factor 2. This finally leads to cgz(a, b) = 472(b—a)~! and Eq. (11). To
compare My and My we use

By = =22, (A26)

For the general case By,,, we first calculate the Bayes factors By and By,, by using
the training sample method to get the occurring constants as shown in Eq. (A23) or in

Eq. (A25) and then straightforward

By = =2 (A27)
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510

Using the priors as explained before, evaluation of Eq. (A20) leads to

N(T)=% —\ (r1—-a N(b)—N(m)—L _ .
p(é | MZ) = Cl/ / p(Tl))\l (11) 2¢ A (71 )p(Tl))‘l_g_(l) (1) 20 A1 (b—m)
AJT
! 1
x [ p(rar N7 N gy g dr L di
=2
n n l

:ﬁz... Z F(i1+%)F(n*il+%)HF(ij—ij,ljt%)

11=0 iy=t;—1+1 7j=2

tig+1 tij+1 ) X l _
X/ ' / 1 — ) D — ) 0D T — 7))
til til

Jj=2

X dTl...dTl.

With the help of the training sample method, the occurring constants can be calculated.

As a further example for Bys we get co3(a,b) = 4\/§7Tg(b - a)fg.

For model selection we use the following algorithm:

i) Define the maximum number k of possible change-points in the investigated data.

i) Set m = 0.
iii) Calculate the Bayes factors B,,;; with l=m+1,... k.

iv) Calculate lyew = argmin {B,,; < 0.3}.
le{m+1,...,k}

V) If lyew exists, set m = lpew and go to step iii). Otherwise, select a model where the

number of change-points is equal to m.
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514

Case Study Oklahoma: Evaluation with Different Choices of

the Radius

In comparison to the results illustrated in Fig. 9 where we used a radius » = 5 km, Fig. Al

shows the transition events for the radii » = 2 and » = 10 km.

-102" -99° -96"

™

36"

33

(€
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33 4
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Figure Al: Maps with transition events and the My, = 5.6 earthquake for the case study
Oklahoma. (A) and (B) lllustration of all calculated change-point locations where the algorithm
prefers two change-points by using a radius of 2 km. (C) and (D) lllustration of all calculated
change-point locations where the algorithm prefers two change-points by using a radius of 10
km. (E) and (F) show all calculated transition events where the algorithm prefers a model with

one change-point, e.g. (E) r =2 km and (F) r = 10 km.
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