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Abstract: Compared with the traditional ionospheric-free linear combination precise point positioning
(PPP) model, the un-differenced and uncombined (UDUC) PPP model using original observations
can keep all the information of the observations and be easily extended to any number of frequencies.
However, the current studies about the multi-frequency UDUC-PPP ambiguity resolution (AR)
were mainly based on the triple-frequency BeiDou navigation satellite system (BDS) observations or
simulated data. Limited by many factors, for example the accuracy of BDS precise orbit and clock
products, the advantages of triple-frequency signals to UDUC-PPP AR were not fully exploited.
As Galileo constellations have been upgraded by increasing the number of 19 useable satellites,
it makes using Galileo satellites to further study the triple-frequency UDUC-PPP ambiguity resolution
(AR) possible. In this contribution, we proposed the method of multi-frequency step-by-step
ambiguity resolution based on the UDUC-PPP model and gave the reason why the performance
of PPP AR can be improved using triple-frequency observations. We used triple-frequency Galileo
observations on day of year (DOY) 201, 2018 provided by 166 Multi-GNSS Experiment (MGEX)
stations to estimate original uncalibrated phase delays (UPD) on each frequency and to conduct
both dual- and triple-frequency UDUC-PPP AR. The performance of UDUC-PPP AR based on
post-processing mode was assessed in terms of the time-to-first-fix (TTFF) as well as positioning
accuracy with 2-h observations. It was found that triple-frequency observations were helpful to reduce
TTFF and improve the positioning accuracy. The current statistic results showed that triple-frequency
PPP-AR reduced the averaged TTFF by 19.6% and also improved the positioning accuracy by 40.9%,
31.2% and 23.6% in the east, north and up directions respectively, compared with dual-frequency
PPP-AR. With an increasing number of Galileo satellites, it is expected that the robustness and
accuracy of the triple-frequency UCUD-PPP AR can be improved further.

Keywords: Galileo; Precise point positioning (PPP); Triple-frequency ambiguity resolution; Un-differenced
and uncombined model

1. Introduction

The precise point positioning (PPP) technique has drawn a lot of attention from the Global
Navigation Satellite Systems (GNSS) community due to its flexible operation, permitting centimeter-
to millimeter-level positioning accuracy with a single receiver and unlimited coverage, which has been
widely used for engineering applications and scientific research for many years [1]. Taking advantage
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of the integer property of the GNSS carrier phase ambiguity through proper handling of satellite
and receiver phase delays, the PPP ambiguity resolution (AR) could further reduce convergence
time and improve positioning accuracy [2–4]. However, current dual-frequency PPP AR still needs
a comparatively long initialization and cannot reach the same instantaneous ambiguity resolution
and accuracy as the Network-based real-time kinematic (NRTK) positioning technique [5]. With new
generations of global navigation satellite system (GNSS) space vehicles transmitting three or more
frequency signals, the extra frequency signals are expected to bring significant improvement to the
time-to-first-fix (TTFF) and positioning accuracy of PPP AR.

Early researches toward carrier phase AR using three or more signals mainly focused on theory
and algorithms of precise relative positioning. Forssell et al. [6] and Vollath et al. [7] made the earliest
studies and described the three-carrier ambiguity resolution (TCAR) method. De Jonge et al. [8]
and Hatch et al. [9] proposed the cascaded integer resolution (CIR) method. The basic idea of the
TCAR/CIR method is that AR starts with the easy-to-fix extra-wide-lane (EWL) combination and steps
to the shorter wavelength wide-lane (WL) and narrow-lane (NL) combinations sequentially, in which
the WL combination is used to bridge the longest wavelength EWL and the shortest wavelength NL [10].
This method was also further extended and modified by lots of follow-up studies e.g., References [11]
or [12], [13] or [14] and [15]. Geng and Bock [16] put forward a triple-frequency AR method based on
the idea of TCAR/CIR for an ionospheric-free (IF) linear combination PPP model. The PPP ambiguity
resolution is also conducted by three steps, first EWL, then WL and finally NL ambiguity resolution.
Their simulated results suggested that the correctness rate of NL AR achieved 99% within 65 s,
compared with only 64% within 150 s in the traditional dual-frequency PPP-AR.

In recent years, the studies of multi-frequency PPP are changing from the traditional ionosphere-
free combination model to the un-differenced and uncombined (UDUC) model which has the
advantage of lower noise and also keeps all the information of the observations [17,18]. The UDUC-PPP
model is also considered as the unified multi-GNSS and multi-frequency positioning model [17,19].
Gu et al. [20] studied the triple-frequency PPP-AR based on raw BDS observations. In their study,
the satellite phase bias of EWL, WL and L1 ambiguities were first estimated based on the UDUC-PPP
model and then the EWL and WL ambiguities with recovered integer property were fixed with
LAMBDA method; however, the reliable fixing of the BDS L1 ambiguity faced difficulties. Li et al. [21]
proposed a unified BeiDou navigation satellite system (BDS) uncalibrated phase delays (UPD)
estimation and UDUC-PPP AR method. However, the results were limited by low precise orbits
and clock products as well as the lack of precise BDS PCO+PCV corrections for both receivers and
satellites. In addition, their research was only focused on the Asia-Pacific regions instead of the global
scale. The above reviews reveal that the current studies about the contributions of triple-frequency
signals to UDUC-PPP AR are still limited. As the number of Galileo constellation has increased to a
total of 19 useable satellites, it gives us the great opportunity to further research on the improvement
of UDUC-PPP AR using triple-frequency signals.

This paper aims to further research on the benefits of extra signals to improve the performance
of the UDUC-PPP AR, using Galileo triple-frequency observations. To achieve this goal, we start
with proposing the method of multi-frequency step-by-step ambiguity resolution which is based on
the UDUC-PPP model. Subsequently, we show and analyze the results in terms of data acquisition,
the characteristics of UPD estimates and the performance evaluation of dual- and triple-frequency
UDUC-PPP AR. Finally, we summarize the main points and conclusions.

2. Methods

In this section, the UDUC-PPP AR method for clients will be briefly proposed. With triple-frequency
measurements, the step-by-step AR can be divided into three cascaded steps, that is first EWL, then WL
and finally NL AR. With dual-frequency measurements, AR is divided into two cascaded steps, which
are first WL and then NL AR. The reason why we do not select the unified UDUC-PPP AR method
which is based on the least-squares ambiguity decorrelation adjustment (LAMBDA) algorithm is that
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the Z-transformation leads to different linear ambiguity combinations forming according to the specific
conditions for dual- and triple-frequency AR [21,22]. For example, linear ambiguity combinations
generated by the Z-transformation for dual-frequency case are usually (1, 1) and (−7, 8), while linear
ambiguity combinations for triple-frequency case are (0, 1,−1), (−2, 3,−1) and (−146, 162,−15) [23,24].
The different linear ambiguity combinations have the disadvantage of comparing the performance
of dual- and triple-frequency AR. Therefore, the predefined combinations of the EWL-WL-NL and
WL-NL strategies for dual- and triple-frequency UDUC-PPP AR respectively are beneficial to control
the influence of different linear ambiguity combinations on the positioning results.

2.1. UDUC-PPP Observation Equation

The Galileo original pseudo-range and carrier-phase observation equation on frequency band g
(g = 1, 2, 3) from station i (i = 1, . . . r) to satellite j (j = 1, . . . s) can be expressed as [16,25]{

Pj
i,g = ρ

j
i + γg · I j

i,1 + di,g − dj,g + ε
j
i,g

Lj
i,g = ρ

j
i − γg · I j

i,1 + λg · (N j
i,g + bi,g − bj,g) + ξ

j
i,g

(1)

where Pj
i,g and Lj

i,g denote the original pseudo-range and carrier-phase measurements in meters,

respectively and ρ
j
i denotes the non-dispersive delay including the geometric distance (m), the clock

errors (m), the tropospheric delay (m), etc.; the antenna phase center corrections should be applied
to Pj

i,g and Lj
i,g before ρ

j
i becomes unassociated with the frequency. γg is the frequency-dependent

multiplier factor at frequency g, which can be expressed as γg = f 2
1 / f 2

g and f is the signal frequency. I j
i,1

is the slant ionospheric delay on the E1 frequency (m). λn is the wavelength of the phase measurement
on the frequency band n (m). Ns

r,n is the integer ambiguity on each frequency signals (cycles). di,g and

dj,g denote the receiver- and satellite-specific hardware biases on Pj
i,g, respectively (m), while bi,g and

bj,g denote the uncalibrated phase delays (UPD) at the receiver and satellite sides on Lj
i,g (cycles). ε

j
i,g

and ξ
j
i,g denote unmodeled errors, such as random noise and multipath effects.

2.2. Extra-Wide-Lane Ambiguity Resolution

For triple-frequency PPP AR, the first step is to resolve the EWL ambiguities based on the
corresponding Hatch–Melbourne–Wübbena (HMW) linear combination [26–28]. The EWL float
ambiguity based on Galileo E5a and E5b signals from satellite j to station i can be expressed as

N̂ j
i,(0,1,−1) = (Pj

i,(0,1,1) − Lj
i,(0,1,−1))/λ(0,1,−1) (2)

where N̂ j
i,(0,1,−1) denotes the float EWL ambiguity in cycles; Lj

i,(0,1,−1) refers to the (0, 1,−1) combination

of triple-frequency carrier-phase measurements in meters; Pj
i,(0,1,1) denotes the (0, 1, 1) combination of

triple-frequency code measurements; and λ(0,1,−1) is the EWL wavelength. The detailed explanation of
linear combinations of raw measurements is given in “Appendix A”. It is noted that the EWL ambiguity
obtained by Equation (2) contains both the satellite and receiver phase delays which undermine the
integer property of the EWL float ambiguity [16]. We need to use the EWL satellite UPD product for
getting rid of the satellite UPDs and also to calculate the single difference between the satellites (SD)
observed at the stations for getting rid of the receiver UPDs. Then the SD EWL ambiguity can be easily
fixed by rounding over epoch-by-epoch. The SD EWL integer ambiguity can be expressed as

∆N j
i,(0,1,−1) = Round[∆N̂ j

i,(0,1,−1) + ∆bj,(0,1,−1)] (3)
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with 
λ(0,1,−1) =

∣∣∣ c
fE5a− fE5b

∣∣∣ ≈ 9.77m

IEWL ≈ 0
σEWL =

√
µ2
(0,1,1)σ

2
P + µ2

(0,1,−1)σ
2
L ≈ 0.21m

where ∆N j
i,(0,1,−1) denotes the SD EWL integer ambiguity; ∆N̂ j

i,(0,1,−1) denotes the SD EWL float

ambiguity; ∆bj,(0,1,−1) denotes the SD satellite UPD provided by satellite UPD product; Round[]
denotes the rounding symbol; IEWL denotes the EWL ionospheric error which is about zero; σp denotes
the pseudo-range measurement noise which is usually set at 0.3 m; σL denotes the carrier-phase
measurement noise which is usually set at 0.003 m; and µ(0,1,1) and µ(0,1,−1) are pseudo-range and
carrier-phase noise amplitude factors which can be calculated according to Appendix A. Therefore,
the EWL ambiguity noise σEWL which is about 0.21 m can be easily obtained. As can be seen,
EWL ambiguity characterizing long wavelength can be hardly effected by measurement noise and
ionospheric error, leading to be very easily resolved.

2.3. Wide-Lane Ambiguity Resolution

The second step is to carry out the WL ambiguity resolution. The combinations of (1, −1, 0)
or (1, 0, −1) exhibit good properties and are widely employed for WL AR [11,14]. WL ambiguity
in triple-frequency PPP can be resolved based on a fixed EWL ambiguity and EWL carrier-phase
observables, instead of the corresponding HMW combination in dual-frequency PPP AR. The SD EWL
phase observables with ambiguity can be expressed as

∆Lj
i,(0,1,−1) = ∆Lj

i,(0,1,−1) − λ(0,1,−1)∆N j
i,(0,1,−1) (4)

where ∆Lj
i,(0,1,−1) denotes the SD EWL phase observable without ambiguity; ∆Lj

i,(0,1,−1) denotes SD
EWL phase observable; and λ(0,1,−1) denotes the EWL ambiguity wavelength. Then, the SD WL float
ambiguity based on Galileo E1 and E5b signals can be expressed as

∆N̂ j
i,(1,0,−1) = (∆Lj

i,(1,0,−1) − ∆Lj
i,(0,1,−1) + (γ(1,0,−1) − γ(0,1,−1)) · ∆I j

i,1)/λ(1,0,−1) (5)

where ∆N̂ j
i,(1,0,−1) denotes the SD WL float ambiguity; ∆Lj

i,(1,0,−1) denotes the SD WL phase observable;
γ(1,0,−1) and γ(1,0,−1) denotes the ionospheric scale factor of WL combination and EWL combination,

respectively; ∆I j
i,1 is the SD slant ionospheric delay on the E1 frequency; and λ(1,0,−1) denotes the WL

ambiguity wavelength. Similar to Equation (3), the SD WL integer ambiguity can be expressed as

∆N j
i,(1,0,−1) = Round[∆N̂ j

i,(1,0,−1) + ∆bj,(1,0,−1)] (6)

with 
λ(1,0,−1) =

∣∣∣ c
fE1− fE5b

∣∣∣ ≈ 0.81m

IWL = (γ(1,0,−1) − γ(0,1,−1))∆I j
i,1

σWL =
√

µ2
(0,1,−1) + µ2

(1,0,−1)σL ≈ 0.028m

where ∆N j
i,(1,0,−1) denotes the SD WL integer ambiguity; ∆bj,(1,0,−1) denotes the SD WL satellite

UPD; and σWL denotes the WL ambiguity measurement noise which can hardly affect the WL
integer ambiguity resolution. As can be seen, rapid WL ambiguity resolution can be affected by
the residual ionospheric error IWL. The traditional strategies for eliminating or reducing the residual
ionospheric error are commonly using the ionosphere-free linear combinations [12,14]; however,
these combinations are characterized with high-level noise and undermining ambiguity integer
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properties [15]. An alternative way for reducing the effect of ionospheric errors is to correct them with
precise information of ionospheric delay estimated from UDUC-PPP model.

Another strategy for WL ambiguity resolution makes use of the corresponding HMW combination
which is usually used in dual-frequency PPP ambiguity resolution. It can be expressed as Ñ j

i,(1,0,−1) = (Pj
i,(1,0,1) − Lj

i,(1,0,−1))/λ(1,0,−1)

∆
^
N

j

i,(1,0,−1) = Round[∆Ñ j
i,(1,0,−1) + ∆bj,(1,0,−1)]

(7)

with 
λ(1,0,−1) =

∣∣∣ c
fE1− fE5b

∣∣∣ ≈ 0.81m

I′WL ≈ 0
σ′WL =

√
µ2
(1,0,1)σ

2
P + µ2

(1,0,−1)σ
2
L ≈ 0.21m

where Ñ j
i,(1,0,−1) denotes the WL float ambiguity which is resolved by HMW combination and

∆
^
N

j

i,(1,0,−1) denotes the corresponding WL integer ambiguity. As can be seen, although the effect of
ionospheric errors based on HMW combination is close to 0, the large measurement noise is about ten
times the EWL-WL strategy. It is noted that the measurement noise of the EWL ambiguity is almost the
same as the WL ambiguity which is resolved by the HMW combination, but the very long wavelength
of the EWL ambiguity is almost immune to the noise.

2.4. Narrow-Lane Ambiguity Resolution

The third step is to resolve the NL ambiguity. Once the WL ambiguity resolution is completed,
we can easily obtain the SD WL phase observable without integer ambiguity. It can be expressed as

∆Lj
i,(1,0,−1) = ∆Lj

i,(1,0,−1) − λ(1,0,−1)∆N j
i,(1,0,−1) (8)

where ∆Lj
i,(1,0,−1) denotes the SD WL phase observable without ambiguity. The SD NL float ambiguity

can be expressed as

∆N̂ j
i,(1,0,0) = (∆Lj

i,(1,0,0) − ∆Lj
i,(1,0,−1) + (γ(1,0,0) − γ(1,0,−1)) · ∆I j

i,1)/λ(1,0,0) (9)

where ∆N̂ j
i,(1,0,0) denotes the SD NL float ambiguity; ∆Lj

i,(1,0,0) denotes the SD NL phase observable;
γ(1,0,0) denotes the ionospheric scale factor of NL combination; and λ(1,0,0) denotes the NL ambiguity
wavelength. With the SD NL satellite UPD product, the SD NL integer ambiguity can be expressed as

∆N j
i,(1,0,0) = Round[∆N̂ j

i,(1,0,0) + ∆bj,(1,0,0)] (10)

with 
λ(1,0,0) =

∣∣∣ c
fE1

∣∣∣ ≈ 0.19m

INL = (γ(1,0,0) − γ(1,0,−1)) · ∆I j
i,1

σNL =
√

µ2
(0,1,−1) + µ2

(1,0,−1)σL ≈ 0.009m

where ∆N j
i,(1,0,0) denotes the SD NL integer ambiguity; ∆bj,(1,0,0) denote the SD NL satellite UPD; INL

denotes the NL ionospheric error; and σNL denotes the NL ambiguity measurement noise.
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After the EWL, WL and NL ambiguity resolution are completed, we can obtain the SD integer
ambiguity on each frequency, which can be expressed as ∆N j

i,1

∆N j
i,2

∆N j
i,3

 =

 0 0 1
1 −1 1
0 −1 1




∆N j
i,(0,1,−1)

∆N j
i,(1,0,−1)

∆N j
i,(1,0,0)

 (11)

where ∆N j
i,1, ∆N j

i,2 and ∆N j
i,3 are SD original integer ambiguity on each frequency signals, respectively.

These integer ambiguities on each frequency can be applied as constraint conditions to get the fixed
UDUC-PPP solutions. Hence, the fixed parameters X can be expressed as [22]

X = X̂−QX̂N̂Q−1
N̂

(
N̂ − N

)
(12)

2.5. Comparison of Dual- and Triple-Frequency UDUC-PPP AR

As shown in Figure 1, the main flows of dual- and triple-frequency UDUC-PPP AR are briefly
summarized. As can be seen, Galileo observations and precise products are the prerequisite for both
dual- and triple-frequency PPP. The data preprocessing and cycle slip detection are carried out before
conducting PPP. Dual- or triple-frequency float solutions, including ionospheric delay information,
can be easily obtained by the UDUC-PPP model. As we discussed above, dual- or triple-frequency AR
can be sequentially resolved using the UPD product and ionospheric delay information. Except for
taking advantage of additional observations, the benefit of triple-frequency AR lies in the EWL-WL
AR which can weaken measurement noise compared with HMW WL AR.Remote Sens. 2019, 11, 341 7 of 17 
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3. Experiment and Results

In this section, experiments were carried out in order to validate the abovementioned method.
We start with the estimating and discussing the characteristics of the Galileo UPDs, which is the
prerequisite in precise point positioning with integer ambiguity resolution. Subsequently, we compare
the performance of the dual- and triple-frequency float UDUC-PPP. Finally, for the sake of analyzing
the benefits of AR using triple-frequency observations, we conduct a dual-frequency PPP AR which
uses the WL-NL strategy and a triple-frequency PPP AR which uses the EWL-WL-NL strategy.

3.1. Data Processing Strategy and Original UPD Estimation

The estimation of UPD is the prerequisite in precise point positioning with integer ambiguity
resolution. We use UDUC-PPP schemes to directly estimate the original UPD on each frequency from
which we can easily form any combined UPDs, such as EWL and WL UPDs [19,21]. As shown in
Figure 2, 166 Multi-GNSS Experiment (MGEX) stations with 30 s sampling interval observations are
used for generating triple-frequency original UPDs and 28 stations are used for investigating the
performance of UDUC-PPP. Weekly coordinate solutions in the SINEX format are used as the reference
coordinates. As shown in Table 1, the L1, L5 and L7 carrier-phase measurements are used with identical
modulations for the pseudo-range measurements, which correspond to those in the E1, E5a and E5b
bands, respectively. Carrier-phase observations are given a standard deviation of 3 millimeters,
while code observations are de-weighted by a factor of 100 [29]. An elevation-angle-dependent
weighting strategy also assigns lesser weight to satellites closer to the local horizon. Precise orbit and
clock products at intervals of 5 min and 30 seconds, respectively, provided by GeoForschungsZentrum
(GFZ), are used. The Galileo satellite PCO/PCV corrections are corrected with an IGS14 ANTEX file.
Since there are no Galileo-specific station PCO/PCV corrections available, GPS values are used as
approximations. More details about the Galileo UDUC-PPP processing strategy were summarized in
Table 2.Remote Sens. 2019, 11, 341 8 of 17 
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Table 1. The Galileo signal frequency and carrier-phase/pseudo-range observations.

GNSS System Frequency (MHz) Carrier Phase Pseudo Range

E1/1575.42 L1C/L1X C1C/C1X
E5a/1176.45 L5X/L5Q C5X/C5Q

Galileo E5b/1207.140 L7X/L7Q C7X/C7Q
E5/1191.795 L8X/L8Q C8X/C8Q
E6/1278.75 L6C/L6X C6C/C6X

Table 2. The Galileo UDUC-PPP processing strategy.

Item Strategies

Estimator Sequential least square estimator
Observations Original triple-frequency carrier-phase and pseudo-range observations
Signal selection Galileo: E1/E5a/E5b
Sampling rate 30 s
Elevation cutoff 15◦

Observations weight Elevation-dependent weight
Ionospheric delay Estimated as random-walk process

Tropospheric delay Dry component: corrected with the Saastamoinen) model [30]
Wet component: estimated as a random-walk process, a Global Mapping Function (GMF)
mapping function

Receiver clock Estimated as white noise

Station displacement Corrected by IERS Convention 2010, including Solid Earth tide,
pole tide and ocean tide loading [31]

Satellite PCO/PCV Corrected using an IGS14 ANTEX file
Receiver PCO/PCV Corrected using GPS values
Phase-windup effect Corrected [32]
Relativistic effect Applied
Station coordinate Estimated as constants (Static PPP), a white noise (kinematic PPP)

As shown in Figure 3 which depicts the fractional part of the Galileo satellite UPDs on DOY
201, 2018. (1, 0, 0), (0, 1, 0) and (0, 0, 1) UPDs denote the original UPDs on E1, E5a E5b signals,
respectively. (0, 1, −1) and (1, 0, −1) UPDs denote the EWL and WL UPDs which could be easily
obtained by linear combination of the original UPDs. In fact, original UPDs on each frequency have
the advantage to allow for generating any kind of combined UPDs. As can be seen, the EWL UPDs
are most stable throughout the whole day because of not only EWL ambiguities characterizing the
long wavelength which is about 9.77 m but also EWL ambiguities getting rid of the geometry range
as well as some atmosphere delay errors. Although WL ambiguities have similar characteristics as
the EWL ambiguities, the relative short wavelength which is about 0.81 m is more easily impacted
by measurement noise and multipath effects, which leads to the relative instability of WL UPDs.
The original UPDs on each frequency are not stable because they cannot get rid of the impact of the
geometry range as well as the atmosphere delay errors. Therefore, the original UPDs are more suitable
to be estimated epoch-by-epoch, instead of establishing the forecasting model.

3.2. Performance Comparison of Dual- and Triple-Frequency Float PPP

Figure 4 shows a typical time series of the position differences for the Galileo dual- and
triple-frequency float PPPs at CPVG station during the initialization on DOY 201, 2018. As can
be seen, the positioning accuracy of the triple-frequency PPP is significantly improved especially in the
east direction during the first 12 min, even if only six Galileo satellites can be observed at the station.
With only the one-epoch observation, the positioning accuracy of the triple-frequency PPP could
reach to about 0.6 m in the east direction, in comparison to about a 1 m positioning accuracy of the
dual-frequency PPP. With about 12-minute observations, the positioning accuracy of dual-frequency
PPP in the east direction was about 0.4 m; however the positioning accuracy of the triple-frequency PPP
was about 0.2 m in comparison, with the improvement by about 50%. Compared with dual-frequency
observations, the triple-frequency observations surely improve significantly the positioning accuracy
during the initial period.
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Figure 4. The time series of the position differences for the dual-frequency and triple-frequency float
solutions with 0.6-h observations at CPVG station on DOY 201, 2018.

In order to further verify the improvement of convergence time using triple-frequency
observations, the averaged positioning accuracy of all the test stations during the initialization was
analyzed. In this study, the convergence time denoted the time when the positioning accuracy was
better than 10 cm in successive five epochs. The statistics showed averaged positioning accuracy for
each session of 5, 10, 20, 25 and 30 min, as shown in Figure 5. As can be seen, the positioning accuracy
could be improved in the east, north and up directions when using triple-frequency observations in
each session. During the period of 20–30 min, the improvement of the positioning accuracy was the
most significant, with about 10–15% in the horizontal direction and 6–7% in the vertical direction.
The averaged convergence time for the current Galileo triple-frequency float PPP was about 30 min,
with the improvement of about 10% compared with dual-frequency float PPP. It concludes that the
additional observations are helpful to improve the performance of float PPP in terms of convergence
time and positioning accuracy.
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 Figure 5. The averaged positioning errors of all the test stations in the east, north and up components
for dual-frequency and triple-frequency float solutions during the initialization on DOY 201, 2018.

3.3. Performance Comparison of Dual- and Triple-Frequency PPP AR

Figure 6 shows the typical position differences for the triple-frequency float solutions,
dual-frequency WL-NL AR and triple-frequency EWL-WL-NL AR, making the results with 1.5-h
observations at ASCG station on DOY 201, 2018. Because it is expected that not all ambiguities can be
fixed simultaneously, a partial ambiguity resolution scheme was conducted [33,34]. As can be seen,
the convergence trend of PPP AR, especially triple-frequency PPP AR which had the potential for
significantly precise instantaneous positioning, was obviously much faster than the triple-frequency
float PPP during the period of the initial ten minutes. Compared with the dual-frequency WL-NL AR,
the triple-frequency EWL-WL-NL AR obviously reduced the convergence time and also improved the
positioning accuracy. The obtained positioning accuracy of the triple-frequency EWL-WL-NL AR was
about 0.2 m instantaneously and dropped down to 0.1 m after 0.5 h of observation time. However,
the dual-frequency WL-NL AR reached 0.1 m with about 0.8-h of observations. In addition, during
the initialization, especially in the initial 10–30 min, the positioning difference of the triple-frequency
EWL-WL-NL AR was more stable than that of the dual-frequency WL-NL AR. The reason may be the
difference of the WL ambiguity resolution between dual- and triple-frequency AR. Using the EWL-WL
strategy with a ten times smaller measurement noise than the HMW combination WL strategy allows
us to successfully resolve the WL ambiguity more easily and rapidly.
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Figure 6. The time series of the position differences for the triple-frequency float solutions,
dual-frequency WL-NL AR and triple-frequency EWL-WL-NL AR with 1.5-h observations at ASCG
station on DOY 201, 2018.

For the purpose of assessing the performance of UDUC-PPP AR further, the TTFF of the dual-
and triple-frequency AR as well as the convergence time of the triple-frequency float solutions at the
six user stations are shown in Figure 7. The averaged convergence time and TTFF for three groups of
solutions are also depicted in Figure 7. In this study, the TTFF denoted the time when the posterior
positioning accuracy was in centimeter levels in successive five epochs. It can be demonstrated that
the TTFF of the triple-frequency AR is shorter than that of the dual-frequency AR and also shorter than
the convergence time of the triple-frequency float PPP at different user stations. The improvement of
TTFF varied at different stations. This variation depends on many factors such as latitude, atmosphere
condition and receiver types, which need to be studied further. On average, the results of the six
stations showed that the TTFF of the triple-frequency AR was about 32 epochs (16 min), which reduced
the TTFF by 19.6% compared with the dual-frequency AR and also reduced the convergence time by
27.2% compared with the triple-frequency float PPP.
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In order to study the positioning accuracy of UDUC-PPP AR, the positioning differences of the
triple-frequency float solutions, dual-frequency WL-NL AR and triple-frequency EWL-WL-NL AR
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with 2-h observations were calculated at the six user stations, as shown in Figure 8. One can see that the
current triple-frequency Galileo positioning accuracy with 2-h observations could reach up to 2–4 cm
in the east direction, 1–3 cm in the north direction and 2–7 cm in the up direction. It could be seen that
the positioning accuracy of the triple-frequency AR was the highest compared with the dual-frequency
AR and triple-frequency float solutions. On average, Table 3 shows the root mean square (RMS) of
positioning errors with 2-h observations for the dual-frequency and triple-frequency AR, as well as the
triple-frequency float solutions. As can be seen, the triple-frequency PPP AR improved the averaged
positioning accuracy by 40.9%, 31.2% and 23.6% compared with the dual-frequency PPP AR and
53.3%, 37.6% and 36.8% compared with the triple-frequency float solutions, in the east, north and up
directions, respectively.Remote Sens. 2019, 11, 341 13 of 17 
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Figure 8. The RMS of the positioning errors with a 2-h observation for the dual-frequency and
triple-frequency AR, as well as the triple-frequency float solutions (unit: cm).

Table 3. The RMS of the positioning errors for three groups of PPP solutions with 2-h observations for
all test stations (unit: cm).

Triple Float WL-NL AR EWL-WL-NL AR

E 0.36 0.28 0.17
N 0.24 0.21 0.15
U 0.46 0.38 0.29

4. Discussion

Multi-frequency GNSS PPP-AR is the future direction. In this paper, we verified the triple-frequency
UDUC-PPP AR using the Galileo observations provided by IGS-MGEX stations. The averaged statistics
demonstrated that the TTFF of Galileo triple-frequency PPP AR was about 32 epochs (16 min), which
reduced the TTFF by 19.6% compared with the Galileo dual-frequency PPP AR and also reduced
the convergence time by 27.2% compared with the Galileo triple-frequency float PPP. The Galileo
triple-frequency PPP AR improved the averaged positioning accuracy by 40.9%, 31.2% and 23.6%
compared with the Galileo dual-frequency PPP AR and 53.3%, 37.6% and 36.8% compared with the
Galileo triple-frequency float PPP, in the east, north and up directions, respectively. Our statistics
about the contribution of triple-frequency observations were much better than those reported by
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Gu et al. [20] and Li et al. [21]. The reasons may be the fact that not only the precise orbits and clock
products of the Galileo satellites but also the PCO/PCV corrections of the Galileo satellites are more
accurate than that of the BDS satellites.

As shown in Figure 6, although the triple-frequency AR has great potential to achieve
instantaneous centimeter-level precise point positioning, there are still many challenges. As discussed
above, there are two main factors that influence rapid PPP AR: measurement noise and residual errors
of ionospheric delay. Compared with reducing ionospheric errors, measurement noise processing is
more complex. There is no better way to deal with measurement noise but multi-epoch smoothing,
which is an important factor limiting rapid PPP AR. Compared to the HMW combination strategy
for dual-frequency WL AR, the EWL-WL strategy for triple-frequency WL AR greatly reduces the
measurement noise which is the main reason to improve TTFF. As can be seen in Figures 7 and 8,
the improvement of the performance of triple-frequency AR is different in each station, which is mainly
due to the difference of the ionospheric delay corrections, estimated by the UDUC-PPP model. Due to
the current number of Galileo satellites, the accuracy of the ionospheric delay estimates based on the
UDUC-PPP model is still limited, leading to unstable positioning results of the triple-frequency AR,
as shown in Figure 6.

5. Conclusions

As the number of Galileo satellites increases, we can take advantage of the Galileo constellation to
conduct multi-frequency PPP AR. In order to verify that extra frequency signals can contribute
to the performance of UDUC-PPP AR, this paper proposed the method of a multi-frequency
step-by-step AR suitable for dual- and triple-frequency data processing, based on the UDUC-PPP
model. The experiment results showed that the triple-frequency UDUC-PPP can be conducted
with a significant improvement in terms of positioning accuracy and convergence time compared
with dual-frequency PPP. The triple-frequency float PPP could contribute to improving the position
estimations especially during the initialization phase. The averaged convergence time for the current
Galileo triple-frequency float PPP was about 30 min, with the improvement of about 10%, compared
with the dual-frequency float PPP. Compared with the dual-frequency WL-NL AR, triple-frequency
EWL-WL-NL AR could obviously reduce the TTFF and also improve the positioning accuracy.

In addition, we also discussed the reasons why triple-frequency AR is more rapid than
dual-frequency AR. The main difference between the dual-frequency AR and triple-frequency AR lies
in the way the WL ambiguity is resolved. Using the cascaded strategy of EWL-WL for triple-frequency
AR, which goes with ten times smaller measurement noise than the HMW combination WL strategy
for dual-frequency, allows the WL ambiguity to be successfully resolved more easily and rapidly.
Although the performance of the UDUC-PPP AR can be improved using triple-frequency observations,
the accuracy of the ionospheric delay estimates is still a main factor which limits the instantaneous
ambiguity resolution. We expect to improve the accuracy of ionospheric delay estimates through
multi-GNSS and multi-frequency technology which can further improve the TTFF and the positioning
accuracy of UDUC-PPP AR.
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Appendix A. Linear Combinations of the Original Measurements Theory

The virtual observation equations for combined pseudo-range and carrier-phase measurements
in meters can be expressed as: Pj

i,(m,p,q) = ρ
j
i + γ(m,p,q) · I

j
i,1 + di,(m,p,q) − dj,(m,p,q) + ε

j
i,(m,p,q)

Lj
i,(x,y,z) = ρ

j
i − γ(x,y,z) · I

j
i,1 + λ(x,y,z) · (N j

i,(x,y,z) + bi,(x,y,z) − bj,(x,y,z)) + ξ
j
i,(x,y,z)

(A1)

where (m, p, q) and (x, y, z) refers to the integer coefficients of triple-frequency pseudo-range and
carrier-phase measurements, respectively; Pj

i,(m,p,q) is a linear combination of triple-frequency code
measurements [11]:

Pj
i,(m,p,q) =

m · f1 · P
j
i,1 + p · f2 · P

j
i,2 + q · f3 · P

j
i,3

m · f1 + p · f2 + q · f3
(A2)

Lj
i,(x,y,z) is a linear combination of triple-frequency carrier-phase measurements in meters, which can

be similarly defined as:

Lj
i,(x,y,z) =

x · f1 · L
j
i,1 + y · f2 · L

j
i,2 + z · f3 · L

j
i,3

x · f1 + y · f2 + z · f3
(A3)

γ(m,p,q) and γ(x,y,z) are the frequency-dependent ionospheric scale factor at combined frequency (m, p,
q) and (x, y, z), which can be expressed as (taking γ(m,p,q) as example):

γ(m,p,q) =
f 2
1 (m/ f1 + p/ f2 + q/ f3)

m · f1 + p · f2 + q · f3
(A4)

N j
i,(x,y,z) is the combined ambiguity in cycles:

N j
i,(x,y,z) = x · N j

i,1 + y · N j
i,2 + z · N j

i,3 (A5)

di,(m,p,q) and dj,(m,p,q) are receiver and satellite combined code bias on Pj
i,(m,p,q), which can be

expressed as:
di,(m,p,q) =

m· f1·di,1+p· f2·di,2+q· f3·di,3
m· f1+p· f2+q· f3

dj,(m,p,q) = m· f1·dj,1+p· f2·dj,2+q· f3·dj,3

m· f1+p· f2+q· f3

(A6)

bi,(x,y,z) and bj,(x,y,z) receiver and satellite combined phase bias in cycles on Lj
i,(x,y,z), which can be

expressed as:
bi,(x,y,z) = x · bi,1 + y · bi,2 + z · bi,3

bj,(x,y,z) = x · bj,1 + y · bj,2 + z · bj,3 (A7)

λ(x,y,z) is the virtual wavelength of linearly combined observable, which can be expressed as:

λ(x,y,z) =
c

f(x,y,z)
, f(x,y,z) = x · f1 + y · f2 + z · f3 (A8)

where c denotes the speed of light in vacuum; f(x,y,z) is the virtual frequency of linearly
combined observable.

ε
j
i,(m,p,q) and ξ

j
i,(x,y,z) can be seen as the measurement noise of linearly combined pseudo-range

and carrier-phase observable, respectively. If we suppose that the measurement noises on each
frequency are identical and independent, the standard deviation of the pseudo-range and carrier-phase
observable on each frequency can be expressed as, σP1 = σP2 = σP3 = σP and σL1 = σL2 = σL3 = σL,
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respectively. Therefore, the variances of the linearly combined code and phase observations can be
expressed as:

σ2
Pj

i,(m,p,q)

=

(m· f1)
2·σ2

Pj
i,1

+(p· f2)
2·σ2

Pj
i,2

+(q· f3)
2·σ2

Pj
i,3

(m· f1+p· f2+q· f3)
2 = µ2

(m,p,q)σp

σ2
Lj

i,(x,y,z)

=

(x· f1)
2·σ2

Lj
i,1

+(y· f2)
2·σ2

Lj
i,2

+(z· f3)
2·σ2

Lj
i,3

(x· f1+y· f2+z· f3)
2 = µ2

(x,y,z)σL

(A9)

where commonly σp = 0.3 m, and σL = 0.003 m; µ2
(m,p,q) is defined as the noise amplitude factor:

µ2
(m,p,q) =

(m · f1)
2 + (p · f2)

2 + (q · f3)
2

(m · f1 + p · f2 + q · f3)
2 (A10)
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