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S U M M A R Y
Earthquake location is one of the oldest problems in seismology, yet remains an active research
topic. With dense seismic monitoring networks, it is possible to obtain reliable locations for
microearthquakes; however, in many cases dense networks are lacking, limiting the location
accuracy, or preventing location when there are too few observations. For small events in all
settings, recording may be sparse and location may be difficult due to low signal-to-noise
ratio. In this work, we introduce a new, distance-geometry-based method to locate seismicity
clusters using only one or two seismic stations. A distance geometry problem consists in
determining the location of sets of points based only on the distances between member pairs.
Applied to seismology, our approach allows earthquake location using the interevent distance
between earthquake pairs, which can be estimated using only one or two seismic stations.
We first validate the method with synthetic data that resemble common cluster shapes, and
then test the method with two seismic sequences in California: the August 2014 Mw 6.0
Napa earthquake and the July 2019 Mw 6.4 Ridgecrest earthquake sequence. We demonstrate
that our approach provides robust and reliable results even for a single station. When using
two seismic stations, the results capture the same structures recovered with high-resolution
double-difference locations based on multiple stations. The proposed method is particularly
useful for poorly monitored areas, where only a limited number of stations are available.

Key words: Inverse theory; Earthquake source observation; Induced seismicity; Volcano
seismology.

1 I N T RO D U C T I O N

Locating earthquakes is fundamental to observational seismology
and despite being a very old problem, with the first methods in-
troduced more than a century ago (Geiger 1912), the development
of new techniques to improve the accuracy of seismic event loca-
tions is still an active topic of research. The exponential growth
of computing power since the beginning of the digital era enables
increasingly sophisticated techniques that improve our ability to
locate earthquakes.

Earthquake location methods can be classified as absolute and
relative methods. Absolute methods (e.g. Lomax et al. 2009) allow
seismic event location with respect to a fixed (i.e. absolute) coordi-
nate system. To obtain accurate locations requires a good knowledge
of the velocity model and a sufficient number of observations (i.e.
the arrival times of P, S or both seismic phases at different stations).

Absolute location approaches can be further extended using joint
hypocentral and velocity inversion methods by locating groups of
earthquakes using station corrections in a fixed velocity model (e.g.
Douglas 1967; Pujol 1988, 2000) or by solving the inverse problem
both for earthquake locations and velocity structure in 1-D or 3-D
(e.g. Kissling et al. 1994). While absolute methods locate seismic
events with respect to a fixed (i.e. absolute) coordinate system, rel-
ative methods locate seismic events with respect to the position of
other seismic events (one or many), but they have the great advan-
tage of being less dependent on the velocity model than are absolute
location techniques (Waldhauser & Ellsworth 2000). These meth-
ods require a set of well-located events to bind the newly located
events to an absolute reference frame. The master event technique
introduced by Douglas (1967), the double-difference (DD) method
(Waldhauser & Ellsworth 2000) and the location using the Source
Specific Correction Term (Richards-Dinger & Shearer 2000) are
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notable methods within this class. All these approaches, from the
simplest to the most sophisticated, have poor performances when
working with very sparse seismic networks and, in the worst case,
become useless when only a single seismic station is available. In
such cases, location of seismic events needs to be performed by
using single station methods.

Classical single station location methods (e.g. Roberts et al. 1989;
Saari 1991; Abercrombie 1995) are based on the analysis of three-
component seismic recordings to estimate the backazimuth, inci-
dence angle and source-station distance of a seismic event, thus
providing its absolute location. Seismic event location using a sin-
gle station is often a challenging task since the estimation of the
backazimuth and the incidence angle is sensitive to noise and this
lack of robustness makes difficult the development of automated
methods. Promising results on single station location have been re-
cently achieved by using deep learning approaches that have been
applied to different seismic events across the globe and at different
scales (Lomax et al. 2019; Mousavi & Beroza 2020).

In this study, we present a new relative single-station location
method for clustered earthquakes that is suitable for the analysis of
weak events, since it is not based on the backazimuth and incidence
angle estimation. In addition, this approach does not require the use
of a 3C station and locates seismicity clusters by using the interevent
distances between each event pair of the cluster. Interevent distances
can be estimated using the P and S arrival times that can be picked
in single channel seismic recordings (Poupinet et al. 1984; Cauchie
et al. 2020). Alternative methods for single station single channel
interevent distance estimation based on coda wave interferometry
have also been proposed (Snieder & Vrijlandt 2005; Rubinstein &
Beroza 2007; Robinson et al. 2013; Zhao et al. 2017; Zhao & Curtis
2019). These methods are promising and can, in principle, lead to
more accurate interevent distances; however, they require very high
waveform similarity (i.e. very similar location and nearly identical
focal mechanisms; Snieder & Vrijlandt 2005) a condition that is
often not satisfied, hence we believe that the approach proposed in
this paper (that only requires the arrival times of P and S phases) is
suitable for a wide range of applications.

To locate seismic events using only the interevent distances be-
tween event pairs, we need to use distance geometry techniques.
Distance geometry is a field of mathematics, introduced in the be-
ginning of the 20th century by Karl Menger, consists of the char-
acterization and study of sets of points based only on given values
of the distances between member pairs (Liberti et al. 2014). A dis-
tance geometry problem (DGP) is one of finding the coordinates of
a set of points by using the distances between some pairs of such
points (Liberti et al. 2014). DGPs are applied to different scientific
fields including biochemistry, where they are extensively used to
determine protein structure based on nuclear magnetic resonance
(NMR) spectroscopy data, which provide a set of interatomic dis-
tances for atoms pairs in a given protein (Souza et al. 2013). In this
context, the so-called Molecular DGP (MDGP) consists of find-
ing the position of the atoms of a molecule starting from a set of
interatomic distances. Among the different methods used to solve
the MDGP, the geometric build-up algorithms (Dong & Wu 2002,
2003; Wu & Wu 2007; Sit et al. 2009; Sit & Wu 2011) are the most
popular. This class of algorithms allow determination of the atom
coordinates in the molecule one atom at time by iteratively solving a
system of equations (Voller & Wu 2013). There are different analo-
gies between the protein structure determination problem and the
location of clustered seismicity. The aim of this article is to apply
distance geometry techniques to locate a group of seismic events by
using their interevent distances estimated using the data available

at one or two seismic stations. In the following sections, we explain
the methodology, test it on synthetic data sets, and apply it to two
real data sets for the Napa and Ridgecrest seismic sequences in
California.

2 M E T H O D O L O G Y

In this work we introduce a novel seismic event location method
based on the molecular geometric build-up technique (Sit et al.
2009) adapted to solve the earthquake location problem. This ap-
proach requires as input data the interevent distance between earth-
quakes pairs within a cluster, that can be estimated from the P and
S first arrival times tp and ts, respectively. Our intent is to estimate
interevent distances from source-station distances. Let us start with
two seismic events a and b recorded at the station s, as illustrated in
Fig. (1a). If the interevent distance ||rab|| between event a and event
b is much smaller than the distance between these events and the
station s then the interevent distance ||rab|| can be approximated by
the following equation:
∣∣∣∣rs

ab

∣∣∣∣ =| ||ras || − ||rbs || |, (1)

where
∣∣∣∣rs

ab

∣∣∣∣ is the approximated interevent distance and ||ras ||
and ||rbs || are the source-station distances of a and b, respectively,
with respect to the station s. The interested reader can find the
mathematical derivations of eq. (1) in the Appendix.

Source-station distances for the events a and b with respect to
the station s can be estimated by using the P and S arrival times at
the station s. If we consider a homogeneous half-space with seismic
velocities Vp and Vs for P and S waves, respectively, then the source-
station distance between the station s and the events a and b can be
written as

||res || = kv(t e
s − t e

p ) with e = a, b (2)

where ta|b
p and ta|b

s are respectively the first onset times of the P and
S waves for the events a and b as recorded at the station s and kv =
VPVS/(VP − VS). Finally, we can write the approximated interevent
distance between a and b (eq. (1)) at the station s in the following
way:
∣∣∣∣rs

ab

∣∣∣∣ = kv | (ta
s − ta

p ) − (tb
s − tb

p ) | (3)

Eq. (3) can be used to estimate the approximated interevent dis-
tance

∣∣∣∣rs
ab

∣∣∣∣ by measuring the arrival times for both P and S waves
of the events a and b recorded at the station s. From Fig. (1a), it is
easy to see that

∣∣∣∣rs
ab

∣∣∣∣ is only an approximation of the true interevent
distance ||rab||. If the interevent distance between the event a and
the event b is much smaller than the distance between these events
and the station s, then the value of the approximated interevent dis-
tance becomes very close to the true one. This condition is easily
satisfied when the size of the seismicity cluster is much smaller than
the distance between the station and the centre of mass of the cluster
itself. It is possible to obtain a better approximation of the interevent
distance by using two stations perpendicular to the barycentre of
the cluster (Fig. 1b). In this case the main condition that must be
satisfied is that both the stations and the events lie on the same plane.
This condition can be approximated when the depth distribution of
the seismicity cluster is small with respect to the distance between
the cluster and the seismic stations. When such condition is satisfied
a better approximation of the interevent distance between the event
a and b can be obtained using the following equation:

||rab|| ≈
√∣∣∣∣rs1

ab

∣∣∣∣2 + ∣∣∣∣rs2
ab

∣∣∣∣2
, (4)
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Figure 1. Geometric relations used for the calculation of the interevent distances between the events a and b, using the source-station distances at the station s
(panel a) and the stations s1 and s2 (panel b) (in this second case stations and events are considered co-planar).

where
∣∣∣∣rs1

ab

∣∣∣∣ and
∣∣∣∣rs2

ab

∣∣∣∣ are the approximated interevent distances
estimated using eq. (3) at the stations s1 and s2, respectively. In this
case, we first estimate the interevent distance using eq. (3) separately
at each station (s1 and s2) and then use eq. (4) to obtain a better ap-
proximation. To locate seismicity clusters we use a class of iterative
methods used in biochemistry to solve the MDGP. More specifically
we use the Geometric Build-Up algorithm first introduced by Dong
& Wu (2002, 2003) and successively improved by Sit et al. (2009).
The original method requires exact interatomic distances and suf-
fers from error propagation after each iteration (Sit et al. 2009; Sit
& Wu 2011; Voller & Wu 2013). This is due to the fact that the
coordinates of the atoms are calculated by using the coordinates
of previously determined atoms, and the errors in the previously
determined atoms propagates to the later determined atoms. As a
result, the coordinates for later determined atoms can be affected
by large errors, especially when dealing with large molecules (Sit
et al. 2009). In order to fix this problem an improved version of this
algorithm has been proposed by Sit et al. (2009). This approach is
robust against inexact interatomic distances and does not suffer of
the error propagation problem, since the determination of the loca-
tion of a particular atom do not depend on the coordinates of the
previously determined atoms (Sit et al. 2009; Sit & Wu 2011). Here
we use the improved version of geometric build-up algorithm pro-
posed by Sit et al. (2009), adapted to solve the earthquake location
problem and modified to obtain an estimation of the location un-
certainties. The location method we propose requires (at least) only
four non-coplanar seismic events for which the absolute hypocentral
coordinates are known. We call these events master events. This is
a mathematical requirement to ensure the uniqueness of the inverse
problem. In order to describe how the method works let us consider
a seismicity cluster consisting of k + 1 events with x1, x2, ..., xk+1

the hypocentral coordinates (defined in R
3) of each seismic event

1, 2, ..., k + 1. If we know the Euclidian distance between each pair
of events i and j, we can write

∣∣∣∣ri j

∣∣∣∣2 = ∣∣∣∣xi − x j

∣∣∣∣2 = ||xi ||2 − 2xT
i x j + ∣∣∣∣x j

∣∣∣∣2
, (5)

where
∣∣∣∣ri j

∣∣∣∣ is the interevent distance between i and j, and ||xi || and∣∣∣∣x j

∣∣∣∣ are respectively the distances between the events i and j and
the origin of the reference system (with i, j = 1, 2, .., k + 1). We
can consider the internal structure of a seismicity cluster invariant
to translation and rotation (i.e. we can translate and rotate it but the
internal configuration of the events does not change), thus we can

arbitrarily consider the event k + 1 at the origin of the reference
system (i.e. xk+1 = (0, 0, 0) ). In this case ||rik+1||2 = ||xi ||2 and∣∣∣∣r jk+1

∣∣∣∣2 = ∣∣∣∣x j

∣∣∣∣2
; thus, we can write the eq. (5) as

∣∣∣∣ri j

∣∣∣∣2 = ||rik+1||2 − 2xT
i x j + ∣∣∣∣r jk+1

∣∣∣∣2
with i, j = 1, 2, ..., k.

(6)

We define a k × 3 matrix of coordinates X (i.e. the coordinates of
hypocentres):

X = xi with i = 1, 2, ..., k (7)

and a k × k distance matrix R:

R =
(
||rik+1||2 − ∣∣∣∣ri j

∣∣∣∣2 + ∣∣∣∣r jk+1

∣∣∣∣2
)

/2 with i, j = 1, 2, ..., k.

(8)

The elements of the matrix R (i.e. the interevent distances between
each pair of events) are estimated by using the approach described
in the appendix. From eq. (6), it follows that

R = XXT in R
k×k, (9)

where XT is the transpose of X. We can now write the singular value
decomposition (SVD) of R as

R = VSVT , (10)

where V is an orthogonal matrix and S is the diagonal matrix of
singular values of R. Then, we can find X by solving

X = G�1/2 (11)

with G = V(1 : k, 1 : 3) and � = S(1 : 3, 1 : 3) (where the notation
l: m means that we are extracting the elements of the matrix along
one axis from the lth to the mth positions). The interested reader
can find a more formal mathematical description in Havel (1998).
Essentially, if we know all the distances between each events pair,
we can calculate R and retrieve the coordinates of the k seismic
events by finding X, considering the event k + 1 fixed at the origin
of the reference system. If we have n events within a cluster, we need
to apply this approach iteratively. At each step k, the coordinates
of the k (already located) events X are mapped (i.e. relocated) in
a reference system with the k + 1 event is fixed at the origin (i.e.
xk+1 = (0, 0, 0)). This means that the first k events must be moved
back to their initial positions by rotations and translations, so that
the difference between the initial and the new locations for the first
k events is minimized in a least-squares sense.
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We describe here how to do it in more detail. Let XA be the k
matrix with the original hypocentral coordinates of the first k events,
and let be XB the k matrix with the hypocentral coordinates of the
events in the new reference frame where xk+1 = (0, 0, 0). We first
need to translate XB to XA with a translation vector xA

c − xB
c , where

xA
c and xB

c are the position of the geometric centres of clusters in
the original and the new reference system respectively. After the
translation operation, we need to perform a rotation by using the
matrix Q = UVT which is obtained from the SVD of XT

BXA =
U�VT . If xB

i are the coordinates of the seismic events i = 1, 2,
3, ....k, k + 1, then QxB

i produces the location of the i = 1, 2, 3,
....k, k + 1 events in the original reference system, with the event
k + 1 now located. Essentially the rotation matrix Q allows to
minimize the Euclidian norm ||XA − XBQ|| (Golub & Van Loan
1989). Finally, it is possible to locate n seismic events within a
cluster, by starting with four non co-planar seismic events with
known absolute locations and by iteratively applying this approach
to the remaining n − 4 seismic events.

We perform uncertainty estimation following a bootstrap-like
approach. It is well known that the largest source of error in earth-
quake location is often related to uncertainties in the velocity model.
Location uncertainties are thus estimated by randomly perturbing
the VP and VS (i.e. the kv in eq. 3) and relocating the same clus-
ter Nboot times. Then for each event we have a population of Nboot

relocations whose standard deviation can be used as a proxy of
the uncertainty. Finally, after the resampling process, we apply a
Gaussian kernel density estimator (Gaussian KDE) to the whole
population of relocated events (i.e. for cluster of n seismic events,
the entire population after the resampling will be nNboot ) to have a
visual proxy of locations stability and estimate the size of the cluster
by taking into account location uncertainties and mislocated events
(Lopez-Comino et al. 2017). In this context, the Gaussian KDE can
be viewed as a powerful tool for the visualization of large seismic-
ity data sets that allow to couple the main geometrical information
related of a seismic cluster with location uncertainties (including
systematically mislocated events).

3 A P P L I C AT I O N T O S Y N T H E T I C DATA

We tested our location approach with synthetic data resembling
different conditions, including the number of reference events, the
shape of the cluster and the position of the seismic station used for
the location process. We run two series of synthetic tests. In the first
one we use, as input data, the Euclidian interevent distances directly
calculated from the events coordinates (results shown in Figs 2 and
3), while in the second test we use approximated interevent distances
(results shown in Figs 4–7) obtained by using eqs (3) and (4) for one
station and two stations cases, respectively, as illustrated in Figs 1(a)
and (b).

3.1 Synthetic test using Euclidian interevent distances

We focus the first test on the evaluation the effectiveness of the
method in reconstructing a seismicity cluster by calculating the in-
terevent distances directly from event coordinates. The synthetic
data set consists of 200 events randomly distributed within a sphere
of 500 m radius centred at the origin of the reference coordinate sys-
tem. For each event pair, we first compute the Euclidian interevent
distance and, then we add a random error assuming a uniform dis-
tribution between −100 and 100 m. We additionally evaluate how

the number of reference events influences the quality of the recon-
structed shape of the seismic cluster. We show location results for a
spherical seismicity cluster using four master events in Figs 2 and
3; here, about 80 per cent of the estimated locations are within 75 m
of the true locations (Fig. 2, in the lower right panel). The location
error for the same fraction of events reduces to about 35 m, when
using 8 events (Fig. 3) and does not improve significantly by using
16 master events (Supporting Information Fig. S1). This finding
illustrates the relation between the number of reference events used
to locate the seismic events, if homogeneously distributed around
within the cluster, and the average location error.

3.2 Synthetic test using approximated interevent distances

A more realistic synthetic test requires the computation of the ap-
proximated interevent distances using eq. (1), which only needs the
knowledge of the source-station distances of each event as illustrate
in Fig. (1). While in real-world cases, source-station distances are
estimated by using the P and S arrival times, in this test we calcu-
late the source-station distances directly from the station and event
coordinates. Theoretical source-station distances are then used to
calculate the interevent distance of each event pair by using eq. (1)
(and eq. 4 for the two stations applications). As described in the
methodology section, the estimation of the interevent distance of an
event pair based on the use of the source-station distances depends
on the position of the station with respect to the seismic cluster and
on the cluster shape.

The first synthetic data set consists of 200 events randomly dis-
tributed within a sphere of 500 m radius centred at x = 0, y = 0
and z = 5 km (z-axis is considered positive downwards). The in-
terevent distances of each event pair are calculated by considering
a surface (z = 0 km) seismic station located at an epicentral dis-
tance of 10 km from the origin of the reference system and 45◦

with respect to the x-axis. Prior to computation of the interevent
distances, we perturbed each source-station distance with random
errors (uniform distribution between −100 and 100 m). We then
performed the location of the synthetic events by using four and
eight master events (Fig. 4). A first important finding from this test
is that the location errors are about one order of magnitude larger
than the ones obtained in the previous test, despite the same noise
level. Location errors using four master events are within 800 m of
the true locations for about 80 per cent of the events (Fig. 4a). These
errors reduce to 600 m, when using eight master events (Fig. 4b). In
order to test the sensitivity to the station azimuth, we applied our lo-
cation method for the same data set (including the reference events)
but now considering the station located at −45◦ with respect to the
x-axis (same epicentral distance). Location results (Supporting In-
formation Fig. S2) are comparable to the previous results (shown in
Fig. 4), indicating a negligible station azimuth effect. This is mainly
due to the isotropy of a spherical shape of the cluster, which makes
the results less sensitive to the azimuthal location of the station.

To investigate the effect of the station-cluster geometry, we gen-
erate an additional synthetic data set consisting of 200 events ran-
domly distributed within a rectangular volume of size 800 m ×
200 m × 200 m (along x, y and z, respectively) and centred at x = 0,
y = 0 and z = 5 km (Fig. 5). Source-station distances are perturbed
as before. We relocate the seismic cluster assuming two station lo-
cations. In the first case, we use an optimally oriented station (i.e.
when the major elongation axis of the seismicity lies on line between
the station and the centre of the cluster). Location results with four
and eight master events (Fig. 5 in panels a and b, respectively) show
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Figure 2. Synthetic test performed using four master events. Red dots represent true locations while blue dots represent the estimated ones using noise
contaminated Euclidian interevent distances. In green, we show the cumulative plot showing the fraction of events located within a given (hypocentral) distance
from the true event location.

similar location errors with about 80 per cent of the events located
within 400 m of the true locations. In this case, our method is also
able to reconstruct the main patterns of the cluster. We then test the
worst possible seismic station orientation with respect to the cluster
(i.e. when the major elongation axis of the seismicity is perpendic-
ular to the line between the station and the centre of the cluster).
In this case the location performance was strongly degraded and
the algorithm was not able to correctly reconstruct the shape of the
cluster (Fig. 6). Location results with four and eight master events
(Fig. 6 in panels a and b, respectively) show larger location errors
with about 80 per cent of the events located within 600 m from the
true locations (with respect to 400 m from the previous test).

The location performance strongly depends on the accuracy of
the estimated interevent distances of each event pair. When using

data from a single station, however, obtaining reliable interevent dis-
tances is challenging. Using two stations to estimate the interevent
distance between two seismic events (eq. 4) leads to a significant
improvement in individual event locations and reconstruction of the
shape of the seismic cluster. We used the two data sets introduced
in the previous examples (and shown in Figs 4 and 5) and tested the
location algorithm using interevent distances estimated with two
seismic stations and only four reference events. We also tested two
different network geometries: in the first case, the two stations are
located along the x and y axes (as shown in Fig. 7) while in the
second case, the stations are rotated counter-clockwise by 45◦ (as
shown in Supporting Information Fig. S3). It is interesting to note
that, in this case, the quality of the location strongly improved, with
the errors reduced by about 60–80 per cent with respect to the results
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Figure 3. Synthetic test performed using eight master events. Red dots represent true locations while blue dots the estimated ones using noise contaminated
Euclidian interevent distances. In green we show the cumulative plot showing the fraction of events located within a given (hypocentral) distance from the true
event location.

obtained using a single station (Figs 4–6). The location of seismic
clusters using two stations yields proper reconstruction of the shape
of the cluster. For the spherical shaped cluster (Fig. 7a), we find
that about 80 per cent of the events are located within 400 m from
the true locations, while for the planar shaped cluster (Fig. 7b), this
error reduces to 200–250 m. Additional tests considering differ-
ent station azimuths led to similar results (as shown in Supporting
Information Fig. S3).

4 A P P L I C AT I O N T O R E A L DATA

To validate our location method we tested it with real data. In
particular, we applied it to data for the August 2014 Mw 6.0 Napa

and the July 2019 Mw 7.1 Ridgecrest earthquakes. Both seismic
sequences occurred in California (USA).

4.1 The August 2014 Mw 6.0 Napa (California, USA)
seismic sequence

The first real data set we used for testing purposes is from the
Mw 6.0 South Napa earthquake sequence, which occurred on 2014
August 24, and was the largest earthquake to strike the greater San
Francisco Bay area since the Mw 6.9 1989 Loma Prieta earthquake
(Brocher et al. 2015). The data set consists of 81 events ranging from
magnitude 1.1 to 6.0 that occurred between August 24th and 26th;
for comparison, we extracted locations from the DD (Waldhauser &
Ellsworth 2000) catalogue from the Northern California Earthquake

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/225/1/608/6045620 by G

eoforschungszentrum
 Potsdam

 user on 28 M
ay 2021



614 F. Grigoli et al.

True locations

Estimated locations

References

Station

Distance 10 km

(a)

Distance 10 km

True locations

Estimated locations

References

Station

(b)

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
X (km) Distance from True Location (km)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
X (km)

0.0

0.2

0.4

0.6

0.8

1.0

4.2 4.4 4.6 5.0 5.2 5.4 5.6 5.84.8
Z (km)

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

4.2

4.4

4.6

5.0

5.2

5.4

5.6

5.8

4.8

Z
 (

km
)

Fr
ac

tio
ns

 o
f e

ve
nt

s

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

Y
 (

km
)

Y
 (

km
)

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
X (km) Distance from True Location (km)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
X (km)

0.0

0.2

0.4

0.6

0.8

1.0

4.2 4.4 4.6 5.0 5.2 5.4 5.6 5.84.8
Z (km)

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

4.2

4.4

4.6

5.0

5.2

5.4

5.6

5.8

4.8

Z
 (

km
)

Fr
ac

tio
ns

 o
f e

ve
nt

s

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8
Y

 (
km

)

Y
 (

km
)

X(km)
-10 10-9 9-8 8-7 7-6 6-5 5-4 4-3 3-2 2-1 10

Y
(k

m
)

-10

10

-9

9

-8

8

-7

7

-6

6

-5

5

-4

4

-3

3

-2

2

-1

1

0

X(km)
-10 10-9 9-8 8-7 7-6 6-5 5-4 4-3 3-2 2-1 10

Y
(k

m
)

-10

10

-9

9

-8

8

-7

7

-6

6

-5

5

-4

4

-3

3

-2

2

-1

1

0

Figure 4. Synthetic test with a spherical shaped seismic cluster performed using 4 (panel a) and 8 (panel b) master events. The plots on the left show the
position of the station (green triangle) with respect to the cluster. The right plots show a detail of the location results. Red dots represent true locations while
blue dots the estimated ones using approximated interevent distances (eq. 1) contaminated with random noise. In green, we show the cumulative plot showing
the fraction of events located within a given (hypocentral) distance from the true event location.

Data Center (Fig. 8). To calculate the interevent distances for each
event pair we used manual P and S picks for a single station (station
CVS, Fig. 8) and a homogeneous velocity model with VP =6000 m
s−1 and VS = VP/

√
3.

The Napa earthquake sequence exhibits an N–S elongation pat-
tern (red dots in Fig. 9), while by using a single station approach we
are not able to reproduce this pattern (blue dots in Fig. 9). Location
results with four reference events show that about 80 per cent of
the events are located within 4 km of the DD locations (Fig. 9). Al-
though these results can be considered of good quality for a single

station method (Mousavi & Beroza 2020), in this case, our approach
fails to fully reproduce the geometry of the seismicity cluster. Our
results show that seismicity is apparently distributed along the E–W
direction (blue dots in Fig. 9), while the cluster geometry estimated
using the DD method shows an elongation in the N–S direction (red
dots in Fig. 9). In these cases, however, additional source of infor-
mation such as focal mechanisms, source directivity and knowledge
of the faults distribution in the area could help to avoid wrong in-
terpretations. Similar location results are obtained by using 8 and
16 master events (see Supporting Information Figs S4 and S5).
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Figure 5. Synthetic test with a planar shaped seismic cluster performed using four (panel a), eight (panel b) master events and using a station aligned to the
maximum elongation direction of the cluster. The plots on the left show the position of the station (green triangle) with respect to the cluster. The right plots
show the details of the location results. Red dots represent true locations while blue dots represent the estimated ones using approximated interevent distances
(eq. 1) contaminated with random noise. In green, we show the cumulative plot showing the fraction of events located within a given (hypocentral) distance
from the true event location.

The locations obtained using 16 master events are less clustered
if compared with the ones obtained using 4 and 8 master events.
In this case, an increased number of master events did not lead to
better location results. This may be related to the inclusion of badly
located master events that have a pernicious effect in the location
process.

We estimated uncertainties by perturbing the velocity model used
for the interevent distance calculation within the range 5500–6500 m
s−1 for the VP, while keeping the VP/VS ratio fixed at

√
3. At each

iteration (i.e. a perturbation in the velocity model), we recalculate

the interevent distances and relocate all the events. In this case,
we relocate each event of the cluster 25 times and measure the
location uncertainty as the sample standard deviation. We found
that location uncertainties are in the order of 2 km. Finally, we plot
all the location results for each iteration using the Gaussian KDE that
allows visualization of the results, while taking into account location
uncertainties and mislocated events (Lopez-Comino et al. 2017).
The KDE results show that the cluster depth is well constrained
(Fig. 10).
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Figure 6. Synthetic test with a planar shaped seismic cluster performed using four (panel a), eight (panel b) master events and using a station perpendicular to
the maximum elongation direction of the cluster. The plots on the left show the position of the station (green triangle) with respect to the cluster. The right plots
show the details of the location results. Red dots represent true locations while blue dots the estimated ones using approximated interevent distances (eq. 1)
contaminated with random noise. In green, we show the cumulative plot showing the fraction of events located within a given (hypocentral) distance from the
true event location.

4.2 The July 2019 Mw 6.4 Ridgecrest (California, USA)
seismic sequence

The second real data set is for the July 2019 Mw 6.4 Ridgecrest
(California) seismic sequence, which occurred on 2019 July 4 and
followed by an Mw 7.1 earthquake on 2019 July 6 (Liu et al. 2020).
The Mw 6.4 event and its aftershocks activated an ‘L’ shape fault sys-
tem (Ross et al. 2019). The particular shape of this cluster makes this
data set a particularly compelling test of the ability of our method to
reconstruct complex seismic sequences using one or two stations.
We select a subset of 320 aftershocks of the Mw 6.4 earthquake

from the DD catalogue generated by Liu et al. (2020) as our target
events, and whose phases were picked by a deep-learning phase
picker (Zhu & Beroza 2019). We selected only the events that have
P and S picks at both the WMF and WBS stations (Figs 11). The
magnitude (Ml) range is between 1.5 and 6.4. Interevent distances
for each event pair of the cluster were calculated using a homoge-
neous velocity model with VP = 6000 m s−1 and VS = VP/

√
3. Due

to the extension and geometric complexity of the seismic sequence,
it is important to find a set of reference events that homogeneously
sample the entire seismic cluster. In this application, we found this
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Figure 7. Synthetic test performed using four master events and two seismic stations with two different cluster shapes: spherical (panels a) and the locations of
events located with the planar (panel b). The plots on the left show the position of the two stations (green triangles) with respect to the cluster. The right plots
show a detail of the location results. Red dots represent true locations while blue dots represent the estimated ones using the approximated interevent distances
based on two stations (eq. 4) and contaminated with random noise. In green, we show the cumulative plot showing the fraction of events located within a given
(hypocentral) distance from the true event location.

condition satisfied by using 20 early aftershocks occurred in the first
hour of the sequence (Fig. 13).

We first tested our methodology using a single seismic station
located about 60 km from the centre of the cluster to the north–
northeast (station WMS, Fig. 11) and then another station located
at about 60 km from the centre of the cluster to the east-southeast
(station WBF, Fig. 11). In both cases, about 90 per cent of the events
are located within 15 km from the DD locations but these results
show that the use of interevent distances estimated with a single
station do not allow to reconstruct the shape of the cluster (Figs 12
and 13). Hypocentral depths are better constrained, however, and

distributed within 7.5 km from the average depth of the cluster
(Figs 12 and 13). This sequence, due to its particular geometrical
shape, represents the worst scenarios for the estimation of interevent
distances with a single station (as explained in the methodological
section).

We also tested the location performance using interevent dis-
tances estimated with two seismic stations and using eq. (4)
(Fig. 14). In this last case, with about 80 per cent of the events
located within 5 km of the DD locations, we achieved better per-
formances and we successfully reproduced the shape of the cluster
(Fig. 14). The use of two stations for the estimation of the interevent
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Figure 8. Napa earthquake sequence located using the DD method. The four master events used to locate the other events are represented by yellow dots. The
green triangle at about 18 km distance from the centre of the cluster shows the position of the seismic station CVS, used to estimate the interevent distances.
Location results presented in the next figures are referred to the region defined by the dashed square.

distances has also the important advantage to reduce the number of
master events needed for the location of the seismic events. By
using two stations for the location of the Ridgecrest earthquake
sequence, the minimum number of master events required to cor-
rectly reproduce the shape of the cluster decreased to 8 (Supporting
Information Fig. S6), although a not optimal distribution of master
events with respect to the depth also reduced the accuracy in depth
estimation (Supporting Information Fig. S6). However, if we in-
crease the number of master events to 15 (Supporting Information
Fig. S7), we obtain results which are very similar to those illus-
trated in Fig. 14, where we use 20 master events. These last results
illustrate the potential of this location method in critical monitoring
conditions when only one or two stations are available. In analogy
with the application to the Napa sequence, to estimate the loca-
tion uncertainties (for the two station case), we randomly perturbed
(25 times) the velocity model within the range 5500–6500 m s−1

for the VP, and keeping fixed the VP/VS ratio to
√

3. Estimated lo-
cation uncertainties are in the range of 1–4 km for most the events.
The KDE plot (Fig. 15) shows that solutions are very stable and
the shape of the cluster is still clearly visible, which highlights the
effectiveness of this location method even when dealing with very
complex sequences.

5 D I S C U S S I O N A N D C O N C LU S I O N S

Earthquake location using a single seismic station or with a very
sparse network is a challenging problem and remains an active topic
of research. In this paper we introduced a novel technique based on
distance geometry solvers that allow location of clustered seismic-
ity using one or two seismic stations. Synthetic tests show that the

location results strongly depend on the accuracy of the interevent
distances, this can be shown by comparing the location results ob-
tained using the Euclidian interevent distances and the approximated
ones (eq. 1). While the use of Euclidian interevent distances, even
if contaminated with noise, allows a proper reconstruction of the
shape of the cluster (Figs 2 and 3), the use of approximated in-
terevent distances strongly reduces the performance of the location
method (Figs 4 and 5).

These findings highlight the fact that the accuracy of the in-
terevent distance estimations is one of the main factors controlling
the performance of the location method. The use of two seismic
stations at perpendicular azimuths to the direction of the cluster
produces more accurate interevent distances (eq. 4, Fig. 1b). This
explains why the location results obtained using two stations will
always produce better results than single station locations, even if
these ones are obtained with a larger number of well-located master
events. Tests both with both synthetic (Fig. 7) and real (Fig. 14)
data show that the use of interevent distances estimated with two
stations strongly improves the recovery of the cluster geometry.

The performance of the location method also depends on the
number and the quality of the master events used to locate the other
events of the cluster. As a general rule, an increasing number of
well-located master events improves location results (Figs 4 and 5);
however, this is not always the case since the insertion of mislocated
master events in an existing set of well-located master events does
not improve location results and worse, reduces the overall quality
of the results. The Napa earthquake sequence is an interesting case
where we can observe this kind of problem. If we compare the loca-
tions obtained using 4 and 8 master events (Figs 9 and Supporting
Information Fig. S4) with those obtained using 16 master events (see
Supporting Information Fig. S5), we find that the increased number
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Figure 9. Location results of the Napa earthquake sequence obtained by using four master events (yellow dots) and the station CVS (direction indicated by
the green arrow). Red dots represent DD locations while blue dots represent the estimated ones. The lower-right subfigure (in green) represents the cumulative
distribution plot showing the fraction of events (in per cent) located within a given (hypocentral) distance from the DD location.

of master events did not improve location results (i.e. locations are
less clustered). This may be related to the inclusion of badly located
master events having a pernicious effect on the location process.

The quality of location results also depends on the position of
stations with respect to the cluster (e.g. compare Figs 5 and 6);
however, this is not a limitation of the location method itself but
is related to the interevent distance estimation procedure which
strongly depends on the azimuth of the station with respect to the
seismic cluster. For fixed offsets (i.e. source-station distances), the
estimation of the interevent distances using a single station is more
accurate when the major elongation axis of the seismicity lies along
the same line between the station and the centroid of the cluster,

while the worst geometry occurs when they are perpendicular. For
this reason, when dealing with complex seismic sequences, such
as the Ridgecrest earthquake, the location performance strongly de-
creases and the shape of the cluster cannot be reconstructed properly
(Figs 12 and 13). Due to its ‘L’ shape fault system, the Ridgecrest
earthquake sequence represents a worst-case scenario for the appli-
cation of this location approach using interevent distances estimated
with a single station. As shown in Fig. 14, this limitation can be over-
come by using (at least) two seismic stations that allow to estimate
more accurate interevent distances.

The application to the Ridgecrest seismic sequence shows that
the location performance strongly improves when using interevent
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620 F. Grigoli et al.

Figure 10. Gaussian KDE of the Napa earthquake sequence resampled 25 times by perturbing the velocity model within the range 5500–6500 m s−1 for the
VP, and keeping the VP/VS ratio fixed at

√
3. White dots denote the locations of events located with the DD technique. The colour scale (normalized to 1)

moves from cyan to the red colour in the region containing the maximum density of samples.
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Figure 11. Ridgecrest earthquake sequence located using the DD method. Master events are represented by the 20 yellow dots. The green triangles at about
60 km distance from the centre of the cluster shows the position of the two seismic stations WMF and WBS, used for the location process. The two stations
with respect to the centre of the cluster form an angle of about 70◦. Location results presented in the next figures are referred to the region defined by the
dashed square.

distances estimated with two stations (Fig. 14). Location results are
robust (Fig. 15) and comparable with high-resolution DD locations
obtained with a larger number of stations (more than 10); however,
our relocated cluster shows a small distortion due to the fact that
the two stations are not perfectly perpendicular with respect to
the barycentre of the cluster or in other words, the angle between
the lines connecting the two stations with the barycentre of the
cluster is not 90◦ (Fig. 11). The applications to real data show
that the algorithm is able to constrain the depth of the sequence,
which is often a critical consideration for interpretation, and is a

daunting challenge when locating events with a one or two stations.
However, this result strongly depends both on the location accuracy
of the master events and on their spatial distribution. An illustrative
example is provided by the application to the Ridgecrest sequence
relocated by using eight master events (Supporting Information Fig.
S6). In this case, the selected master events are mainly distributed
in the depth range 6–10 km and, for this reason, although the cluster
shape is properly reconstructed in terms of epicentres, the shallower
events (i.e. with depth <5 km) are systematically located at a larger
depth (with a shift of the order of 5–10 km). This result explains
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Figure 12. Location results of the Ridgecrest earthquake sequence obtained by using 20 master events (yellow dots) and the station WBS (direction indicated by
the green arrow). Red dots represent DD locations while blue dots represent the estimated ones. The lower-right subfigure (in green) represents the cumulative
distribution plot showing the fraction of events (in per cent) located within a given (hypocentral) distance from the DD location.

the need for a larger number of master events in this application
and raises the question of how to select optimal master events to
optimize location accuracy.

The main condition required by the location method is the avail-
ability of at least four non-coplanar master events, which is one of
the mathematical requirements to achieve a unique solution to the
location problem. In principle, any accurately located event can be
used as master, however, in order to obtain reliable location results,
master events should have the following characteristics: (1) sample
different depths, (2) have a spatial homogeneous distribution within
the cluster and (3) have location uncertainties much smaller than

the expected size of the cluster. In the case of N > 4 potential mas-
ter events, then a possible way to choose the optimal set of events
is to relocate the target cluster with all possible combinations of
references and choose the combination leading to the most stable
solution in terms of uncertainty and/or stability of results (e.g. the
result of the bootstrap analysis).

Among the different applications in which this location approach
could be particularly useful, induced seismicity applications may
be the most relevant. In such applications, the estimation of reliable
depths and tracking seismicity evolution are extremely important
to ensure the safety of industrial operations. For similar reasons
this method could be useful in monitoring operations with ocean
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Figure 13. Location results of the Ridgecrest earthquake sequence obtained by using 20 master events (yellow dots) and the station WMF (direction indicated
by the green arrow). Red dots represent DD locations while blue dots represent the estimated ones. The lower-right subfigure (in green) represents the cumulative
distribution plot showing the fraction of events (in per cent) located within a given (hypocentral) distance from the DD location.

bottom seismometers, in volcano monitoring operations and, more
in general, in seismicity monitoring of remote areas, since in all
these applications we often deal with very sparse seismic monitoring
networks. In this context, the new location method proposed in
this paper complements traditional location approaches, especially
when working with unfavourable monitoring conditions. From a
computational point of view our location approach allows location
of about 300 events in less than a minute with a laptop computer.
The computation time, however, strongly depends on the size of
the distance matrix and, for large data sets (i.e. more than 1000
events), a parallelization of the algorithm (including the SVD) will
be required.

We conclude that the main limitations of the method are: (1) the
need for high-quality master events with good absolute locations
that are used to locate the other events in the cluster (but this is also
valid for many other relative location methods; (2) the availability
of P and S first arrival times picks that, for very small events, may
not be easy to pick (but this is in common with other single station
location methods); and (3) the need for accurate estimation of in-
terevent distances, especially when working in single-station mode.
Concerning this last point, a higher accuracy in interevent distance
estimation could be achieved by combining both arrival time infor-
mation (i.e., P and S arrival times) with waveform parameters, such
as the maximum value of the cross-correlation coefficient between
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Figure 14. Location results of the Ridgecrest earthquake sequence obtained by using 20 master events (yellow dots) and two stations, WMF and WBF
(directions indicated by the green arrows). Red dots represent DD locations while blue dots represent the estimated ones. The lower-right subfigure (in green)
represents the cumulative distribution plot showing the fraction of events (in per cent) located within a given (hypocentral) distance from the DD location.

waveforms of each event pair (Geller & Mueller 1980; Menke 1999)
or cross-correlation of coda waves (Snieder & Vrijlandt 2005; Ru-
binstein & Beroza 2007; Robinson et al. 2013; Zhao et al. 2017;
Zhao & Curtis 2019). Further investigation on the performance of
these methods is, however, outside the scope of this work.
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Figure 15. Gaussian kernel density estimation of the Ridgecrest earthquake sequence resampled 25 times by perturbing the velocity model within the range
5500–6500 m s−1 for the VP, and keeping the VP/VS ratio fixed at

√
3. White dots denote the locations of events located with the DD technique. The colour

scale (normalized to 1) moves from cyan to the red colour in the region containing the maximum density of samples.

paper have been generated using the python library MATPLOTLIB
(Hunter 2007).
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S U P P O RT I N G I N F O R M AT I O N

Supplementary data are available at GJI online.
Figure S1. Synthetic test performed using 16 master events. Red
dots represent true locations while blue dots represent the estimated
ones using noise contaminated Euclidian interevent distances. In
green, we show the cumulative plot showing the fraction of events
(in per cent) located within a given (hypocentral) distance from the
true event location.
Figure S2. Synthetic test with a spherical shaped seismic cluster
performed using four (panel a) and eight (panel b) master events.
The plots on the left show the position of the station (green trian-
gle) with respect to the cluster. The right plots show the details of
the location results. Red dots represent true locations while blue
dots represent the estimated ones using approximated interevent
distances contaminated with random noise. In green, we show the
cumulative plot showing the fraction of events (in per cent) located
within a given (hypocentral) distance from the true event location.
Figure S3. Synthetic test performed using four master events and
two seismic stations with two different cluster shapes, spherical
(panel a) and planar (panel b). The plots on the left show the position
of the two stations (green triangles) with respect to the cluster. The
right plots show the details of the location results. Red dots represent
true locations while blue dots represent the estimated ones using
the approximated interevent distances based on two stations and
contaminated with random noise. In green, we show the cumulative
plot showing the fraction of events (in per cent) located within a
given (hypocentral) distance from the true event location.
Figure S4. Location results of the Napa earthquake sequence ob-
tained by using eight master events (yellow dots) and the station
CVS (direction indicated by the green arrow). Red dots represent
DD locations while blue dots represent the estimated ones. The
lower-right subfigure (in green) represents the cumulative distribu-
tion plot showing the fraction of events (in per cent) located within
a given (hypocentral) distance from the DD location.
Figure S5. Location results of the Napa earthquake sequence ob-
tained by using 16 master events (yellow dots) and the station CVS
(direction indicated by the green arrow). Red dots represent DD
locations while blue dots represent the estimated ones. The lower-
right subfigure (in green) represents the cumulative distribution plot
showing the fraction of events (in per cent) located within a given
(hypocentral) distance from the DD location.

Figure S6. Location results of the Ridgecrest earthquake sequence
obtained by using eight master events (yellow dots) and two stations,
WMF and WBF (directions indicated by the green arrows). Red
dots represent DD locations while blue dots represent the estimated
ones. The lower-right subfigure (in green) represents the cumulative
distribution plot showing the fraction of events (in per cent) located
within a given (hypocentral) distance from the DD location.
Figure S7. Location results of the Ridgecrest earthquake sequence
obtained by using 15 master events (yellow dots) and two stations,
WMF and WBF (directions indicated by the green arrows). Red
dots represent DD locations while blue dots represent the estimated
ones. The lower-right subfigure (in green) represents the cumulative
distribution plot showing the fraction of events (in per cent) located
within a given (hypocentral) distance from the DD location.
Please note: Oxford University Press is not responsible for the con-
tent or functionality of any supporting materials supplied by the
authors. Any queries (other than missing material) should be di-
rected to the corresponding author for the paper.

A P P E N D I X : I N T E R E V E N T D I S TA N C E
C A L C U L AT I O N

The Euclidian interevent distance between pairs of earthquakes
within a seismic cluster is the basic input data used to solve
the earthquake location problem with Distance Geometry tech-
niques. Consider two seismic events a and b with coordinates xa =
xa î + ya ĵ + za k̂ and xb = xb î + yb ĵ + zbk̂ respectively (defined in
R

3), and a seismic station s with coordinates xs = xs î + ys ĵ + zs k̂
(Fig. 1.a), where î, ĵ and k̂ are the unit vectors along the x, y and z
axis, respectively. The position of the events a and b with respect to
the station s is

res = xe − xs = (xe − xs)î + (ye − ys)ĵ + (ze − zs)k̂ (A1)

with e = a, b, then the Euclidian distance between the events a, b
and the station s is

||res || = ||xe − xs || =
√

(xe − xs)2 + (ye − ys)2 + (ze − zs)2 (A2)

while the Euclidian distance between the event a and the event b is

||rab|| = ||xa − xb|| =
√

(xa − xb)2 + (ya − yb)2 + (za − zb)2

(A3)

and we can write ||rab||2 as

||rab||2 = ||xa ||2 − 2xT
a xb + ||xb||2 , (A4)

where xT
a xb is the scalar product of xa and xb.

Our goal is to estimate ||rab|| by using data recorded at a single
seismic station (i.e. P and S first arrival times). From this data,
it is only possible to estimate ||ras || and ||rbs || (i.e. the source
station distances for events a and b). We thus need to estimate
||rab|| by knowing ||ras || and ||rbs ||. It is easy to prove that ||rab|| =
||ras − rbs ||; thus, we can write

||rab||2 = ||ras ||2 − 2rT
asrbs + ||rbs ||2 , (A5)

where rT
a rb is the scalar product of ra and rb, which can be written

as

rT
asrbs = ||ras || ||rbs || cos φ, (A6)

where φ is the angle between the vectors ra and rb, lying on the plane
passing through the station s and the events a and b (as depicted in
Fig. 1a). By substituting eq. (A6) into eq. (A5), we obtain

||rab||2 = ||ras ||2 + ||rbs ||2 − 2 ||ras || ||rbs || cos φ. (A7)
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If the interevent distance between the event a and the event b is
much smaller than the distance between these events and the station
s, then φ ≈ 0 and cos φ ≈ 1. This condition is easily satisfied when
the size of the seismicity cluster is much smaller than the distance
between the station and the centre of mass of the cluster itself.
If this condition is satisfied, we calculate an approximation of the
interevent distance

∣∣∣∣rs
ab

∣∣∣∣ between the events a and b as follows:

∣∣∣∣rs
ab

∣∣∣∣2 = ||ras ||2 + ||rbs ||2 − 2 ||ras || ||rbs || = (||ras || − ||rbs ||)2,

(A8)

which becomes
∣∣∣∣rs

ab

∣∣∣∣ =| ||ras || − ||rbs || | . (A9)

This last equation leads to an approximate estimate of the interevent
distance

∣∣∣∣rs
ab

∣∣∣∣, as the absolute value of the difference between
||ras || and ||rbs ||. Eq. (A9) provides the exact interevent distance
when the station and both events lie on the same line (i.e. when
cos φ = 1 in eq. A7). It provides the worst results when the station
and both events lie on lines that are perpendicular.
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