
1. Introduction
The Van Allen radiation belts contain charged energetic particles, primarily protons and electrons, trapped by 
the terrestrial magnetic field. Electron radiation belts exhibit a dual-zone structure, consisting of the inner and 
outer belts (e.g., Van Allen & Frank, 1959). The two belts are separated by the slot region which is usually devoid 
of electrons but can be filled during geomagnetically active times (e.g., Reeves et al., 2016). Charged particles 
that move much faster than the bulk motion of the plasma organize very well relative to the magnetic field, so 
that measurements over the full sky are not needed. This is generally the case for electrons. Particle detectors on 
spinning satellites can sweep through all angles to the magnetic field, measuring intensities for local pitch angle 
bins. The resulting angular distributions, referred to as the pitch angle distributions (PADs), play an important 
role in understanding trapped electrons' dynamics in the radiation belt region. In particular, specific PAD shapes 
are linked to distinct processes that relate to the origins of these electrons, their loss mechanisms, and wave activ-
ity (e.g., Horne et al., 2003; Lyons et al., 1972; Ni et al., 2015; Roederer, 1967; Walt, 2005; West et al., 1973).

Several PAD types have been identified in the radiation belt region (e.g., West et al., 1973). Some of the most 
common types include pancake, butterfly, flat-top, and cap PADs. The pancake distribution, also known as the 
normal PAD, exhibits a maximum flux value around 90° pitch angle (PA), which smoothly decreases toward 
lower PAs. It is considered to be the most frequently observed PAD type in the inner magnetosphere, especially 
on the dayside (e.g., Gannon et al., 2007), and generally results from the particle pitch angle diffusion and loss 
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of the field-aligned electrons to the atmosphere. The PADs that exhibit a maximum flux at around 30°–60° PA 
with a relative deficit of the 90° electrons are called butterfly distributions (e.g., West et al., 1973). The quiet-time 
butterflies in the outer belt are prevalent at high L-shells on the night side and mainly formed as a result of drift 
shell splitting (e.g., Selesnick & Blake, 2002). They can also be caused by wave activity in the outer radiation 
belt (e.g., Artemyev et al., 2015; Kamiya et al., 2018) and in the inner zone (e.g., Albert et al., 2016). Another 
common PAD type, a flat-top PAD, has a relatively isotropic flux around 90° PA. Horne et al. (2003) showed it 
to be a transition shape between the butterfly and pancake PADs. The cap (or head-and-shoulders) PAD shape 
manifests as a pancake with an additional peak in flux close to 90° PA. It has been shown to form due to interac-
tions with the plasmaspheric hiss waves which scatter the near equatorially mirroring electrons slower than those 
at lower pitch angles (e.g., Lyons et al., 1972).

Particles trapped in the terrestrial magnetosphere experience a bounce motion between the two mirror points (e.g., 
Roederer & Zhang, 2016). At the geomagnetic equator, every bouncing particle can be observed, whereas at an 
off-equatorial magnetic latitude the satellite cannot sample the below-mirroring particles and resolves only a part 
of the equatorial PAD. Therefore, the most complete information about electron PADs can be obtained through 
measurements in close proximity to the geomagnetic equator (e.g., Chen et al., 2014). However, many satellites 
operate at non-equatorial orbits, for instance the Low Earth Orbit (LEO), where the range of observed equatorial 
pitch angles in the outer belt is limited to small PAs (less than several degrees). In recent years, there has been 
an increasing interest in using LEO data for radiation belt monitoring (e.g., Allison et al., 2018; Claudepierre & 
O’Brien, 2020; Green et al., 2021; Reidy et al., 2021). In particular, the Polar Operational Environmental Satel-
lites and Meteorological Operational Satellites missions provide long-term data sets that can be used for radiation 
belt modeling in the form of boundary conditions and for data assimilation. Both constellations provide observa-
tions of only a narrow range of pitch angles by two detectors pointing in vertical and horizontal directions, and in 
order to reconstruct the full equatorial PADs it is necessary to employ appropriate pitch angle models. In addition, 
several long-term missions, including Global Positioning System (GPS), Cluster, etc. Measure omnidirectional 
electron flux and do not provide pitch angle-dependent distributions. In order to convert these long-term data 
sets to phase space density in terms of adiabatic invariants, it is necessary to have a reliable model of the PADs.

In a companion paper, Smirnov et al. (2022b) analyzed the storm-time evolution of equatorial electron PADs 
at energies 30 keV–1.6 MeV. The authors performed a superposed epoch analysis of 129 strong geomagnetic 
storms in 2012–2019 and examined the morphology of electron PADs in the outer radiation belt for day and night 
magnetic local times (MLTs). It was shown that for energies >150 keV, the PADs undergo significant systematic 
changes during geomagnetic storms. In this paper, we aim to generalize this dependence on activity by creating 
an empirical polynomial model of the equatorial electron PADs. Previous PAD models binned the data into 
several activity intervals based on the Dst (Chen et al., 2014), AE (Zhao et al., 2018) and Kp (Allison et al., 2018; 
Zhao et al., 2021) indices, as well as into spatial bins in L-MLT coordinates. In this study, we use the solar wind 
dynamic pressure as a driving parameter and employ a 2-step modeling procedure (described in Section 3) which 
provides a continuous dependence on L, MLT and activity for the first time. Furthermore, our model can be 
applied to reconstruct the full equatorial PADs from both uni- and omnidirectional observations at off-equatorial 
latitudes by using the selected parameterization technique.

The paper is divided into six parts. Section 2 describes the data and methodology used in this study. Section 3 is 
devoted to model construction. In Section 4 we introduce two methods to reconstruct equatorial flux from obser-
vations at off-equatorial latitudes and show the model validation. The results are discussed in Section 5, and the 
conclusions are presented in the final section.

2. Data Set and Methodology
2.1. Data Set

The Van Allen Probes mission, initially called the Radiation Belt Storm Probes (RBSP), operated in 2012–2019 
and consisted of two identical spacecraft (probes A and B) following a highly elliptical medium Earth orbit 
(MEO) with an apogee of ∼620 km, a perigee of around 30,400 km and an orbital period of 9 hr (e.g., Mauk 
et al., 2012). The probes were spinning with a period of around 11s (e.g., Claudepierre et al., 2021). Van Allen 
Probes covered L-shells from 1.2 to ∼5.8 on the dayside and ∼6.2 on the nightside and revolved in MLT cover-
ing all magnetic local times every ∼22 months (e.g., Mauk et al., 2012). Onboard, the Magnetic Electron Ion 
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Spectrometer (MagEIS) instruments measured intensities of trapped electrons and ions (e.g., Blake et al., 2013). 
Each Probe had four MagEIS units providing excellent coverage in energies and pitch angles (e.g., Claudepierre 
et al., 2021). MagEIS maintained a quasi-constant magnetic field inside the instrument chamber, which allowed to 
separate the incoming electrons and protons (for details, see Blake et al., 2013). Furthermore, using the constant 
magnetic field created a separation between electrons of different energies which hit different detector pixels 
numbered according to energy (see e.g., Figure 1 in Claudepierre et al., 2021).

This study employs MagEIS pitch angle-resolved electron flux data (level 3) at energies 30 keV–∼1.65 MeV 
during Van Allen Probes' entire lifespan in 2012–2019. For each moment in time and each local pitch angle, we 

computed the corresponding equatorial PA using the relation 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒 = arcsin

(√

𝐵𝐵𝑒𝑒𝑒𝑒

𝐵𝐵𝑙𝑙𝑙𝑙𝑙𝑙

sin (𝐴𝐴𝑙𝑙𝑙𝑙𝑙𝑙)

)

 , where Bloc and Beq 
represent the values of the local and equatorial magnetic field, respectively, corresponding to the magnetic field 
line at the satellite location. The magnetic field magnitude and the McIlwain L parameter (Lm) were calculated 
using the TS04D storm-time model (Tsyganenko & Sitnov, 2005). The data from October 2012 until October 
2018 are used for model construction, and the subsequent seven months of data (toward the end of the mission) 
are reserved for validation. The data are averaged by five minutes with an assumed symmetry with respect to 90° 
PA, and the PADs which had no data points at high (>75°) or low (<25°) equatorial pitch angles were removed 
in order to exclude unphysical shapes. Electron flux values in the slot region can often be at background values 
and the corresponding PADs are less indicative of the physics. In order to remove the background, we exclude 
PADs where the maximum value of electron flux is lower than 20 keV −1 cm −2s −1sr −1. This value was empirically 
selected to filter out PAD shapes corresponding to background for energies up to 1.65 MeV. Using higher thresh-
old values led to the removal of realistic PAD shapes and limited the statistics for model fitting at low L-shells.

2.2. PAD Approximation Using Sine Series

In order to create a PAD model, it is crucial to approximate PADs with a trigonometric function that can fit all 
PAD types. In previous studies, PADs have been approximated by the sin n α function, where the power n shows 
the steepness of the distributions (see e.g., Gannon et  al.,  2007, Vampola,  1998, etc.). This parametrization 
resolves the pancake, flat-top, isotropic and field-aligned PADs. However, it cannot capture the head-and-shoul-
ders distributions which are frequently observed at low energies, as well as the butterfly PADs which account for 
up to 80% of all PADs at high L-shells on the nightside (e.g., Ni et al., 2016). Allison et al. (2018) used a combi-
nation of two sin n α terms which helped to resolve cap but not butterfly PADs. Several studies have employed 
Legendre polynomials to approximate electron PADs in the Earth's radiation belts (e.g., Chen et al., 2014; Zhao 
et al., 2018, 2021). In particular, Chen et al.  (2014) created the first PAD model in the outer belt, and Zhao 
et al. (2018) extended this methodology to both inner and outer zones and showed that PADs in the outer belt 
could be approximated by the first three even terms of the Legendre series expansion, while it was necessary to 
include higher harmonics at L < 3 due to the larger loss cones and generally steeper PAD shapes.

In order to approximate the equatorial electron PADs, we use a sine series expansion of the form:

𝑗𝑗(𝛼𝛼) = 𝐴𝐴0 + 𝐴𝐴1 sin 𝛼𝛼 + 𝐴𝐴3 sin 3𝛼𝛼 + 𝐴𝐴5 sin 5𝛼𝛼𝛼 (1)

where j is electron flux as a function of PA α. Having electron flux observations at several pitch angles, we use 
least-squares fitting to obtain the coefficients A0, A1, A3, and A5. The Fourier sine series expansion has been used 
by Clark et al. (2014) to analyze PADs in Saturn's radiation belts. Smirnov et al. (2022b) used this approximation 
for the first time to analyze the storm-time dynamics of electron PADs in the Earth's outer radiation belt. The 
Fourier expansion has notable advantages, for instance, expression (1) can be analytically integrated over the 
solid angle and the fitted PADs can be converted to omnidirectional flux.

Figure 1a demonstrates the shape functions for the first five sine harmonics. The even harmonics (sin 2α and 
sin 4α) are asymmetric with respect to 90° PA and therefore are omitted and only odd terms are used further on. 
From Figure 1(a) it can be seen that generally, the first Fourier component (sin α) resembles the pancake PAD 
shape (shown in Figure 1b), corresponding to large values of the A1 coefficient and small values of A3 and A5 
coefficients. The coefficient before sin 3α demonstrates the contribution of the butterfly shape. Indeed, the sin 
(3α) function exhibits a double peak at around 30° and 150° PA and has a minimum at 90°. Combined with the 
sin α term, it can well approximate the butterfly distributions (Figure 1(c)). An example of the cap distribution 
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is demonstrated in Figure 1(d). In order to fit this shape, a combination of the first and fifth Fourier harmonics 
is needed, since the first term, reflected in the A1 value, gives the general pancake shape and the fifth term 
(A5)  introduces the head-and-shoulders structure due to the two depletions in the sin 5α shape around 45° and 
135° PA and an additional bump around 90° PA. It is worth noting that in butterfly distributions the A3 coeffi-
cient can increase to relatively large values (up to 0.7), while only small positive A5 values (0.05–0.15) are suffi-
cient to fit the head-and-shoulders PAD shape. As can be seen from Figure 1, the Fourier sine series expansion 
well resolves all main types (pancake, butterfly and cap) of equatorial PADs found in the outer belt. The PAD 
shapes resulting from various combinations of the A1, A3 and A5 coefficients are demonstrated in the companion 
study (Smirnov et al. (2022b), Figure 2). We note that it is possible to extend this methodology to lower L-shells 
and resolve the steeper PAD shapes observed there by adding the higherorder terms to Equation (1), similar to the 
models based on Legendre polynomials (Zhao et al., 2018, 2021).

In Equation (1), the A0 coefficient represents the value of electron flux in the edge of the loss cone, which corre-
sponds to the minimum flux value for the respective PAD. For each of the PADs, one can also find the maxi-
mum flux value defined as 𝐴𝐴 𝐴𝐴max = max𝛼𝛼𝑒𝑒𝑒𝑒∈(0,90)𝐴𝐴 (𝛼𝛼𝑒𝑒𝑒𝑒) . In this study, we are most interested in the PAD shapes. 
In Section 3 we therefore normalize the PADs and develop a model for the normalized shapes, and later present 
a method to reconstruct absolute values of electron flux with the help of observations. Before proceeding with 
analyzing the pitch angle shapes, every PAD is normalized as follows. At first, we fit the said PAD to Equa-
tion (1)  and obtain the A0,1,3,5 coefficients. After that, the PAD j(α) is evaluated with a very small pitch angle step 
of 0.01°, and the maximum flux value jmax is empirically found. The odd coefficients A1,3,5 are normalized to the 
minimum (A0) and maximum (jmax) values so that each individual PAD spans from 0 to 1 using the equation:

�̃�𝐴𝑖𝑖 =
𝐴𝐴𝑖𝑖

𝑗𝑗max − 𝐴𝐴0

, 𝑖𝑖 = {1, 3, 5} , (2)

Figure 1. (a) Fourier sine functions up to degree 5 (b, c, d); examples of the fitted pancake, butterfly and cap equatorial 
pitch angle distributions, respectively, normalized using Equation (2). Blue dots show the normalized Magnetic Electron Ion 
Spectrometer observations and the red lines give the fitted shapes.
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where 𝐴𝐴 �̃�𝐴𝑖𝑖 denotes the normalized value of the respective coefficient Ai. In order to remove low-quality PAD fits, 
we use a criterion proposed by Carbary et al. (2011) which uses the standard deviation of the difference between 
the measured and fitted flux normalized to the minimum and maximum values (σN = σ/(jmax − A0)). The good 
quality fits correspond to σN values below 0.2, while PADs with σN > 0.2 represent low-quality fits and were not 
used in the model construction. The details on this quality flag and examples of high- and low-quality fits are 
given in Smirnov et al. (2022b) (e.g., their Figure S1 in the Supporting Information S1).

It should be noted that the PADs normalized by Equation (2) do not carry information about the flux levels and 
should only reflect the shapes of the distributions. In the companion paper, Smirnov et al. (2022b) analyzed the 
storm-time evolution of electron PADs in terms of the normalized shapes. In the present study, we, first, create a 
model of the normalized PADs driven by the solar wind dynamic pressure (Section 3). Furthermore, in Section 4 
we give two methods of reconstructing electron flux from the model by using off-equatorial observations.

3. Model Construction
Pitch angle distributions in the outer radiation belt are known to be very dynamic (e.g., Horne et al., 2003; Gu 
et al., 2011). It is therefore crucial to select a suitable driving parameter for the model. In a companion study, 
Smirnov et al. (2022b) analyzed the storm-time evolution of the PAD shapes normalized using the methodology 
described above. It was found that at energies >150 keV, PADs undergo a systematic evolution during geomag-
netic storms. Furthermore, the main processes governing the PAD dynamics in the outer belt can be attributed to 
changes in the solar wind dynamic pressure (for details, see Smirnov et al., 2022b). In Figure 2, we demonstrate 
averaged PAD shapes of 871 keV electrons observed by MagEIS at L ∼5.4 for the day- and nighttime MLTs, 
colored by the values of the solar wind dynamic pressure. It can be seen that on the dayside, the distributions are 
of pancake shape and that their 90°-anisotropy increases with Pdyn, likely due to the magnetic field compression. 
On the nightside, the distributions have butterfly shapes, and the 90°-minima become more pronounced with 
increasing SW pressure, due to the more intense drift shell splitting (for details, see Smirnov et al. (2022b)). From 
Figure 2 one can see that the PAD shapes exhibit a strong dependence on dynamic pressure, which is analyzed 
in more detail below. Furthermore, Smirnov et al. (2022b) showed that the morphology and response to activity 
of electron PADs is strongly dependent on energy. Therefore, the model presented here is constructed for each 
energy channel.

We first examine the normalized occurrence plots of the PAD shape coefficients A1,3,5 within a chosen range of 
L and MLT with respect to solar wind dynamic pressure, which are constructed as follows. At first, the predic-
tor variable (on the x-axis) is divided into 20 bins. Then, for each interval of the x-axis, the corresponding Ai 
coefficients are also split into the same number of bins. For each bin, the number of occurrences is calculated 
and then divided by the total number of points in the respective x-interval. Such a representation effectively 
demonstrates how the PAD coefficients are distributed for each bin of the predictor variable and essentially 

Figure 2. Averaged pitch angle distribution shapes of 871 keV electrons measured by the Magnetic Electron Ion 
Spectrometer instrument at L ∼ 5.4 on the dayside (a) and on the nightside (b) for different values of the solar wind dynamic 
pressure (±0.25 nPa).
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represents a normalized 2D probability distribution function (e.g., Kellerman & Shprits, 2012). In particular, 
it is well-established that throughout the Van Allen Probes era most of the points were attributed to the quiet 
conditions, and storm-time events, especially the strong ones, were rare. By normalizing the coefficient values to 
their respective activity bin, a more balanced estimation of the distributions can be obtained.

In Figure 3, we show the normalized occurrence histograms for the day- and night MLTs at high L-values (from 
5.7 to 6) of 871 keV electrons. It can be seen in Figure 3(a) that on the dayside, the pancake coefficient A1 
decreases with increasing Pdyn, from ∼1 at low pressure to ∼0.75 under dynamic pressure of 6 nPa. Furthermore, 
the butterfly coefficient A3 also decreases, from 0 at low Pdyn values to < −0.2 at higher Pdyn (Figure 3c). 
The cap coefficient A5, while increasing slightly for higher Pdyn, remains very small and is generally close 
to 0. These results agree very well with the superposed epoch analysis presented in (Smirnov et  al.,  2022b). 
The simultaneous decrease in A1 and A3 coefficients with Pdyn at L > 5.7 (see e.g., Figure 3d in Smirnov 
et al., 2022b) corresponds to more anisotropic PADs during the storm's main phase as a result of the geomagnetic 
field compression. On the night side, the pancake coefficient decreases from >1.1 to around 0.9 with increasing 
Pdyn (Figure 3b), while the contribution of the butterfly coefficient A3 roughly doubles with higher Pdyn, which 
also agrees with the findings of Smirnov et al., 2022b. As the stronger dynamic pressure compresses the Earth's 
magnetosphere, the effect of drift shell splitting becomes more evident. One notable feature in Figure 3(b) is that 

Figure 3. Normalized occurrence plots of the A1, A3 and A5 coefficients as a function of solar wind dynamic pressure for 
871 keV electrons at day side magnetic local time (MLT) (a,c,e) and night side MLT (b,d,f), respectively. The median values 
of the Fourier coefficients in each bin of dynamic pressure are shown as black dots, and the dashed lines give the interquartile 
range. The bold black lines show the quadratic trends fitted to the medians using Equation (3). The contour function was 
applied to the plot. Pitch angle distributions for the median values of parameters shown here can be found in Figure 2.
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the spread of A1 values increases with Pdyn. This indicates that while there is a clear dependence of the PAD 
coefficients on dynamic pressure, the storm times correspond to complex processes in the outer radiation belt 
(Reeves et al., 2003), which might not be captured by a simple empirical relation to Pdyn. It is of note that the 
Pdyn values generally lie from 0 to 6 nPa but can also experience spikes of up to 50 nPa. In Figure S1 in Support-
ing Information S1, we show that over 97% of values are below 5.5 nPa and therefore the model statistics for the 
spikes would be limited. Thus, all values corresponding to Pdyn >5.5 nPa are combined into a separate model bin 
which corresponds to intervals of very high activity.

The black dots in Figure 3 indicate the median coefficient values for each interval of the dynamic pressure. It can 
be seen that the general dependence can be well approximated using the quadratic trend line of the form:

𝐴𝐴1,3,5(Pdyn) = 𝑐𝑐0 ⋅ Pdyn
2
+ 𝑐𝑐1 ⋅ Pdyn + 𝑐𝑐2, (3)

where Pdyn denotes the solar wind dynamic pressure. We divide data into spatial bins using a step of 1 hr MLT 
and 0.2 L, and in order to achieve better statistics we add data points from within ±3h MLT and ±0.15 L-shell 
to each of the bins, which is equivalent to smoothing in L and MLT dimensions. At L>5.8, the step in L was 
increased to ±0.25 L due to the limited Van Allen Probes statistics at high L-shells. By fitting the medians of 
each of the Fourier coefficients to the dynamic pressure using Equation 3, we obtain matrices of the quadratic 
trend coefficients c0,1,2 as functions of L and MLT. It is now necessary to introduce a continuous dependence on 
L and MLT into the model.

In order to avoid a discontinuity at the 24-00 MLT boundary, it is common practice to replace MLT with its sine 
and cosine values, denoted as cMLT = cos (2π ⋅ MLT/24), and sMLT = sin (2π ⋅ MLT/24) (see, e.g., Bortnik 
et al., 2016; Katsavrias et al., 2021). Then, the matrix of the trend coefficients ci is fitted to L, sMLT and cMLT 
using the equation:

𝑐𝑐0,1,2(𝐿𝐿, 𝑐𝑐𝐿𝐿𝐿𝐿𝐿𝐿 , 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 ) =

𝑁𝑁
∑

𝑖𝑖=0

𝑁𝑁
∑

𝑗𝑗=0

𝑁𝑁
∑

𝑘𝑘=0

𝑖𝑖+𝑗𝑗+𝑘𝑘≤𝑁𝑁

(

𝑝𝑝𝑖𝑖𝑗𝑗𝑘𝑘 ⋅ 𝐿𝐿
𝑖𝑖
⋅ 𝑐𝑐𝐿𝐿𝐿𝐿𝐿𝐿 𝑗𝑗

⋅ 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 𝑘𝑘
)

, (4)

where N is the degree of the polynomial. In this study we use an empirically selected value of N = 7. Including 
higher orders made the results oscillatory, while the polynomials of order less than 7 were missing features seen 
in the data. The values of pijk are obtained using Theil-Sen regression which is a modification of the multivariate 
linear regression robust to outliers (Sen, 1968; Theil, 1950). The final model is a collection of the pijk coefficients, 
and from these the initial Fourier coefficients A1,3,5 can be obtained through the script provided in Smirnov et al. 
(2022a).

Figure 4 shows a comparison between the values of PAD coefficients predicted by the polynomial model and 
those averaged for the MagEIS data under dynamic pressure values of ∼3 nPa (from 2.8 to 3.2 nPa). It can be 
seen that for all three coefficients, the model values are in very good agreement with data averages. Several 
regions can be qualitatively defined in Figure 4. For instance, one can observe lowered values of A1 and A3 
coefficients on the dayside at L > 5, which corresponds to steep pancake distributions. At high L-values on the 
nightside, on the other hand, there is an increase in the A3 coefficient, which corresponds to the butterfly distri-
butions resulting from the drift shell splitting and magnetopause shadowing. At L ∼ 5, the butterfly coefficients 
A3 decrease to zero, and the corresponding PADs are of pancake type. This is in line with theoretical predictions 
by Roederer (1967), who showed that drift shell splitting is only effective at L > 5. One interesting feature in 
Figure 4(c) is the increase in the butterfly coefficient A3 on the dayside at low L-values, which manifests as a 
band around 12:00 MLT but is slightly shifted toward the dawn. These L-shells correspond to the slot region 
for the 735 keV electrons, and the existence of these butterfly distributions has previously been attributed to the 
wave activity (e.g., Albert et al., 2016). In Figure S2 in Supporting Information S1, we demonstrate the same 
comparison for Pdyn values of 0.5 nPa, corresponding to the quiet times, and Pdyn∼5 nPa corresponding to the 
storm times. The values of the PAD coefficients are in good agreement with MagEIS observations both for quiet 
and active conditions, and the observed PAD morphology and activity dependence is in line with previous results 
based on the superposed epoch analysis presented in Smirnov et al. (2022b). In Figure S4 in Supporting Informa-
tion S1 it is also demonstrated that observed and modeled PAD shapes are in good agreement for several satellite 
orbits during different phases of geomagnetic storms. Moreover, Figure S5 in Supporting Information S1 shows 
the modeled PAD coefficients under low and high (0.6 and 6 nPa, respectively) values of dynamic pressure both 
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for day and night MLTs as a function of energy. It can be seen that the values of the PAD coefficients in Figure S5 
agree well with the previous study by Smirnov et al. (2022b) which investigated the storm-time PAD evolution 
and therefore the model depicts the main features of the PAD dynamics across different energies.

The model constructed here describes the pitch angle distribution shapes for L = 3–6 at energies from ∼30 keV up 
to ∼1.65 MeV. The model is continuous with respect to L and MLT. Furthermore, the developed model is the first 
PAD model to have a continuous dependence on activity, in this study parametrized by the solar wind dynamic 
pressure. It has been established that the model captures the main effects seen throughout the storm-time evolu-
tion of PADs. The model presented in the current Section gives the normalized PAD shapes. In order to apply the 

Figure 4. A comparison between the median pitch angle coefficients A1, A3 and A5 from Magnetic Electron Ion 
Spectrometer data (panels a,c,e, respectively) and their model values (panels b,d,f). The inset plots in panels (a,c,e) show the 
standard deviations of the respective coefficients. The values shown here are for 735 keV electrons and Pdyn∼3 nPa.
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model to the data one needs to be able to connect the PAD shapes to the flux intensities, and the two methods to 
recover this information are described in the following Section.

4. Model Validation
4.1. Reconstructing Equatorial PADs Using Two Flux Measurements at Low Pitch Angles

In this section, we describe the reconstruction of the full equatorial PADs using the developed model and 2 direc-
tional observations of electron flux at low PAs. From Equations (1) and (2) it is evident that after normalizing the 
PAD shapes, one needs to retrieve 2 parameters to relate the PAD shapes back to flux magnitudes, namely the A0 
coefficient and the scaling factor equal to maximum flux (jmax) minus A0. In this case, having two observations 
allows for an estimation of these parameters using the following procedure.

At each of the two known equatorial pitch angles α1 and α2, we can re-write Equation (1) in the form:

𝑗𝑗data (𝛼𝛼𝑖𝑖) = 𝐴𝐴0 + 𝐴𝐴1 sin 𝛼𝛼𝑖𝑖 + 𝐴𝐴3 sin 3𝛼𝛼𝑖𝑖 + 𝐴𝐴5 sin 5𝛼𝛼𝑖𝑖, (5)

with i = {1, 2}, and for the same equatorial pitch angles, the normalized PAD shapes calculated using the devel-
oped model can be expressed as follows:

𝑗𝑗model (𝛼𝛼𝑖𝑖) = �̃�𝐴1 sin 𝛼𝛼𝑖𝑖 + �̃�𝐴3 sin 3𝛼𝛼𝑖𝑖 + �̃�𝐴5 sin 5𝛼𝛼𝑖𝑖. (6)

Therefore, one can write:

𝑗𝑗data (𝛼𝛼𝑖𝑖) = 𝑠𝑠 ⋅ 𝑗𝑗model (𝛼𝛼𝑖𝑖) + 𝐴𝐴0, (7)

where s =  jmax − A0 is the scaling factor. It can be retrieved by dividing the difference between the observed 
fluxes at two pitch angles to that calculated from the model. Then, the A0 value can be obtained by substituting 
values into Equation (7) for either of the data points. After both of the parameters have been calculated, the full 
equatorial PAD can be reconstructed.

Figure 5 shows the validation of the modeled electron flux by the RBSP observations for 1.08 MeV MagEIS 
channel. In Figure 5(a), electron flux evaluated from RBSP observations at a high equatorial PA of 80° is given. 
Each of the observed MagEIS PADs was propagated to 80° by using the fit to Equation 1. In panel (b) we show 
electron flux reconstructed using the method described above. We first compute the “observed” flux at 8° and 
17° PA (i.e., the two lowest MagEIS pitch angles). Then, these values are supplied as inputs and using the method 
described above the flux at 80° equatorial PA is retrieved. It can be seen that the observed and reconstructed 
fluxes are highly consistent, which shows the capacity of the model to reproduce equatorial PADs from low pitch 
angle data. The logarithmic difference between the observed and reconstructed flux is shown in panel (c). The 
logarithmic difference mostly shows values within ±0.25, although at a relatively small number of points there 
can be an underestimation on the order of 1. These outliers mainly occur following the spikes of the dynamic 
pressure, in particular, when the Pdyn values decrease but the Kp index remains at elevated levels. This indicates 
that the model could benefit from including time-history of solar wind parameters and geomagnetic indices, 
which can be a topic of a future study. Furthermore, there is slight overestimation of electron flux in the slot 
region (Figure 5(c)), which appears to be relatively independent of activity. This is likely due to the fact that the 
flux in the slot region is often at background levels and therefore there are fewer data points for the model fitting. 
Nevertheless, the mean logarithmic difference at L < 4 equals −0.13, which is considered acceptable for radiation 
belts modeling.

It is also crucial to establish whether the model presented in this paper performs better than a simple approxima-
tion of the form j(α) = An sin(α). To retrieve electron flux at 80° equatorial PA using this approximation, we use 
MagEIS electron flux evaluated at a low pitch angle of 12.5° and obtain the An value. In Figure 5(d) we show the 
flux propagated using the sin(α) approach. It is apparent that electron flux is overestimated compared to obser-
vations shown in panel (a). The logarithmic difference shown in Figure 5(e) is much larger than that computed 
for the Fourier-coefficients-based model. Indeed, while in panel (c) the logarithmic difference was close to 0 
throughout the test interval, in panel (e) the values are in general of the order of −0.5. In order to quantify the 
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Figure 5. (a) Radiation Belt Storm Probes (RBSP) equatorial electron flux for 1.08 MeV, (b) RBSP equatorial flux 
reconstructed from two lowest Magnetic Electron Ion Spectrometer (MagEIS) pitch angles using the developed pitch angle 
distribution model, (c) logarithmic difference between observed and propagated flux; (d) equatorial electron flux propagated 
using the sin(α) approximation, (e) logarithmic difference between observed flux and the propagated one, (f) solar wind 
dynamic pressure.
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improvement in performance by the Fourier expansion compared to sin(α), we calculated the skill score, given 
by the formula:

𝑆𝑆𝑆𝑆 = 1 −

∑𝑁𝑁

𝑖𝑖=1
(𝑚𝑚𝑖𝑖 − 𝑜𝑜𝑖𝑖)

2

∑𝑁𝑁

𝑖𝑖=1
(𝑏𝑏𝑖𝑖 − 𝑜𝑜𝑖𝑖)

2
, (8)

where m denotes the model values, o stands for observations, and b represents the baseline model output. This 
metric quantifies the improvement over a baseline model, and is also sometimes referred to as the prediction 
efficiency (PE) (for details see e.g., Glauert et al., 2018; Morley et al., 2018). In our case, the skill score equals 
93%, meaning that the proposed approximation and modeling of the PADs is strongly beneficial compared to the 
standard simplified approach.

4.2. Reconstructing Equatorial PADs From a Single Flux Measurement

In order to reconstruct the equatorial electron PADs from a single measurement, be that a uni- or omni-directional 
one, it is necessary to create a model of the A0 coefficient. Here, we parametrize the A0 in each L-MLT bin (the 
binning procedure remains the same as before) as a function of the solar wind velocity. The A0 coefficient essen-
tially represents a value of flux in the edge of the loss cone. It should be noted, however, that due to the fact that 
RBSP did not have a high resolution in the loss cone, the A0 value is not a physical parameter but rather an arti-
ficial value from the details of the measurement that averages the zero intensity loss cone together with the finite 
intensities at small pitch angles. It has been well established that changes in electron flux are related to the solar 
wind velocity which is why we use this quantity here instead of the otherwise used pressure (Reeves et al., 2011). 
It has also been noted that solar wind velocity is one of the most meaningful predictor variables for empirical 
flux modeling (e.g., Katsavrias et al., 2022; Li et al., 2005; Sillanpää et al., 2017; A. Smirnov, et al., 2020; Wing 
et  al.,  2016). For relativistic electrons, Reeves et  al.  (2011) reported that the distribution of flux versus SW 
velocity resembled a triangle. Kellerman and Shprits (2012) analyzed the normalized occurrence histograms of 
electron flux observations at GEO with respect to the solar wind velocity and reported a well-observed non-linear 
trend between them. In the present study, a similar normalization procedure is used, namely, for each bin of solar 
wind velocity we compute the normalized distribution of electron flux. In Figure 6, we show the normalized 
occurrence histograms of the A0 in logarithmic scale on solar wind velocity for two energies (142 keV and 
1.08 MeV) and day and night MLT sectors with L > 5.7. One can observe a strong dependence of A0 on Vsw. 
While for the lower energies this dependence has a quadratic shape, for 1.08 MeV electrons the trend appears 
linear.

In case of a single uni-directional measurement, Equations (5) and (7) can be applied in combination with an 
appropriate model of the A0 coefficient. Furthermore, if the flux measurement is locally omnidirectional, the 
model PAD can be integrated from 0° up to the maximum equatorial PA, and the scaling factor can be retrieved 
through the same relation. It should be noted that the A0 model used here is very simple, as it is well known 
that the solar wind velocity cannot fully explain the variability of flux in the radiation belt region (e.g., Reeves 
et al., 2011). For instance, during quiet times the flux intensities can be lower than the averaged A0 value predicted 
using this simple model. This would cause unphysical PAD shapes. To avoid this, the value of the observed flux 
at α0 needs to be higher than A0. The entries where this does not hold are removed from the analysis. The recon-
structions shown here use the PA value of 20°. The main interest in such formulation lies in retrieving PADs 
from the omni-directional data for MEO constellations such as GPS. Within the range of L-shells covered by our 
model (3–6), GPS pitch angles vary from 90° to approximately 35–40°, and the assumption on the selected PA 
holds most of the time.

Figure 7 shows an example of the model reconstruction for the 142 keV electron flux. Similar to Figure 5, in 
Figure 7(a) we show the RBSP flux during the test interval. In panel (b) the flux reconstructed using the A0 
model and the proposed pitch angle model is demonstrated. Their logarithmic difference is shown in Figure 7(c). 
It is evident that the model performs well in the outer zone, as the difference between model predictions and 
observations is close to zero. At the same time, a significant portion of the data in the inner zone and slot region 
is removed during the flux reconstruction. This is likely due to the simplicity of the A0 model we used here. 
The slot region corresponds to highly complex dynamics, including slot filling events, that are not expected to 
be captured by a flux model which depends only on solar wind velocity and does not use time history. It should 
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be noted that at L<4, there is an overestimation of the inner zone fluxes by the model, however it is smaller than 
for the reconstructions based on sin(α) function (−0.33 compared to −0.5 in logarithmic scale). Therefore, even 
though the flux reconstructions based on the A0 model remove most of the points in the slot region, the technique 
described in this subsection gives good accuracy in the outer belt with an overall skill score of 39% over the 
standard sin(α) approximation.

5. Discussion
Electron PADs are of paramount importance for understanding the physical processes acting in the Earth's radia-
tion belts and ring current. Observations in the vicinity of the geomagnetic equator yield the most complete infor-
mation about the electron PADs, and the equatorial PADs are also indicative of the processes in other parts of 
the inner magnetosphere. For example, at an off-equatorial latitude a PAD sampled by a satellite can be retrieved 
by taking a part of the corresponding equatorial PAD from 0° to the maximum equatorial PA corresponding 
to the satellite location. The inverse, however, does not hold - it is physically impossible to reconstruct the full 
equatorial PAD only having observations at high latitudes. However, that information can still be filled in through 
independent sources as the empirical model that we provide here.

In this study we analyzed electron PADs at energies 30 keV–1.6 MeV in the outer belt. It has been demonstrated 
that the PADs can be well approximated by a combination of the first, third and fifth sine harmonics. We create an 
empirical model of the PAD shapes in terms of the respective coefficients, driven by the solar wind dynamic pres-
sure. We have also examined the probability distributions of the PAD shape coefficients (A1, A3 and A5) with 

Figure 6. Normalized occurrence plots of the A0 coefficient as a function of solar wind velocity for 142 and 1.08 MeV 
electrons at day side magnetic local time (MLT) (a,c) and night side MLT (b,d), respectively. The median A0 values in each 
velocity bin are shown as black dots, and the dashed lines give the interquartile range. The bold black line shows the quadratic 
trends fitted to the medians.
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respect to the Auroral Electrojet (AE) and SYM-H indices, as well as several solar wind parameters (velocity, By 
and Bz components of the interplanetary magnetic field). It was found that of the considered proxies the dynamic 
pressure was the best parameter to capture the PAD dynamics with increasing activity, while other parameters 
exhibited much weaker or irregular trends (see Figure S3 Supporting Information S1). Furthermore, asymmetries 
in the terrestrial magnetosphere can to a large extent be attributed to changes in SW pressure, and therefore we 
used it as a predictor variable for the model. At the same time, the A0 coefficient exhibited a strong dependence 
on solar wind velocity. This coefficient represents electron flux in the loss cone, and the relation of flux to SW 

Figure 7. Same as Figure 5, but for a single uni-directional observation and the A0 model used for flux reconstruction.
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velocity has long been established (see e.g., Reeves et al., 2011). We note, however, that the quadratic relation 
of A0 to vsw introduced here is very simple, and the appropriate time lag between the two, which for energies of 
>1 MeV can be in the order of several days, was not investigated.

Our PAD model was constructed for the normalized PAD shapes, and in order to reconstruct the equatorial elec-
tron flux values it is necessary to employ electron flux observations. We describe two techniques for flux recon-
structions. The first method (Section 4.1) involves two flux observations at low equatorial pitch angles. Another 
method, described in Section 4.2, can be used when a single flux measurement is available and works for both 
uni- and omni-directional observations. It was established that the developed model outperforms the standard sine 
approximation. In Figure 8, we demonstrate the skill score of our PAD model over the simple propagation of flux 
to high PAs using the sin(α) function for both methods, binned by 0.2 L for each of the MagEIS energy channels. 
The skill score for the first method (involving two low-PA data points) is generally very high (over 90%) at all 
energies and L-shells, except for the slot region where the SS values are ∼20% − 50%. Furthermore, as shown 
in Figure 3, the reconstructed flux values are very close to the MagEIS observations. Therefore, the developed 
model can be a useful tool for highly accurate reconstructions of the equatorial flux from observations at low PAs.

In Figure 8(b), we demonstrate the skill score for the second method which involves a single flux measurement. It can 
be seen that at energies >∼300 keV, the model outperforms the standard approach by >50% in the outer belt. Further-
more, at lower energies the flux propagated using the sin(α) is underestimated at low L-shells (as shown in Figure 7d), 
and therefore the skill score corresponding to the outer edge of the inner zone is generally above 50%. However, in the 
slot region, a significant number of points are removed during the flux reconstructions (see also Figure 7b) and the 
corresponding SS values are around zero and sometimes negative. This means that the second method does not lead 
to any improvement over sin(α) extrapolation in the slot region. This is due to the  fact that this approach relies on the 
A0 model, which as described above is rather simple and does not carry the full information about the flux variability, 
even more so in the slot region where the dynamics is very complex. It should be noted, however, that the statistics 
in the slot region are based on a much smaller number of points, and furthermore, electron flux in the slot region is  

Figure 8. Associated skill score (SS) of the 80° equatorial pitch angle electron flux reconstructions using the proposed pitch 
angle distribution model over the simple sin(α) approximation using two methods proposed in Sections 4.1 and 4.2. (a) SS of 
the reconstructions using two observations at low pitch angles; (b) SS of the reconstructions from a single unidirectional flux 
measurement.
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often at background levels and the performance metrics may not be appropriate in this case. The second approach 
presented here can be applied to reconstruct flux for energies >300 keV in the outer belt, but in order to apply this 
method to lower energies a more precise A0 model needs to be developed in the future. Introducing such a model will 
likely lead to higher SS values matching those in Figure 8(a).

6. Conclusions
Using the full MagEIS data set of pitch angle resolved electron flux at energies 30 keV - ∼1.6 MeV in 2012–2019, 
we analyze equatorial electron PADs at L = 3–6. To fit the PADs, we use a combination of the first, third and fifth 
sine harmonics. This approximation can fit all PAD types observed in the outer radiation belt, and the coefficients 
before the three sine terms relate to the main PAD shapes. Furthermore, the resulting expression can be analyti-
cally integrated and the fitted PADs converted to omnidirectional flux.

We present a PAD model with a continuous dependence on L, MLT and activity parametrized by the solar wind 
dynamic pressure. We demonstrated that the model can be applied to reconstruct the full equatorial PADs from 
observations at low pitch angles, and therefore can be applied to LEO data. In particular, it can help with using 
the LEO observations for data assimilation (e.g., Castillo et al., 2021), for driving the boundary conditions of the 
physics-based simulations, and for converting these measurements to phase space density in terms of adiabatic 
invariants for which the correct PAD shapes are critically important (Chen et al., 2005). Moreover, the model 
can be applied to reconstruct the equatorial PAD from a single uni- or omnidirectional measurement. This is of 
particular interest for the long-term MEO constellations, for instance, the GPS constellation (Morley et al., 2018) 
and the Cluster mission (e.g., Kronberg et al., 2021; Smirnov et al., 2019, A. G. Smirnov et al., 2020), and would 
add to the availability of the PA-resolved data in the outer radiation belt region. The model can further be extended 
to higher L-values by using the data from the currently operating Arase constellation, already cross-calibrated 
with the RBSP (Szabó-Roberts et al., 2021).

Data Availability Statement
The model coefficients and the Python script to read them (Smirnov et  al.,  2022a) are publicly available by 
the link https://doi.org/10.5880/GFZ.2.7.2022.001. The pitch angle resolved Magnetic Electron Ion Spectrom-
eter data are publicly available at https://rbsp-ect.newmexicoconsortium.org/rbsp_ect.php. The solar wind and 
geomagnetic indices were downloaded from the OMNIWeb database (https://omniweb.gsfc.nasa.gov). The Auro-
ral Electrojet and SYM-H indices used in this paper were provided by the WDC for Geomagnetism, Kyoto (http://
wdc.kugi.kyoto-u.ac.jp/wdc/Sec3.html). The planetary Kp index of geomagnetic activity was obtained from GFZ 
Potsdam (https://www.gfz-potsdam.de/en/kp-index/).
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