
1.  Introduction
Today accurate and timely forecasts of the high energy electron environment within the terrestrial radiation belts 
are used by industry to aid the operation, maintenance, and protection of spaced based assets that provide services 
such as communications and navigation (Baker et al., 2008; Green et al., 2017). The outer limits of the radiation 
belts lie in the region of geostationary orbit (GEO), an orbit that is very highly populated with commercial satel-
lites that perform essential services to enable our modern way of life. The development of large fluxes of high 
energy electrons within the radiation belts can pose a threat to this essential infrastructure, causing anything from 
a temporary loss of service for a period of hours or weeks to the complete loss of satellites whose orbits traverse 
this region. The type of problem and its severity is dependant upon the energy of the incident particles. Electrons 
with energies of the order of ∼100 keV cause surface charging of the satellite body (Ganushkina et al., 2021). 
The resulting discharges may damage the outer skin and solar cells of a satellite. In contrast, higher energy elec-
trons with energies of the order of MeV penetrate the satellite skin and deposit their energy within the internal 
subsystems of the satellite leading to discharges, memory upsets, or short circuits (Wrenn et al., 2002). The worst 
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index. As the terrestrial magnetic field responds to variations in geomagnetic activity, the value of L* will vary 
for a specific location. In this coupling method, the value of L* is calculated using the Kp driven Tsyganenko 
89c magnetic field model for field line tracing. It is shown that this addition can result in changes in the 
initialization of the parameters at the Versatile Electron Radiation Belt model outer boundary. Model outputs 
are compared to Van Allen Probes MagEIS measurements of the electron fluxes in the inner magnetosphere for 
the March 2015 geomagnetic storm. It is found that the fixed 𝐴𝐴 𝐴𝐴
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Plain Language Summary  Significant increases in the number of energetic electrons within 
the radiation belts can pose a threat to satellites operating in the vicinity of geostationary orbit (GEO). 
Their existence can result in wide ranging effects from the disruption of operations to the complete loss of a 
satellite. Therefore, it is of vital importance to create accurate models for the forecast of the energetic electron 
environment. Generally speaking, there are two modeling methodologies used. One method creates highly 
accurate models from data, collected, for example, at GEO. Such models, however, are only valid in the 
region in which the measurements were made. The second uses simulations that, although less accurate than 
data-based models, are capable of tracking changes over large volumes of space. In this study, we investigate 
two methods for the coupling of a data-based and a numerical model to generate accurate forecasts of the 
electron dynamics within the whole inner magnetosphere. The first coupling method uses a set of fixed 
parameters to yield more realistic forecasts.
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scenarios can incur a substantial cost to activate hot spares or develop new, replacement hardware. Thus, it is 
necessary to provide forecasts that cover the whole of the radiation belt region.

Discovered in 1958 (Van Allen & Frank, 1959) the terrestrial radiation belts consist two regions of energetic 
protons and electrons that are trapped within the terrestrial dipole magnetic field. The outer belt, located at 
distances between 3 and 7 RE, typically consists of highly energetic (0.1–10 MeV) electrons and high energy 
protons (1–100 keV) while the inner belt, between 1 and 3 RE, is primarily composed of electrons with energies 
of several hundred keV and extremely high energy protons (several MeV) (e.g., Ripoll et al., 2020). The struc-
ture of the radiation belts is governed by the interplay of processes enabling particles to enter the radiation belts 
such as radial diffusion from the outer magnetosphere, sputtering of the atmosphere by cosmic rays, or injection 
from the plasma sheet or ring current as a result of geomagnetic activity and their energization and loss due to 
resonant interactions with localized plasma waves such as plasmaspheric hiss (e.g., Thorne et al., 1974), chorus 
(e.g., Horne & Thorne, 1998), and electromagnetic ion cyclotron (EMIC) waves (e.g., Lyons & Thorne, 1972; Y. 
Y. Shprits et al., 2006), resulting in a highly complex system. For instance, the occurrence of geomagnetic storms 
has been shown to increase (50%), decrease (25%), or to leave the fluxes of electrons unaffected (25%) (Reeves 
et al., 2003) while the acceleration of electrons to MeV levels requires the existence of two distinct electron popu-
lations (Jaynes et al., 2015). Thus, the modeling of the radiation belts is particularly challenging.

There are a number of models that have been developed to investigate and forecast the dynamics of the high 
energy electron populations in the vicinity of the radiation belts. These models can be divided into two broad 
classes. Data based models, as the name suggests, rely on the availability of large amounts of data to derive 
information regarding the dynamics of the electron fluxes based on solar wind measurements and geomagnetic 
indices. Often, depending upon the methodology employed, data derived models will provide excellent forecasts 
but tend to be opaque, sacrificing physical interpretation of the model at the expense of flexibility and accuracy 
(Coleman et al., 2018). Due to the requirement for large amounts of data, these models are usually restricted to the 
calculation of fluxes at GEO or low Earth orbit. The second class is physics based models. These models use first 
principles based physical processes such as radial diffusion and the energy and pitch angle scattering resulting 
from wave-particle interactions between the particles and plasma wave modes such as chorus, hiss, and EMIC 
waves. Table 1 provides a list of some of these models.

Previously, Roederer and Lejosne (2018) investigated the variation of L* as a function of equatorial pitch angle 
and radial distance r for magnetic local time (MLT) of 0 and 12 hr and Kp values of 0 and 4, showing that L* 
increases both as r increases and also with increasing geomagnetic activity. Konstantinidis and Sarris  (2015) 
compared the calculations of L* using the software models/libraries IRBEM-lib, LANL* (downloadable from 
http://www.lanlstar.lanl.gov/download.shtml) (Koller & Zaharia, 2011), SPENVIS (web interface https://www.
spenvis.oma.be/) (Heynderickx et al., 2004), and ptr3D (Konstantinidis & Sarris, 2015). Their results showed that 
all four methods are in good agreement for quiet times and small values of r. However, their results did deviate 
with increasing initial pitch angles, distance, and geomagnetic activity.

In this report, we couple two of the models listed in Table 1, namely the electron flux forecasts at GEO resulting 
from the data based SNB 3GEO models and the physics based Versatile Electron Radiation Belt model (VERB), 
taking advantage of the strengths of the different modeling techniques. The resulting VERB Nonlinear AutoRe-
gressive Moving Average with eXogeneous (NARMAX) Coupled model (VNC) combines the highly accurate 
but spatially limited data based models of electron fluxes at GEO to set the boundary limits on the electron fluxes 
required for numerical simulations of the entire radiation belt region. Building on the initial work of Pakhotin 
et al. (2014), this report compares two coupling methods, the first assuming a constant value of L* for GEO while 
the second allows L* to vary with geomagnetic activity level.

This paper is organized as follows. Section 2 provides a description of the two models. Section 3 outlines the 
two different approached to the coupling of the models while Sections 4 and 5 assess how the variation of the Kp 
index can affect the flux outer boundary conditions. An example of the fluxes calculated with the coupled models 
are presented in Section 6. Finally, Section 7 summarizes the results.
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2.  Model Descriptions
2.1.  VERB

The motion of particles in the radiation belts may be divided into three components, namely particle gyration 
around the terrestrial field lines, the bouncing of the particle back and forth along the magnetic field between 
the mirror points, and the particle drift around the Earth due to the curvature and gradient of the terrestrial field. 
These three types of motion are characterized by different time scales or frequencies. For electrons, the cyclo-
tron frequency is of the order 1–3 kHz while the bounce frequency is around 1–3 Hz and the drift frequency 
0.001 < f < 100 mHz depending upon particle energy and location within the radiation belt region (Schultz & 
Lanzerotti, 1974). These motions may be described in terms of a set of parameters, known as adiabatic invariants, 
that are conserved provided that changes in the particle motion occur on time/spatial scales larger than those 
associated with the above-mentioned types of motion. The first invariant is the magnetic moment of the particle 
as it gyrates around the field. The second invariant is related to the period of the particle as it bounces between 
magnetic mirror points while the third is related to drift of the particle around the Earth. While the assumption 
of invariance is only true for an ideal system, these invariant quantities provide a basic framework in which to 
study the dynamics of the radiation belts. The use of phase averaged fluxes enables the violation of the invari-
ants to be expressed in terms of a diffusion equation with respect to each of the invariants. The violation of the 
different invariants may result from different physical processes such as the radial diffusion of particles or diffu-
sion of the particles pitch angle or energy due to wave-particle interactions. These general diffusion equations, 
however, do not include terms for the systematic loss of energy from the system and so further terms are required 
to incorporate these effects. The resulting description of the evolution of the plasma distribution function is the 
Fokker-Planck equation (see Equation 1).

Model name Spatial extent Reference

Data based models

REFM (local linear predictors) GEO Baker et al. (1990)

SNB 3GEO (NARMAX) GEO Boynton et al. (2016)

PreMevE (neural net) 2.8 < L < 7 Chen et al. (2019)

SHELLS (neural net) 3 < L < 7 Claudepierre and O’Brien (2020)

(neural net) GEO Fukata et al. (2002)

MERLIN (neural net) Outer radiation belt Smirnov et al. (2020)

Cross population coherence (empirical) GEO Shin et al. (2016)

Particle measurements (empirical) GEO Denton et al. (2016)

AE9, AP9, SPM (empirical) LEO-GEO Ginet et al. (2013)

Kalman filter (data assimulation) 3 < L < 6 Coleman et al. (2018)

VERB-DA-1D (data assimulation) 1 < L* < 7 Y. Shprits et al. (2007)

DREAM—(data assimulation) 3 < L* < 10 Reeves et al. (2012)

Physics based models

RBE 1 < L < 8 Fok et al. (2008)

BAS-RBM 2 < L* < 7 Glauert et al. (2014b)

VERB 1 < L < 7 Subbotin and Shprits (2009)

VERB 3D 1 < L* < 7 Y. Shprits et al. (2013)

VERB-4D 1 < L* < 7 Y. Y. Shprits et al. (2015)

Salammbô 1 < L < 7 Beutier and Boscher (1995)

Varotsou et al. (2008)

DREAM-3D 2.5 < L* < 5.5 Tu et al. (2013)

Table 1 
Models for the Forecast of Electron Fluxes in the Vicinity of the Radiation Belts
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The global view of the Phase Space Density (PSD) of high energy (MeV) electrons presented in this report is 
simulated by the VERB numerical code (e.g., Subbotin & Shprits, 2009; Y. Y. Shprits, Subbotin, & Ni, 2009). 
VERB combines the radial diffusion equation for the violation of the third invariant (Dungey, 1965; Schultz & 
Lanzerotti, 1974) with the bounce-averaged diffusion equation, formulated in terms of equatorial pitch angle and 
momentum (Schultz & Lanzerotti, 1974) to quantify the violation of the first and second adiabatic invariants and 
hence describe the dynamical evolution of the plasma distribution function using the Fokker-Planck Equation 1. 
It incorporates the processes of radial diffusion, and the diffusion of particles in momentum, pitch angle, and 
mixed diffusion terms due to wave-particle interactions.
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where y = sin(α), α being the equatorial pitch angle, p the particle momentum, 𝐴𝐴 ⟨𝐷𝐷𝑝𝑝𝑝𝑝⟩ , 𝐴𝐴 ⟨𝐷𝐷𝑦𝑦𝑦𝑦⟩ , and 𝐴𝐴 ⟨𝐷𝐷𝑦𝑦𝑦𝑦⟩ are the 
diffusion tensors averaged over MLT, and the particle bounce period, T(y) = 1.3802 − 0.3198 (y + y 1/2) (Lenchek 
et al., 1961). The final term, f/τ, represents losses from the loss cone. τ is the characteristic electron lifetime and 
is assumed to be a quarter of the bounce time for particles within the loss cone and infinite for those outside 
(Subbotin et al., 2011).

In this study, the VERB code solves Equation 1 on a grid consisting of 31 linearly spaced bins in L* covering the 
range 1 ≤ L* ≤ 7, 101 logarithmically spaced bins in energy between 0.01 and 10 MeV and 101 linearly spaced 
pitch angle bins in the range 0.3 ≤ α < = 89.7° with a time step of 0.2 hr, in line with that used previously by 
Pakhotin et al. (2014). The pitch angle boundary conditions (both upper and lower) are zero gradient in PSD for 
0° and 90° equatorial pitch angle (Y. Y. Shprits, Chen, & Thorne, 2009). The energy diffusion operator assumes 
zero PSD at the upper energy boundary and a constant boundary condition at the lowest energy boundary. The 
variability of the upper boundary conditions in L* are defined by the mapping of the NARMAX flux at GEO (see 
Section 2.2). This flux is used as a scaling factor for the PSD which is calculated using the average spectrum, 
obtained from observations (Y. Y. Shprits & Thorne, 2004; Y. Y. Shprits et al., 2006). The inner boundary for the 
simulation f (L = 1) = 0 is taken to represent loss to the atmosphere (Subbotin & Shprits, 2009). The constant 
lower energy boundary does not change in time. It is calculated using a steady state solution (radial profile) using 
the same spectrum as described above (at upper L boundary). It represents the balance of convective source and 
losses. The code is initialized by solving the steady state radial diffusion equation. VERB uses an implicit step-
ping scheme which has the advantage of not imposing limits on the time step and hence enables faster computa-
tion. Coefficients describing the process of radial diffusion are based on the electromagnetic parameterization of 
Brautigam and Albert (2000) while the wave-particle diffusion coefficients are computed from statistical studies 
of realistic wave parameters (W. Li et al., 2007) with wave normal angles taken Horne et al.  (2005) (chorus) 
and Meredith et al. (2007) (hiss). Drozdov et al. (2015) and Drozdov et al. (2020) demonstrated that VERB can 
reproduce the dynamics of the ≤1 MeV electrons without EMIC waves, since EMIC waves primarily interact 
with higher energy electrons (Drozdov et al., 2017). For the scattering by the chorus at MeV energies, the strong 
diffusion limit (Kennel, 1969) is never reached (Y. Y. Shprits et al., 2008). The strong diffusion limit can only 
be reached if EMIC waves scatter particles (W. Li et al., 2007), however, these processes are usually effective at 
multi-MeV energies. Such high energies have not been included in these simulations. Further details of the diffu-
sion coefficients used within VERB, together with the method to obtain flux boundary conditions for the radial 
diffusion operator may be found in Y. Y. Shprits, Subbotin, and Ni (2009). Within VERB, the plasmapause  loca-
tion is computed using the model of Carpenter and Anderson (1992) and the models of Sheeley et al. (2001) and 
Carpenter and Anderson (1992) are used for the density in order to compute the diffusion coefficients. More 
recent developments have extended the capabilities of VERB to include data assimilation techniques (Cervantes 
et al., 2020; Y. Shprits et al., 2007; Y. Shprits et al., 2013), allowing the numerical model to compare and correct 
its results based on observations by CRRES (Vampola, 1992) and Van Allen Probes (Stratton et al., 2013). The 
current study, however, does not employ these extended assimilation techniques.
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2.2.  SNB 3GEO

The suite of models SNB 3GEO (Boynton et al., 2015) for the modeling and forecasting of the fluxes of electrons 
with energies in the ranges >800 keV and >2 MeV were created using the NARMAX inputs methodology devel-
oped in the field of Systems Science to determine the output of a system as a function of the set of system inputs 
(Billings et al., 1989; Leontaritis & Billings, 1985a, 1985b). The NARMAX methodology has been applied in a 
wide range of multidisciplinary science and engineering fields including medicine, synthetic biology, modeling 
of financial systems, chemical reaction rates, and climate studies. In the field of space physics it has been used to 
model fluctuations in Dst (Boaghe et al., 2001) and Kp (Ayala-Solares et al., 2016), the evolution of shocklets in 
the foreshock (Coca et al., 2001), the determination of magnetospheric coupling functions (Boynton et al., 2011), 
and the forecast of electron fluxes at GEO (Balikhin et al., 2016; Boynton et al., 2013, 2015, 2016). It is the results 
of these latter models that are used in this study.

NARMAX models represent a large class of nonlinear models of which the widely known and used Volterra 
models are a special case. Equation 2 shows the general form of a NARMAX model.

�(�) = � [�(� − 1), �(� − 2),… , �1(� − 1), �1(� − 2),… , �2(� − 1), �2(� − 2),… , �(� − 1), �(� − 2)… .]� (2)

where y represents measurements of the system output, un the system inputs, and ϵ the error terms. The times t, 
(t−1), (t−2) … represent the lagged times tags of the various input and output parameters. The use of different 
lag values incorporates system history or memory effects into the model. F[.] is an unknown nonlinear function 
but which may be expressed as a set of polynomial, B-spline, or radial basis functions. The main advantages of 
NARMAX models in comparison with neural net based models is their transparency, ease of interpretation and 
comparison with first principles based physical models.

NARMAX is a three stage process. The first stage identifies the most significant model terms from the set of all 
combinations of the input and output parameters. This is an iterative process, determining the model term that has 
the greatest contribution to the variance of the output and then removing the effects of this term from the output 
signal within each iteration cycle, and terminating when either an appropriate number of terms have been found 
or the output signal consists of noise. If the output still contains a signal when the set of model terms have been 
identified it is indicative that the set of model input parameters is incomplete. In contrast, neural net based models 
will return a model in which the output of the system is based only on the system input parameters provided. The 
second stage of NARMAX estimates the coefficient of each of the selected model parameters. The third stage, 
model validation, is used to justify and test the model. A complete description of the NARMAX methodology 
may be found in Billings (2013).

The NARMAX methodology has been used to derive two separate models for the >800 keV and >2 MeV integral 
electron flux channels available from the GOES-13 EPAD instrument (Hanser, 2011). Measurements of fluxes 
at >800 keV began with GOES-13 when it replaced GOES-12 at the GOES East location (75°W) in 2010 and 
are available until 2020 while measurement of the fluxes >2 MeV began with GOES-6 and continue to this day 
(Boynton et al., 2015). Based on earlier studies by Balikhin et al. (2011) and Boynton et al. (2013) using daily 
averages of solar wind parameters and electron fluxes from the Los Alamos National Laboratory Synchronous 
Orbit Particle Analyzer instruments (Reeves et al., 2011) it was determined that the most influential solar wind 
parameters on the evolution of the electron fluxes at GEO were the density or velocity, depending on the energy of 
electrons considered. The NARMAX models used in the current study for the forecast of electron fluxes at GEO 
were trained using daily averages of the solar wind velocity, density, Z component of the Interplanetary Magnetic 
Field (IMF), Dst index, and the fraction of the day during which the solar wind was southward (from the OMNI 
data set) as input to the model. The system outputs were the daily averaged electron fluxes measured by the GOES 
13 westward facing sensor head for the >800 keV electron flux model and GOES 10, GOES 11, and GOES 12 for 
the model of >2 MeV fluxes (Boynton et al., 2016). Both models were validated using data from the GOES 13 
westward facing sensor. The output from these models is a forecast for the daily averaged electron flux at GEO. 
These NARMAX models have proven to be highly successful. Their results compare well with measured values 
of the fluxes (Boynton et al., 2015) with prediction efficiencies of around 0.70 and 0.79 and correlation coeffi-
cients of 0.84 and 0.89 for the >800 keV and >2 MeV flux channels respectively. Their performance has been 
shown to be slightly better than other models such as the Relativistic Electron Forecast Model (Baker et al., 1990) 
at NOAA (https://www.swpc.noaa.gov/products/relativistic-electron-forecast-model) (Balikhin et al., 2016). The 
current suite of NARMAX models is capable of producing good forecasts for changes in the flux levels that 
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occur on time scales of a days due to the use of daily flux averages for the output parameter. However, in order to 
account for flux changes on shorter time scales, such as those observed during magnetopause shadowing events, 
it would be necessary to include models to forecast such events (e.g., Glauert et al., 2014a; Herrera et al., 2016) 
and to increase the time resolution of the models. It has been shown by (Meredith et al., 2015) that the flux of 
>2 MeV electrons measured at the GOES West location is typically higher (by a factor of 2.5) than that meas-
ured at the GOES East location. These authors attribute this difference to the difference in L-shell between the 
two measurement locations. Thus, the NARMAX models only forecast the expected fluxes at the distance of the 
GOES East location.

These forecasts are only applicable to GEO, the reason being that the NARMAX modeling methodology is data 
driven and there is only sufficient data coverage at GEO. As a result, they can provide no information about the 
fluxes of electrons for regions either outside or inside GEO. In order to expand the forecasts to encompass the 
spatial variation of the electron distribution throughout the radiation belt region, the output from these models is 
used to estimate the electron boundary flux required by VERB.

This report investigates the coupling between VERB and NARMAX. It was previously mentioned that the 
NARMAX model electron flux estimates from SNB 3GEO are only applicable in the vicinity of GEO, that is, 
at a radial distance of L  =  6.6 (where L is the McIlwain L parameter [McIlwain,  1961]). However, numeri-
cal codes, such as VERB, solve the Fokker-Planck Equation 1 using a spatial grid based on the parameter L* 
(Roederer, 1970). L* is inversely proportional to the third adiabatic invariant and describes the location of the 
drift path of an electron with a pitch angle α as it propagates around the Earth. Thus, while the L* location of an 
electron drift orbit is constant, its radial distance (measured in terms of, say, the McIlwain L-parameter) will vary. 
Unless specified otherwise, all values of L* presented in this report were computed assuming an electron pitch 
angle α = 90°. In addition, the radial distance expressed in L* is also dependant upon geomagnetic activity. In this 
paper, two different methods for the mapping of electron fluxes measured/forecast at L = 6.6 to the VERB outer 
boundary at L* = 7 are investigated and compared. The first assumes that the location of GEO as a function of 
L* is independent of geomagnetic activity and always situated at a radial distance of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2. In the second, 

estimates of the actual average value for 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 are based on the Tsyganeko T89c model of the geomagnetic field 

(Tsyganenko, 1989). This model takes into account the level of geomagnetic activity as expressed by the Kp 
index.

3.  Methodology
VERB uses two input parameters. The first is Kp to indicate the level of geomagnetic activity. VNC has been 
configured to use both the definitive/provisional values for Kp that are available from the German Research 
Centre for Geosciences (GFZ) as well as forecast values. For the purposes of this study, forecast values for the 
Kp index were generated by the Sheffield NARMAX model (Ayala-Solares et al., 2016). Table 2 lists potential 
sources for such forecasts.

The second input is a scaling value Bf that is used to adjust the average GOES flux values at the outer boundary 
(L* = 7). Using the SNB 3GEO models for the forecast of electron fluxes corresponding to the GOES integral flux 
channels of >800 keV and >2 MeV it is possible to estimate (assuming a Maxwellian distribution) the differential 
flux of electrons at any suitable energy (see Section 5). In the present study, an energy of 0.892 MeV was used 
since it enables a direct comparison with one of the MagEIS energy channels. This flux is then propagated to 
the location of the VERB outer boundary (details are shown in Appendix B) and compared to the GOES average 
fluxes used within VERB (see Table 2 of Y. Y. Shprits, Subbotin, & Ni, 2009) and hence to derive the scaling 

Method used Source address Model reference

Artificial Neural Network https://www.spaceweather.se Boberg et al. (2000)

Wintoft et al. (2017)

https://services.swpc.noaa.gov/text/3-day-forecast.txt Wing et al. (2005)

NARMAX http://www.ssg.group.shef.ac.uk/USSW2/Kp/ Ayala-Solares et al. (2016)

Table 2 
Potential Sources for Current and Forecast Values of the Kp Index
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factor Bf (Subbotin et al., 2011). The loss terms and diffusion coefficients 
(Brautigam & Albert, 2000) determined by VERB are both parameterized by 
Kp. The solution of the radial diffusion equation with df/dt = 0 provides the 
radial PSD profile. These PSD values are then scaled by the factor Bf. This 
method (Subbotin et  al.,  2011) may be used to determine the steady state 
profile for the PSD for fixed values of either μ and J or μ and K.

The L* position of GEO varies depending upon MLT and the level of 
geomagnetic activity. The determination of L* at a particular location 
requires a realistic model for the terrestrial field. In this study, the T89c 
(Tsyganenko, 1989) model is used for field line tracing. This model uses the 
Kp index to characterize the shape of the terrestrial field based on the level 
of geomagnetic activity. Determination of L* is calculated using MATLAB 
routines from the publicly available IRBEM-lib library of source codes 
(Bourdarie & O’Brien, 2009) (https://craterre.onera.fr/prbem/irbem/descrip-
tion.html). The electron boundary flux is estimated using results from the 
NARMAX forecasting models which is then propagated from the L* position 
of GEO, estimated at 6.2 for the initial parts of this work, to the VERB outer 
boundary at L* = 7.

In all runs model discussed in this report the VERB code was configured to 
include radial, pitch angle, energy, and mixed diffusion terms that account 
for the effects of chorus and hiss waves, together with parameterizations for 
the plasmapause location. This configuration is identical to that used in the 
previous study by Pakhotin et al. (2014).

4.  Variation of L* With Time and Geomagnetic Activity
In the initial study by Pakhotin et al. (2014) the coupling between the SNB 3GEO models and VERB assumes 
a fixed value for GEO in terms of L* that is, GEO is located at 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2 and that this value does not change 

regardless of time of day, time of year, or geomagnetic activity level. This section investigates how the value of 
𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 varies with time and geomagnetic activity.

The spatial variation of 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 of GEO (assumed to be a circular orbit of 

radius 42,165 km and zero inclination) is shown in Figure 1 for a constant 
value of Kp = 0 and assuming a particle pitch angle α = 90°. The black, red, 
green, and blue traces correspond to the spring equinox, summer solstice, 
autumn equinox and winter solstice respectively. All traces exhibit a similar 
shape, varying between L* ∼ 5.8 around midday and between L* ∼ 6.6–6.7 
at midnight. The horizontal magenta line marks L* = 6.2, the value used in 
the first method of coupling. The average value of L* on each of the dates 
varies between 6.24 and 6.26 and is in line with the fixed value of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 used 

in the first coupling method. Results for Kp = 1 and 2 show average values 
of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 are 6.1 and 6.0 respectively. Thus, for typical low values of Kp, this 

assumption holds quite well.

As the Kp index increases to values of 3 and higher this assumption is 
no-longer true. The variation of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 for Kp values in the range 0–6 at the 

vernal equinox is shown in Figure  2. Again, the magenta line represents 
𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2. The L* value of GEO is seen to move to lower values of L* 

with increasing Kp. Average values for 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 are around 6.1, 5.9, 5.3, and 

4.8 for Kp values of 1, 3, 5, and 6 respectively. Thus, changes in geomagnetic 
activity (as expressed using the Kp index) have a significant effect upon the 
average value of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 .

It was noted from Figure 1 that for Kp = 0 the radial distance of 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 is 

similar at different times of the year. However, this is not the case for higher 

Figure 1.  The variation of 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 as a function of magnetic local time for 

the equinox and solstice dates in 2015 for a value of Kp = 0 and pitch angle 
α = 90°.

Figure 2.  The variation of the 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 as a function of magnetic local time for 

the values of Kp in the range 0–6 at the vernal equinox, 21 March 2015 and a 
pitch angle α = 90°. The magenta line represents the value of L* used in the 
fixed coupling methodology.
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values of Kp. Figure 3 shows the variation of 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 with MLT when Kp = 6 

for times around the spring (black) and autumn (green) equinoxes and the 
summer (red) and winter (blue) solstices. The dotted lines represent the aver-
age value of L* for each date. It is clearly seen that the values of L* around 
the equinoxes are very similar, in the range 4.5 < L* < 5.3, with an aver-
age of the order of 4.8. The solstice values, however, are quite different in 
profile. Around the summer solstice the location of GEO varies in the range 
4.7 < L* < 5.4 averaging a value of around L* ∼ 5.1. The winter solstice date 
shows a variation in the range 4.8 < L* < 5.6 averaging around L* ∼ 5.2. This 
change reflects the changes in orientation of GEO with respect to the terres-
trial magnetic field. At the equinoxes, the geomagnetic dipole axis is oriented 
on average perpendicular to the sun vector, hence the similarity between the 
profiles of L*. However, at the solstices the field orientations are substan-
tially different, depending on whether the dipole axis points toward or away 
from the sun direction.

5.  Changes in Flux Levels
Figures 1–3 demonstrate that the radial location of GEO, expressed in terms 
of L*, can change significantly as a function of both the time of year and the 
level of geomagnetic activity. In this section the effects of this change on the 
electron flux levels at the VERB outer boundary are investigated.

The typical ranges of fluxes forecast by the SNB 3GEO models are 1  ×  10 3–5  ×  10 5  cm −2  sr −1  s −1 and 
1–600 cm −2 sr −1 s −1 for the >800 keV and >2 MeV integral channels respectively. The resulting estimates of the 
differential flux at 0.892 MeV lie in the range 0.6–2 × 10 3 cm −2 sr −1 s −1 at GEO.

In the previous section, it was shown that the value of L* for GEO can vary in the range 4.5 < L* < 7 for moder-
ate values of Kp. Figure 4 displays the variation in the computed electron fluxes at L* = 7 based on the flux at 
GEO as a function of the value of L* for GEO assuming 4.5𝐴𝐴 𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
< 7 . The colors represent initial differential 

flux levels of 0.892 MeV electrons at GEO of 0.1 (black), 1 (red), 10 (green), 100 (blue), and 1,000 (cyan) 
cm −2 sr −1 s −1.

From Figure 4 it can be seen that the VERB outer boundary electron fluxes 
can vary by a factor of ≈4 as the value of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 varies between 4.5 and 7. 

These changes may have a significant effect on the output electron energy 
spectra resulting from the VERB simulation.

6.  Example Simulations
In the previous sections, the effects of modifying 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 have been investi-

gated. It was shown that as the level of geomagnetic activity increases the 
assumption that on average GEO lies at 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2 is no longer appropriate. 

Thus, in order to improve the forecasts of the electron distributions from 
VERB it may be necessary to modify L* based on the current value of Kp. In 
this section we compare the results from two VNC simulations using a fixed 
and Kp driven values for the electron outer boundary flux with measurements 
from the Van Allen Probes A MagEIS instrument (Blake et al., 2013). Two 
time periods are considered. The first corresponds to a prolonged period of 
low Kp, the second to the St. Patrick's Day storm of 2015.

6.1.  Quiet Period

The first period modeled using the VNC model covers the period 
2014-06-20 to 2014-08-12. During this period, the maximum of the Kp 
index was 3 +. This limiting value for Kp was chosen to ensure a long period  

Figure 3.  Variation of the 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 at different times of the year, with a high 

value of Kp = 6.

Figure 4.  The propagated electron flux at L* = 7 as a function of the 
changing value for 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 . The fluxes measured/forecast at geostationary orbit 

are 0.1 (black), 1 (red), 10 (green), 100 (blue), and 1,000 (cyan) cm −2 sr −1 s −1.
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(54 days) during relatively quiet geomagnetic conditions occurred. Figure 5 shows the parameters used for input 
to the VNC model during this period. Panel (a) shows the variation of the measured Kp index. As can be seen, 
typically Kp < 3 and no storms were identified. Unfortunately, forecast Kp data from the Sheffield NARMAX 

Figure 5.  Variation of input values to the Versatile Electron Radiation Belt Nonlinear AutoRegressive Moving Average 
with eXogeneous (NARMAX) Coupled model. Panel (a) shows measured values for the Kp index. Panels (b and c) compare 
measurements of the geostationary orbit electron fluxes (blue) with NARMAX model forecasts (red) for the energy channels 
E > 800 keV and E > 2 MeV respectively. The variation of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 is shown in Panel (d) for the fixed L* (blue) and variable 

L* (red) coupling methods while Panel (e) displays the flux levels of 0.892 MeV electrons at the Versatile Electron Radiation 
Belt model outer boundary for the fixed (blue) and Kp driven (red) coupling methodologies. The green curve represents the 
average value of the GOES flux at this energy.
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model are currently only available after 2015. Thus, for this simulation, the Kp values used are those measured 
and archived at GFZ. Panels (b) and (c) show the GEO fluxes measured by the >800 keV and >2 MeV electron 
detector channels on GOES 13 (Hanser, 2011) (blue curves) together with forecasts of the fluxes from the Univer-
sity of Sheffield NARMAX based models (Boynton et al., 2015) (red curves). For the majority of this period, the 
forecasted and measured flux levels are very similar. The quality of these forecasts are assessed using estimates 
of the prediction efficiency (PE) metric, defined as 1—mean square residual divided by variance of data (see 
Equation 3). This has been used in numerous previous studies (e.g., Nagai, 1988; Rastätter et al., 2013; Temerin 
& Li, 2006).

�� = 1 −
Σ(� − �)2

Σ(� − �̂)2
� (3)

where y is the measured data series with average 𝐴𝐴 𝐴𝐴𝐴 and x is the forecast data series. A value PE = 1 implies 
perfect prediction, zero implies that the average of the predicted values is equal to the average of the measured 
data set. A positive value, therefore, shows that model predicted variations are better than using a constant flux 
while negative values indicate that the model is worse. The PE for the electron fluxes in the >800 keV and 
>2 MeV energy channels are 0.64 and 0.68 respectively. These prediction efficiencies are similar those reported 
by (Glauert et al., 2021) using SaRIF forecast system that is based on the BAS-RBM description of electron 
fluxes in the radiation belts. Panel (d) displays the location of GEO as expressed by L*. The blue curve represents 
the value 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2, the value used in the fixed L* coupling method. The red curve shows the variation of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 

when L* is allowed to vary depending upon Kp. Throughout the majority of the period being studied the variable 
coupling method yields a value for 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 in the range 6.0–6.3, which is very similar to that assumed in the fixed 

𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 coupling method in which 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2. Panel (e) shows the estimated electron fluxes at the VERB outer 

boundary at L* = 7. The blue curve results from using the fixed 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 coupling methodology where as the red 

curve indicates the flux calculated assuming a Kp driven variation in 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 . The green line represents the initial 

flux value, derived from GOES data, that is built in to VERB (Y. Y. Shprits, Subbotin, & Ni, 2009). As expected, 
there is little difference in the flux level between the two coupling methods.

Despite the fact that Kp < 3 for the majority of this period, the variation in the observed and forecasted fluxes 
of electrons in the two energy channels is around one order of magnitude. There are three periods that exhibit 
increased fluxes. The first it at the start of the period under investigation when Kp values of 4 and 4 + were 
observed, and the fluxes in both energy channels showed an increase maximizing at around 09:00 UT on 21 June. 
The second increase, between 16:00 UT on 10 July and 04:00 UT on 23 July, is clearly visible in the >800 keV 
channel while the fluxes of >2 MeV electrons remain constant. The final increase in the fluxes occurs around 
22:30 UT on 1 August for the >800 keV channel while increases in the >2 MeV electrons begin about 5 days 
later. These peaks in the flux levels result in increases in the estimated electron flux at the VERB outer boundary 
location at L* = 7 (panel e). These flux increases occur during periods when Kp = 3 or above.

The results of the simulation of this period are shown in Figure 6. Panel (a) shows the Kp index for reference. 
Panels (b) and (c) show the variation of the 0.892 MeV fluxes at a pitch angle of 90° as a function of time and 
L* using the fixed (panel b) and variable (panel c) coupling methods while panel (d) flux measurements from 
the MagEIS instrument (energy 0.909 MeV, pitchangle 90°). Panel (e) shows a comparison of the electron fluxes 
at a location L* = 5.4 resulting from the simulations using fixed L* coupling (blue), variable coupling (red) and 
MagEIS measurements (green).

The changes in the fluxes observed by GOES 13 at GEO (Figure  5) are observed by the Van Allen Probes 
(Figure 6 panel d) and, to a lesser extent, in both simulations of this event. It is clear from Figure 6 panel (e) 
that while the averaged measured fluxes at L* = 5.4 vary continuously during this period, those forecast by the 
models show a much smaller variation and also lag behind the observed changes by around a day or more. This 
lag is most probably the result of the NARMAX model that was generated using daily flux averages which tend to 
average out any changes in the flux levels that occur on time scales of less than a day. These results also show that 
the use of the fixed, 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
= 6.2 tends to result in higher fluxes than those resulting from the Kp driven coupling 

method. Neither coupling methodology produces consistently better forecasts. Estimates of the PE, calculated for 
various intervals during the period of interest, are shown in Table 3. If the whole period is considered, then the 
fixed coupling method produces the best results where as for periods in which the fluxes remain low the variable 
coupling method is marginally better.
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6.2.  Storm Period

The St. Patrick's Day storm of 2015 (see special issue of Journal of Geophysical Research (Space Physics) 
Zhang et al., 2017) was the first geomagnetic storm of solar cycle 24 during which Dst was less than 200 nT (Wu 
et al., 2016). It was caused by the interaction of a coronal mass ejection (CME) with the terrestrial magnetosphere. 
A C9 class solar flare erupted from the solar surface at around 02 UT on 15 March, appearing as a partial halo 

Figure 6.  A comparison of Versatile Electron Radiation Belt model (VERB) simulations and measurements from the 
Van Allen Probes A MagEIS instrument. Panel (a) shows the Kp index for reference. Panels (b and c) show the variation of 
fluxes of ∼900 keV electrons with L* from VERB assuming a constant 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2 (panel b) and Kp driven 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 (panel c). 

Panel (d) shows MagEIS measurements of 900 keV electrons for comparison. Panel (e) compares cuts through the fluxes 
shown in panels (b–d) at L* = 5.4.
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CME in SOHO LASCO/C2 observations (Wu et al., 2016). Wind observed 
the passage of an interplanetary shock just 56.13 hr later and a Sudden Storm 
Commencement was observed at 04:45 on 17 March. At 10 UT the IMF 
turned southward and Dst dropped to −80 nT for a short while after which 
a short respite occurred as the field returned northwards. A few hours later, 
the IMF turned southward again due to the field within the magnetic cloud 
and the storm intensified, with Dst dropping to −223 nT and compressing the 
magnetopause to around 6.1 RE (Goldstein et al., 2017).

Figure 7 shows the variation of the input parameters to the VNC model in the 
period 26 February–2 April 2015 using the same format as Figure 5. Panel 

(a) shows the Kp index. The blue curve corresponds to the values of the Kp index available from GFZ while the 
red curve is the output of a NARMAX based model for the evolution of Kp (Ayala-Solares et al., 2016). As can 
be seen, the correspondence between the GFZ measurements and model output is good, with a PE of 0.75 for the 
period being investigated. At the beginning of this period, Kp is low, typically in the range 0 < Kp < 3, indicat-
ing geomagnetically quiet conditions except for two deviations on 1 and 2 March when the level of geomagnetic 
activity a level indicating the occurrence of minor geomagnetic storms (Kp ∼ 5). On 17 March Kp suddenly 
increases to Kp = 8 −, evidence for a strong to severe level geomagnetic storm initiated by a CME that erupted 
from the surface of the Sun 2 days before. When this CME struck the terrestrial magnetosphere it would have 
compressed the dayside such that the magnetopause moved inwards, encountering the radiation belts. This change 
in the shape of the terrestrial field would lead to a change in the average L* position of GEO. The fluxes of 
electrons measured by the GOES 13 electron spectrometers (blue curves) together with forecasts of the fluxes 
from the NARMAX based models (red curves) are shown in Panels (b) and (c) corresponding to the >800 keV 
and >2 MeV integral electron flux channels respectively. These panels show the high correlation between meas-
urements and model forecasts, with prediction efficiencies of 0.77 for the >800 keV channel and 0.81 for the 
>2 MeV channel. It is noticeable that the prediction efficiencies for the disturbed data set are higher than those 
of the quiet time data set. This may probably result from a combination of the facts that the data set used for the 
quiet time PE is longer than that used for the disturbed case and that the probability distribution of the residuals 
with respect to the respective mean values has wider shoulders in the case of the quiet data set where as data set 
for the disturbed case is generally narrower but exhibits a small number of outliers. Both energy channels exhibit 
dips in the electron fluxes corresponding to periods of high Kp, indicating a loss of electrons from the radiation 
belts in the vicinity of GEO. Panel (d) displays the location of GEO as expressed by L*. The blue curve repre-
sents the value 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2, the value used in the fixed L* coupling method. The red curve shows the variation 

of 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 when L* is allowed to vary depending upon Kp. It is clear that, except for the period 9–11 March, the 

value of 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 is overestimated. In the quiet periods before the main storm 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 is typically in the range 5.8–6.1, 

not too different from the assumed value used in the fixed coupling method and so the initial coupling model that 
assumed GEO to be at a distance of L* ∼ 6.2 would be expected to yield reasonable results. However, during the 
minor and severe storm periods the value of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 drops to 5.3 and 4.8 respectively, a substantial deviation from 

the assumed constant value. Finally, Panel (e) shows the resulting electron fluxes at the VERB outer boundary 
at L* = 7. The blue curve results from using the fixed 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 coupling methodology where as the red curve indi-

cates the flux calculated assuming a Kp driven variation in 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 . For the majority of the period studied, these 

boundary flux levels are very similar with the ratio of the fluxes Jfixed/Jvariable ∼ 1.1 where as this ratio increases 
to ∼1.6 for the minor storm periods and ∼2.1 during the severe storm period. Thus, during the storm periods, the 
increase in Kp is associated with a reduction in the value of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 , leading to a reduction in the level of flux at 

the VERB outer boundary. The green line indicates the flux level used within VERB to define the outer boundary 
condition for the radial diffusion operator. This value is compared to the value of the flux propagated from GEO 
to yield the boundary flux factor Bf that is used by VERB to scale the outer boundary flux values at all energies.

Figure 8 shows the comparison of the simulations and observations for the storm period in the same format as 
Figure 6. Panel (a) displays the values of Kp for reference. Panels (b) and (c) show the results of the two VERB 
simulations using fixed and variable values of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 to determine the outer boundary electron fluxes respectively. 

Panel (d) shows the orbit averaged electron measurements from the MagEIS instrument onboard Van Allen Probe 
A. Panel (e) compares the fluxes from the models and observations. The simulation period for this event began on 
1 March 2015, using the input data shown in Figure 7, but the results during the initial period 1–7 March were not 
used in any subsequent analysis. In the period 9–17 March (i.e., before the storm) both simulations show a similar 

Time period Fixed coupling Variable coupling

Quiet period

  2014-06-20–2014-08-14 0.12 −0.07

Storm period

  2015-03-08–2015-03-19 −0.10 −0.50

Table 3 
Prediction Efficiencies of the Electron Flux at L* = 5.4
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radial profile of electrons with a peak in the distribution occurring just inside L* = 5. The similarity of these two 
sections of the simulations indicate that at low geomagnetic activity levels, the change in 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 is minimal and 

has little effect on the final simulations. On closer inspection it appears that the fluxes estimated using the fixed 
𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2 are slightly higher than those using the Kp driven variable 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 . This reflects the fact that for Kp > 2 

the estimated boundary flux values are very slightly less in the Kp driven case. In comparison to actual measure-
ments from the Van Allen Probes A MagEIS instrument (panel c) both simulations show smaller and narrower 
peaks in the radial particle profile which may indicate that some processes are operating that were not flly 

Figure 7.  Variation of input values to the Versatile Electron Radiation Belt ARMAX Coupled model using the same format 
as Figure 5.
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accounted for within the VERB runs. It has been shown by Allison and Shprits (2020) and Allison et al. (2021) 
that plasma density is an important factor for the local acceleration, especially when the density is low (W. Li 
et al., 2014). During this event the density was indeed lower than the statistical value and so is expected to affect 
local particle acceleration processes. At just after midday on 17 March a CME struck the terrestrial magneto-
sphere. At this time the value of Kp rises to around 8 −. From Panel (e) of Figure 7 it is clear that this change in 
Kp causes a large change in the VERB outer boundary electron flux. At this point, the results of the two VERB 
simulations begin to differ significantly. Both show a depletion of particles, first at higher L* and then at lower 

Figure 8.  A comparison of Versatile Electron Radiation Belt model simulations and measurements from the Van Allen 
Probes A MagEIS instrument using the same format as Figure 6.
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occurring over a period of 1 day. This process is also observed in the actual observations but occurs a great deal 
faster in only a few hours. This rapid loss of the electron population is a result of magnetopause shadowing caused 
by the sudden compression of the magnetopause, moving the boundary inwards into the radiation belt region. As 
the magnetopause intersects the magnetic field lines of the radiation belt region, the electron populations, initially 
located on closed drift shells suddenly find themselves on open magnetic field lines and are lost from the system. 
These losses can occur due to two mechanisms (Staples et al., 2022), such as direct loss (e.g., Green et al., 2004; 
X. Li et al., 1997) or as a result of the subsequent interaction with ULF waves that enable the outward radial diffu-
sion of electrons (e.g., Loto'aniu et al., 2010; Rodger et al., 2019). As mentioned above, the NARMAX models 
do not incorporate the effects of magnetopause shadowing and the use of daily flux averages result imply that 
such depletions are seen in the forecast values for the following day. After this depletion period, the outer radia-
tion belt is observed to quickly reform, covering a substantially wider radial region from L* ∼ 2.9 to the farthest 
extent of the orbit of the Van Allen Probes (L* ∼ 5.9). The simulations show enhancements out beyond L* ∼ 6.5. 
Both simulations show about a day delay before this refilling process begins. This is most probably due to the 
fact that the forecast models used to calculate the initial electron flux at GEO are currently unable to replicate the 
rapid emptying and refilling of the radiation belts because the data are averaged over the preceding 24 hr period. 
Thus, as seen in Figure 7 the electron fluxes at the outer boundary begin to increase about a day later. This is 
also evident in panels b, c, and e of Figure 8 as the flux levels throughout the outer belt region begin to increase. 
Table 3 shows the model prediction efficiencies for the two periods under study. The results show that only the 
case of the fixed coupling method for the quiet period produce a positive PE, indicating that the forecast values 
are closer to the measured values in comparison to the mean of the measured values. For the other three cases, the 
use of the mean would provide a more accurate forecast. These values for the PE are smaller than those resulting 
from the 1 day ahead forecasts PreMevE SubModel 2 (Chen et al., 2019). While the profiles of the VNC fluxes 
are similar to that measured by MagEIS, their magnitudes differ by a factor 2 or more with the fixed coupling 
method resulting in values that are more similar to the measured values. The largest differences are seen during 
the dropout event with the minima in the simulations occurring a day after that observed in the measurements. 
This time lag is the result of the NARMAX model producing forecasts that represent the average flux values over 
the previous day. Thus, the reduction in the outer boundary flux used by VERB will exhibit a minimum on the 
day following the dropout event which would also delay the refilling as well as smoothing out this process over 
the following day or so. In addition, at the time of the observed flux dropout the simulations clearly show a popu-
lation of electrons at L* = 3. A similar population may also be seen in the MagEIS measurements shown in panel 
(d). This effect is clearer when examining cuts through the distributions, as displayed in Figure 9.

Figure 9 shows a comparison of the flux levels resulting from the fixed (blue) and Kp driven (red) coupling 
methods a function of L* at various times during the simulations. The green curve represents measurements 
from MagEIS. The two peaks in the green trace at L* ∼ 1.5 and L* 5–6 represent the inner and outer radiation 
belt positions. These panels show that during quiet periods (e.g., panel (b)) there is a close correspondence 
between the simulated and measured flux levels for the outer radiation belt and that the spatial location of the 
outer belt is fairly well reproduced, resembling the results shown in Figure 6 during the geomagnetically quiet 
period discussed above. Panel (a) compares the fluxes during the initial part of the simulation when the Kp index 
indicated a minor geomagnetic storm. While the location of the inner edge of the outer belt from the simulations 
agrees with the MagEIS measurements, the magnitude and profile of the outer edge do differ with the simulations 
showing the location of the flux maxima around 1 L* closer than the measured value. During the electron drop-
out event (panel c) there is quite a difference in the flux profiles. This may stem from the use of daily averages 
from the NARMAX forecast models which would result in the fact that these models do not accurately reproduce 
the sudden loss of electrons at GEO. During the repopulation of the outer belt (panel d) both simulations show 
reduced levels of fluxes, typically more than an order of magnitude in comparison to the MagEIS measurements. 
The flux levels generated using the fixed L* method are greater than those based on the Kp driven coupling 
method, which arises a direct result of the lower flux levels computed for the VERB outer boundary. Panels 
(a) and (d) also indicate that the estimation of the fluxes at the VERB outer boundary limit of L* = 7 are also 
underestimated in comparison with the MagEIS measurements during times of enhanced geomagnetic activity. 
Closer inspection of the cuts shown in panel (d) show that the increase in the flux levels resulting from the VNC 
simulations around L* = 3, seen prominently in panels (b) and (c) of Figure 8, actually replicate, to some extent, 
the observations by MagEIS which reveal a small peak in the population electrons in the region of L* = 3. Thus, 
this storm appears to have modified the structure of the radiation belts, leading to the creation of a narrow, third 
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belt situated at the inner edge of the outer belt. Longer VNC simulations (not shown) show that this feature lasts 
until at least mid-June.

Thus, it appears that the use of the Kp driven coupling method does not significantly improve the output from 
VERB.

7.  Summary
In this paper we have investigated the differences in two different coupling schemes used to join the NARMAX 
generated SNB 3GEO models for the fluxes of electrons at GEO with the VERB code to estimate the fluxes of 
electrons throughout the radiation belt region. The first scheme assumes that the Geostationary Equatorial Orbit 
lies at a constant radial distance of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
  = 6.2 irrespective of geomagnetic activity level. The second scheme 

computes an average value for 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 based on the current level of geomagnetic activity.

It was shown that the assumption used in the first coupling methodology is only applicable for low values of Kp 
(Kp ≤ 2). As Kp increases beyond Kp = 2 the value of 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 begins to deviate from that used in the first coupling 

methodology. Thus as Kp increases, the value of 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 decreases which then leads to a decrease in flux levels at 

the VERB outer boundary. The results show that during geomagnetically quiet periods, the difference in computed 
fluxes using the two coupling methods is small as seen in panel (e) of Figure 6. During more disturbed times, 
such as those shown in Figure 8 panel (e) or Figure 9, the difference in flux levels may be as high as a factor 2–3. 
During the refilling period following the dropout, the Kp driven coupling method yields lower fluxes than the 
fixed 𝐴𝐴 𝐴𝐴

∗

𝐺𝐺𝐺𝐺𝐺𝐺
 coupling method, possibly up to an order of magnitude. Therefore it appears that this implementation 

of a Kp driven coupling method does not show any significant advantages. The use of NARMAX flux forecasts 
with a time resolution of one day severely impairs the VNC model in capturing events with short time durations, 
such as the flux dropout associated with the 2015 St. Patrick's Day storm and the subsequent repopulation of the 

Figure 9.  A comparison of the simulated (fixed 𝐴𝐴 𝐴𝐴
∗

𝐺𝐺𝐺𝐺𝐺𝐺
 coupling (blue), variable coupling (red)) and measured (green) fluxes 

of 0.892 keV electrons as a function of L*.
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radiation belt environment. We aim to reduce this effect by developing a further suite of NARMAX models to 
provide forecasts of the electron flux averages with hourly resolution.

Appendix A:  Estimation of GEO Electron Flux at a Specific Energy
The SNB 3GEO NARMAX models provide 1 day ahead forecasts of the daily averaged electron flux as measured 
by the integral electron channels (>800 keV and >2 MeV) of the GOES 13 EPAD instrument. In this section 
the method for the calculation of fluxes at a specific energy is presented. It is based on the method described in 
Subbotin et al. (2011).

We begin by assuming that the electron distribution within the radiation belts is Maxwellian and maybe expressed as

�� = � exp(−� ∗ �)� (A1)

where JE is the flux at an energy E. A and B are constants of the distribution that need to be determined.

The NARMAX models provide the integral fluxes of particles greater than a lower energy limit, for example, 

� (� > �1) = ∫

inf

�1

�(�) ��

= ∫

inf

�1

� × exp(−��) ��

=
[

−�
�
exp(−��)

]inf

�1

≈ �
�
exp(−��)

�

Thus, for the flux J1 of particles with energies greater than E1 = 800 keV we can write

�1 =
� exp (−��1)

�
� (A2)

and similarly for the flux of particles with energies greater than E1 = 2,000 keV

�2 =
� exp (−��2)

�
� (A3)

Taking logs and finding the difference in fluxes at energies E1 and E2 we find that

log(�2) − log(�1) = −�(�2 − �1)� (A4)

and so the constant B may be determined from

log

(
𝐽𝐽
2

𝐽𝐽
1

)

(𝐸𝐸2 − 𝐸𝐸1)

= −𝐵𝐵
� (A5)

Substituting Equation A4 back into Equation A3 and rearranging we can determine A

� = ��2

exp (−��2)
.� (A6)

Thus, having determined the constants A and B, it is possible to estimate the differential electron flux at a specific 
energy E based on Equation A1.

Appendix B:  Propagation of Electron Flux PSD From GEO to L* = 7
As was mentioned in Section 3, the SNB 3GEO models yield forecasts of two integral flux channels at GEO. 
Section Appendix A outlines the procedure to compute the flux at a specific energy at GEO. GEO lies roughly at 
L = 6.6 and thus the flux requires mapping to L* = 7 so that it can be used to estimate the VERB outer boundary 
electron flux at L* = 7. The main assumption behind the mapping process is that the particle PSD does not vary 
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between GEO and the VERB outer boundary limit. Assuming conservation of the first adiabatic invariant the 
momentum of the electrons of energy E at GEO is calculated using

𝑝𝑝𝐺𝐺𝐺𝐺𝐺𝐺 =

√
𝐸𝐸2

𝑐𝑐2
+ 2𝐸𝐸𝐸𝐸0� (B1)

Knowing the flux of particles, the PSD is defined as

PSD��� =
����

�2���
� (B2)

and thus in adiabatic invariant is determined using

𝜇𝜇 =
𝑝𝑝
2
𝐺𝐺𝐺𝐺𝐺𝐺

sin
2
(𝛼𝛼)

2𝑚𝑚0𝐵𝐵
� (B3)

Assuming conservation of PSD from GEO to L* = 7, PSDB = PSDGEO

The particle momentum at the outer boundary is determined bae in the invariant μ and the particle pitch angle

𝑝𝑝𝐵𝐵 =

√
2𝜇𝜇𝜇𝜇0𝐵𝐵

sin
2
(𝛼𝛼)

� (B4)

Finally, the flux is deduced using

�� = PSD��2�� (B5)

where p, E, m, f, and α are the particle momentum, energy, mass, flux, and pitch angle respectively, at either 
Geostationary Orbit (GEO) or the VERB outer boundary (B), and B the local magnetic field.

The value for the electron flux at the VERB outer boundary is then converted into the scaling factor Bf by inter-
polating values in Table 2 of Y. Y. Shprits, Subbotin, and Ni (2009). Values of Bf are then used to scale the fluxes 
that define the boundary condition for the radial diffusion operator used by VERB.

Data Availability Statement
Values for the Kp may be obtained from GFZ, Potsdam, Germany (www.gfz-potsdam.de/kp-index). Van Allen 
Probes MagEIS data are available from https://rbsp-ect.lanl.gov/data_pub/rbspa/mageis/. The data used to gener-
ate the figures are available from https://doi.org/10.15131/shef.data.20079527.
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