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Linear system of equations derived from partial differential equations
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Solution techniques for linear systems of equations

Direct solvers Iterative solvers
@ Very robust and easy to use o Lack robustness
@ Time and memory C°’2“P|e><itie5 02 53Par5e @ Only need storage for non-zero entries of
direct solver are O(N®) and O(N / ) in system matrix and several additional
3D vectors
o Scalability is non-optimal @ Scalable matrix-vector multiplications

and vector operations

= Use computer clusters to avoid memory = Ensure robustness and improve

bottle neck convergence rate using appropriate
preconditioning techniques

! Leibniz Institute
PRESB, a highly efficient preconditioner - September 27, 2023 2/17 ’AG A?pl’i‘:i ge;p‘:lyesi:;
s

Background Robustness Efficiency & Scalability Conclusions & Outlook

Motivation

@ Increasingly larger data sets

= Leads to larger computational models
= Large-scale problems with huge number of degrees of freedom
= Require vast amounts of computational resources

@ lterative solution methods as solution

= Reduce computational costs (time and memory requirements)
= Enable modelling of large data sets
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Linear system of equations for CSEM

Complex-valued notation
(K+iM, —M.)e =b,

and real-equivalent two-by-two block system formulations
K—ME —MU er| bR or MU K—ME er| b|
M, K-M.| |e| |b K-M. —-M, e | |br
Using & = —e; one obtains

Mo S [ = [
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PREconditioning for Square Blocks

More generally:

" [A —bB,
'A_[aBl A ]

subject to assumptions of matrix A being symmetric positive semi-definite and scalars a and b being
of the same sign.
Then, PRESB short for PREconditioning for Square Blocks (e.g. Axelsson et al., 2016) of form

o [A B,
~ |By A+ +Vab(B; +B,)

is an efficient preconditioner for the above general systems due to the following properties
e \(PtA) €]0.5,1]

@ independent of mesh discretisation and material properties
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Iterative algorithm
Precondition the system -
Y Algorithm 1: GCR method
[ M, —(K- Mg)] {eR } B [bs,} :-)mut: Cri,b, H, M, tol
= utput: e
K— Ma MO’ —e bSR 1 Let x¢ be the initial guess. Set rp = b — Cgyxo
. 2 fori=0,...mdo
with PRESB 3 Solve system with P to compute p;
4 q; < CRrip;
P _ Ma’ —(K - M(—:) 5 a4 qi — ,:(} q (Cli;qj')
K-M. M,+2(K-M,) =0 (aja)
) e (an)
L . . 6 Pi < Pi j=0 Pj (a79)
and solve it iteratively using the , o) o lia)
. - - ! (a;,a;)
Generalized Conjugate Residual (GCR) s Xiin e xi b alpr . 1 — alia;
method 9 if % < tol then Stop
10
11 end
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Method

Robustness

Background

Iterative algorithm & applying PRESB

Applying PRESB requires solving

? ol =12

which consists of the algorithm:

Algorithm 2: Solve system with P
Set H=M, + (K- M,)

Solve Hg = f; + f;

Compute M,g and f; — M, g

Solve Hh = f; — M,g

Compute w; =g+ h and wp = —h

A W N =

Efficiency & Scalability Conclusions & Outlook

Matrix H: Ho(curl, 2) problem

o Efficiently solvable using the
auxiliary-space approach (Kolev and
Vassilevski, 2009)

@ The auxiliary-space Maxwell solver

(AMS) in hypre (Falgout and Yang,
2002) based on it

= AMS used to precondition GCR
algorithm (inner solver)

@ Alternative solver for system H is
direct solver MUMPS (Amestoy
et al., 2000)
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Implementation

= lterative framework implemented in a stand-alone Fortran code (Weiss et al., 2023) and
in the Python toolbox custEM (Rochlitz et al., 2019)

= Parallelised using Message Passing Interface (MPI)
= Utilising open-source libraries PETSc with access to hypre and MUMPS
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Robustness with respect to frequency

x

Convergence of Outer Solver

100 () Layered Earth
——freq=0.1 Oair = 1075 S/m
10 2 [ ——freq=1 1
——freq=10 2
—p—freq=100 _
“ —— freq=1000 OEarth = 10 “S/m o0 m
10 ¢ —7—freq=5000 1 Tlayer = 0.01 S/m 1000
1req=8000 m
= freq=10000 OBarn = 107 $/m
% 108 - 1e-12
@
o .
= Numerical parameters:
2 .8
2 10 @ Domain size: 30 x 30 x 30
K km
010 @ Grounded cable extending
from (—100, 0, 0) to
1 (100, 0, 0) with source
L e U U - moment of 100 Am
? @ DOF: 980,100
107 5 10 15 20 25 @ Run with two MPI processes
Iteration count @ Outer stopping criterion is

102 and inner tolerance is
1073
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Robustness with respect to frequency

-

(a) Layered Earth

Tair = 1075 S/m
Inner solver Iterative solver: AMS-GCR Direct solver: DMUMPS z
freq [Hz] Nouter | time [s] | mem [GB] | NSU" | time [s] | mem [GB] Zﬁy":olgfsfmm 0
0.1 7 40.0 43 6 121.8 14.1 FSTETYe b
1 10 56.7 4.4 9 147.3 14.1
10 16 79.3 4.4 15 145.3 14.0 Numerical parameters:
100 22 93.5 4.5 18 157.2 14.1 @ Domain size: 30 X 30 x 30
1000 19 70.2 4.4 17 166.7 14.0 km?
5000 18 62.8 4.4 17 | 153.0 14.0 O Crounded e gy tenine
8000 18 96.8 4.4 18 157.8 14.2 (100, 0, 0) with source
moment of 100 Am
10,000 18 @ 4.4 18 168.7 14.1 @ DOF: 980,100
@ Run with two MPI processes
v @ Outer stopping criterion is
Deterioration of inner w ig:;z and inner tolerance is
preconditioned iterative solver!

J
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Robustness of solver with respect to problem size

T

(a) Layered Earth

Gair = 1078 S/m

OFarth = 10 1 S/m
Traver = 0.01 5/m

500 m

1000 m

frequency [Hz] Ot = 107 S/m
0.1 10 1000 8000
#DOF NgUter  time[s] | NoUter  time[s] | NQU  time[s] | NOUter  time[s] ~ Numerical parameters:
980,100 | 7 422 |16 793 |19 702 | 18 96.8 @ Domain size: 30 x 30 x 30
3,641,400 | 8 152.9 15 286.4 18 272.6 19 310.2 @ Grounded cable extending
6,879,600 | 8 3434 | 16 646.5 | 18 521.8 | 18 790.5 Eﬁ%?,%féf%&fh’ Ote

‘U( ‘U’ U’ U’ moment of 100 Am

. R R . , , DOF: 980,100
Simulation time increases approximately linearly

Run with two MPI processes

Outer stopping criterion is

with problem size
10712 and inner tolerance is
1073
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Robustness of solver with respect to material properties

(b) 3D model

Coir = 1075 S/m

Oeover = 0.01 S/m

100 m

relative dielectric permittivity gair — 1 gcover — 9 hostrock _ g orebody _ 4 B o = 15/m
of air, cover, host rock and ore body r T o v Oparn = 1071 S/m
relative magnetic permeabilit
g P y =1 wr =10
of ore body Numerical parameters:
frequency [Hz] Nouter  time[s] | NSt time[s] @ Domain size: 30 x 30 x 36
km
0.1 9 590.4 11 691.6
@ Grounded cable extending
10 16 282.3 16 279.8 from (—79, 0, 0) to (52,0, 0)
100 23 2785 24 285.1 an;h source moment of 100
8000 18 341.0 18 322.4 @ DOF: 2,033,986
@ Run with two MPI processes
@ Outer stopping criterion is
10~ 12 and inner tolerance is
10—
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Background

Time and memory requirements for iterative and direct solution methods

T

(a) Layered Earth

Gair = 1078 S/m

OFarth = 10 1 S/m

Ty =001S/m | 0"

Iterative Method: GCR Direct Solver: ZMUMPS o s |
Inner solver | Preconditioned GCR DMUMPS -
#DOF time[s] mem[GB] | time[s] mem|[GB] | time[s] mem[GB] Numerical parameters:
980,100 93.5 4.4 157.2 14.1 166.8 9.0 g kDrz[{‘ai“ size: 30 X 30 x 30
3,641,400 | 368.4  16.4 16250 74.8 18741 555 @ Grounded cable extending
from (—100, 0, 0) to
6,879,600 | 661.0  30.1 - &“;:;y - z]”;:;y ﬁfﬂ’:ﬂ’t%)fvfgg ;%rce

DOF: 980,100

Run with two MPI processes

Outer stopping criterion is
10712 and inner tolerance is
1073
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Efficiency & Scalabilit:

PRESB vs block diagonal preconditioner (Grayver and Burg, 2014)

Conclusions & Outlook

Relative residual

Convergence history for PRESB

—#— frequency = 1 Hz

—#— frequency = 10 Hz
frequency = 100 Hz

—*— frequency = 1000 Hz

Relative residual

Convergence history for the block diagonal preconditioner
10

—#— frequency = 1 Hz

——#— frequency = 10 Hz
frequency = 100 Hz

—s— frequency = 1000 Hz

Iteration count

20
Iteration count

x

(a) Layered Earth

Tair = 1077 S/m

Olayer, = 1077 S/m
Olayer, = 1072 S/m

300 m

1000 m
Ogarth = 1071 S/m

Numerical parameters:

@ Domain size:
200 x 200 x 200 km3
@ Crooked loop example
(Rochlitz et al., 2019)
@ DOF: 13,447,978
@ Run with 56 MPI processes
@ Outer stopping criterion is

10~8 and inner tolerance is
1073
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# of cores

Memory usage

Peak Memory MUMPS: 281.5 GB
Peak Memory PRESB-AMS: 28.5 GB

—-%-— MUMPS
—&— PRESB-AMS

0.2 0.4 0.6 0.8 1
Normalised time

T

(a) Layered Earth

Gair = 1077 S/m

Olayer, = 10 _° S/m

300 m
=
Tlayer, = 1072 S/m

1000 m

Oparen = 107 S/m

Numerical parameters:

@ Domain size:
200 x 200 x 200 km?
Crooked loop example
(Rochlitz et al., 2019)
DOF: 13,447,978

Run with variable MPI
processes

o
o
o
@ Outer stopping criterion is

108 and inner tolerance is
1073
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a) Layered Eartl
Scaling Analysis . Efficiency Analysis (a) Layered Barth

700 . Gair = 1077 S/m

~. 0.9

= Tlayer, = 1077 S/m
T RN
300 i b &

Glayer, = 1072 S/m

300 m

1000 m
Ogarth = 107* S/m

[
o

Efficiency

Numerical parameters:

e
3

. @ Domain size:
N 200 X 200 X 200 km>

06 b e s

solution time [s]

Crooked loop example
(Rochlitz et al., 2019)

DOF: 13,447,978

Run with variable MPI
processes

—-%-— MUMPS

40 || 9 PRESB-AMS . —-%-— MUMPS \

Ideal scaling ' —&— PRESB-AMS \

0.5

16 24 32 40 48 56 64 16 24 32 40 48 56 64
# of cores # of cores

Outer stopping criterion is
108 and inner tolerance is
1073
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Conclusions & outlook

Iterative framework based on PRESB and AMS
= Robust and highly efficient

= = 3 times faster
= Requires about one order of magnitude less
memory

= Suited for large-scale problems

= User friendly: Two simple switches in custEM

Future developments
= Potential as forward operator for inversion

= Strategies for dealing with multiple right-hand
sides
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